FINITE WEAKLY DIVISIBLE NEARRINGS
PETER MAYR AND FIORENZA MORINI

ABSTRACT. A nearring (N, +, %) is called weakly divisible iff for all elements a,b € N
there exists an element x € N such that zxa = b or zxb = a. All such finite zerosymmetric
nearrings are determined.

1. INTRODUCTION

A right nearring (N, +, ) is a (2, 2)-algebra, where (N, +) is a (not necessarily abelian)
group, (N, ) is a semigroup and the distributive law (a + b) * ¢ = a * ¢ + b * ¢ holds.

Definition 1. A nearring (N, +, *) is called weakly divisible iff
Ya,be NdreN : xxa=borz*xb=a

This condition holds for example for integral planar nearrings, [Cla92].

Equivalently, a nearring (N, +, %) is weakly divisible (wd) if and only if the set of N-
subgroups of (N, +) is linearly ordered and each element of N has a left identity, that is,
n € N xn for each n € N, ([BP99] Proposition 5). In particular, the set of (left) ideals
and the set of left annihilators of a wd nearring are linearly ordered.

For the finite zerosymmetric case the structure of wd nearrings is very similar to that
of integral planar ones. In this note a characterization for all such wd nearrings is given,
which resembles the construction of planar nearrings by G. Ferrero from a group (N, +)
and a group of fixed-point-free automorphisms of (IV,+) in [Fer70]. This is also a gener-
alization of the results of two articles by A. Benini and F. Morini, [BM98a] and [BM98b],
wherein wd nearrings with cyclic additive groups of prime power order are determined.

2. CONSTRUCTION OF WD NEARRINGS

Theorem 1. Let (N, +) be a finite group and let the following hold:
(a) Let ¢ be a nilpotent endomorphism of (N, +) with Im«¢"~! = Ker, where r is
minimal such that " = 0. (Let ¢° :=id.)
(b) Let @ be a group of automorphisms on (NN, +) such that ®y C )@ and
Vi, 0<i<rVneN\Imy [¢'®n)| = '®
(c) Let E C N be a complete set of orbit representatives for ® on N \ Im such that
Vi, 0<i<rVe,e € E ('®(e)) =¢'®(ey) = ¥'(er) = U'(ea) )
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For any x € N,e € E,p € & and 0 <1 < r define
zxYio(e) == Plo(x)

Then (N, +, %) is a zerosymmetric wd nearring.

Proof. First show that for all n € N there exists 0 < i < r and ¢ € ®,e € F such that
n has a presentation as n = v'p(e). There exists a uniquely determined integer i such
that n € Im ¢’ \ Im¢**!. Thus n = ¢*(m) for some m € N \ Im® and there is e € F and
¢ € ® such that m = p(e). While there is only one choice for ¢ with 0 < i < r such that
n = 1'p(e) both ¢ € ® and e € E are not uniquely determined.

Suppose, that ¥ip;(e;) = ips(es) or, equivalently, () + Ker ! = po(es) + Ker 1)t
By condition (a) Kert" = Im" " and Im " " is invariant under automorphisms in ® by
(b). Thus ®(e; +Ker ') = ®(eq+Ker¢p') and hence e; +Ker ¢ = e;+Ker 1)’ by (c). Now
p1(er) + Ker ' = pa(er) + Ker ' and ¥ip;(e1) = ¥'ps(er). The cardinality condition in
(b) states a bijection between ¥'®(e;) and '®. If two maps 1)'p; and ¢’y coincide on
one element e; € N \ Im1), then they coincide on N as a whole. Thus 9‘p; = ¥'p, and
the product z * n is the same for all choices of e € E,p € ® such that n = 'p(e).

For associativity

(z* Pp1(er)) * W paes) =z (Y'pr(er) * 1 pa(e2))

or, equivalently,

W oator(z) = 2+ P oo i (en)
for all x € N,ej,es € E, 1,5 € ® and integers ¢, 7 has to be shown. Equality is proved
by substituting ¢91)" with ¢l for some ¢}, € ® according to condition (b).
Distributivity holds by definition of the multiplication via endomorphisms.
Let a = ¢'(pi(er)) and b = ¢/ (ps(es)) with 0 <@ < j < 7. Then z = ¢y 97 "py(eo)
solves the equation x * a = b and (N, +, %) is wd. O

In the sequel a nearring defined as in Theorem 1 is denoted by W (N, ¢, ®, F).

For the choice of ¢y = 0 the condition (a) of the above theorem is trivially fulfilled
and (b), (c) are equivalent to ® being a group of fixed-point-free automorphisms. In this
case the construction method is then equivalent to the construction method for planar
nearrings according to G. Ferrero [Fer70] and W (N, 0, ®, E) is a integral planar nearring.

The following natural questions arise and are answered in this note:

(a) For which choice of (N, +),1,® and E are the conditions (a), (b) and (c) as required
in Theorem 1 fulfilled?

(b) Are all wd nearrings obtained as some W (N, v, ®, E)?

(c) Which “inputs” to Theorem 1 give rise to isomorphic nearrings?

3. STRUCTURE OF W (N, ®, F)

Condition (a) in Theorem 1 poses a restriction on the endomorphism 1) as well as on
the additive group (N, +). In particular, it shows that (N, +) has a normal series

N =Im¢°>Im¢' >Imy? > - > Imep" ' > Imy" = {0}

where each factor Im¢?/Im¢*** for 0 < i < r is isomorphic to Im¢"~! = Ker, thus
IN| = [Kery]".
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Moreover, Im )’/ Im¢? = Kert/ ™" for all 0 < i < j < r; that is, for 0 < k& < r all
subseries of k consecutive terms of the above normal series describe isomorphic groups.

The next result shows the relations between (N, +),1, ®, E' and the characteristics of
the nearring W (N, vy, ®, ) constructed thereof.

Proposition 1. Let N = W(N, v, ®, E) with r minimal such that )" = 0. Then
(a) E is the set of right identities of (N, +, ).
(b) The set of N-subgroups of N equals {Im v }o<;<,.
c¢) The set of ideals of N equals {Im ¢ }o<;<,.
(d) The elements of Im 1 are nilpotent and Im ) is a prime ideal.
(e) N/Im1) is either a zerosymmetric constant nearring or an integral planar nearring.

Proof. Straightforward calculations. O

In the case of ® being a group of fixed-point-free automorphisms on (N, +) the condition
(c) of Theorem 1 can be exchanged by a more convenient one:

Proposition 2. Let (N, +), ¢ be according to the assumption (a) of Theorem 1 and let
® be a group of fixed-point-free automorphisms on (N, +) such that ¢ C ¢)®. Then the
second condition in (b) is fulfilled.

Let E be a complete set of orbit representatives of ® on N\Im . Then the condition (c)
is fullfilled if and only if F' = (J,_j; é where E is a set of all nonzero orbit representatives
of ® acting on N/ Im.

Proof. The second condition on ® in (b) is fulfilled, since ® is fixed-point-free on all
normal subgroups Ker ¢ and all factors N/ Ker ¢ for 0 < i < r.

Suppose that the set of orbit representatives E fulfills condition (¢). In particular
for all pairs of elements e1,e5 € E ®(e;) + Kery™! = ®(ey) + Kery™! implies that
e1 + Kery™! = ey + Kerty"!. Equivalently, if two orbits ®(e;), ®(ez) are congruent
modulo Im v, then their respective representatives ey, es also have to be congruent modulo
Imy. If E is a set of all nonzero orbit representatives of ® acting on N/Im1, then in
any case E has to be a subset of the union of cosets é = ¢ + Im ) with é € E.

Since @ is fixed-point-free on N and in particular on N/ Im1), the size of orbits of ® on
N\ Im v equals the size of nonzero orbits of ® acting on N/Im. The number of orbits
on N\ Im is (|[N| — |Imv])/|P| and equals (|[N/Im| — 1) % |Ime)|/|®| the number of
elements in J,.p €. Thus E and | J,.z é coincide.

For the converse the observation that E = (J,.z € is indeed a set of orbit representatives
of ® on N/Imw if ® is fixed-point-free suffices again. Then the condition (c) is clearly
fulfilled for E. O

4. ALL WD NEARRINGS

All finite zerosymmetric wd nearrings are obtained by the construction method of The-
orem 1.

Theorem 2. Let (N, +,x*) be a finite zerosymmetric wd nearring with ) the maximal
proper N-subgroup of (N, +). Then the following hold:

(a) There is an element ¢ € @ such that @ = N % ¢ and the mapping ¢ : x — x x ¢ is a
nilpotent endomorphism on (N, +).
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(b) ®:={p.:x—x*xc|ce N\Q}is agroup of automorphisms on (N, +).
(c) The set of right identities E of (N, +,x) is a set of orbit representatives of N \ @
under .

Y, @, E fulfill the conditions (a), (b), (¢) in Theorem 1 and (N, +,*) = W(N, ¢, ®, E).

Proof. (a) The family of N-subgroups {N *p | p € @} of (IV,+) is linearly ordered. Let
N x ¢ for some g be the unique maximal element therein. Suppose that ) # N x ¢
and let ¢ € Q\ Nxq. Then ¢ € Nx¢ and Nxq C N x¢ implying that N*xq = N x¢/,
since NV * ¢ is maximal. Now, ¢’ € N x ¢ in contradiction to the assumption. Thus
Q=N xq.

Consider the chain of N-subgroups N > Nx*q > N *¢?> > .... There is an integer
r such that N * ¢! > N xq" = N x ¢"*!. Suppose that Ker¢) < N x ¢". Then
(N xq")/ Kertp 2 N * ¢"*! implies Kert¢) = {0} and N = @ in contradiction to our
assumption.

Thus Ker+) > N % ¢" and 9 is nilpotent by {0} = N x¢" " = N x ¢".

(b) Let ¢ € N *q. Then N xc = N and ¢, : * — x x ¢ is a group-automorphism of
(N,4). Since N \ N x q is closed under multiplication, the set of automorphisms
{pc:x—xxc|ce N\ Q} forms a group.

(¢) By (b) the solution of z * ¢ = ¢ for each ¢ € N \ @ is unique. Let it be denoted by
e.. Then ¢ = p.(e.) is an element of the orbit ®(e.) and by ¢.(x * e.) = p.(z) also
x * e, = x holds for all x € N. Therefore e. is a right identity of (N, +,*) and this
right identity is unique in the orbit ®(c).

Thus the set of right identities are orbit representatives as required.

Let n € N be arbitrary. Then n has a representation as n = c*q' with ¢ € N\ N xq and
some integer i > 0. For any x € N the product x xn equals x xcxq' = ¢ (xxc) = V', ()
where p.(e.) = c.

What remains to be shown is that the additional conditions on 1, ®, E' as stated in the
assumptions (a), (b), (c¢) of Theorem 1 hold.

Imy"=! C Ker, since )" = 0. To prove the converse inclusion, let k& € Ker be
represented as k = 1)'p(e) for some integer j and e € E,p € ®. By definition 0 = ¢ (k) =
Yp(e) and hence z x 0 = z x () = ¢ p(x) for all elements z € N. This implies
that N*0 = ¢""'(N) and finally {0} = Im¢" = Im¢***. Thusi > r—1and k € Im¢"*.

Associativity implies that &1 C ¢®: Let e € E and ¢ € ® be arbitrary but fixed.
Then (z x 1(e)) * p(e) = x * (Y(e) x p(e)) for all x € N. There exist ¢/ € F and ¢’ € ®
such that @i(e) = '¢/(e') for some integer 7. This substition yields oy (z) = ¥ ()
and subsequently ¢ Im1 = Im*. Thus ¢ = 1 and @) = ',

Let ¥ipi(er) = ipy(es) for ey,e0 € E 1,00 € ® and 0 < i < 7. The equality
x*YPlp1(e1) = o * Yipy(ey) implies that oy (z) = Yipy(x) for all z € N.

With the choice of e; = ey this gives the bijection between 1)'®(e;) and '@ as stated
in condition (b) of Theorem 1.

On the other hand, 1@, (e1) = ¥*(ez) implies that ¢'p; = 1* and hence ¥'(e;) = 1 (ea),
as demanded by condition (c) of Theorem 1. O

5. ISOMORPHISMS OF WD NEARRINGS

Theorem 3. The nearrings W (Ny, ¢4, ®1, Ey) and W(Ny, e, Po, Es) are isomorphic if
and only if the following conditions are satisfied:
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(a) There exists a group isomorphism « from (N, +1) to (Na, +2).
(b) E2 = Oé(El).

(c) @y = adPat.

(d) ?/)2 € (1/’17[)1@10(71.

Proof. Let the multiplication in Wy := W/(Ny, 11, @y, F1) be denoted with %; and the
multiplication in Wy := W (Ny, 1y, @y, Ey) with *o.

“=": Suppose that a is a nearring isomorphism from W; to W5. Then in particular
« is a group isomorphism from (N, +) to (N, +). Necessarily, @ maps the set of right
identities of W to right identities of Wy, thus a(FE;) = E. Furthermore, nilpotency is
invariant under homomorphisms, hence a(Im ;) = Im)s.

For all p; € ®; and e; € E; the equation a(x *; ¢1(e1)) = a(x) *9 api(e;) holds and
is equivalent to apy(z) = a(x) *3 ap;(e1). Now, ap;(e1) € Im, for cardinality reasons.
Thus ap;(er) = pa(ey) for some g € Py, 60 € Ey and apy(z) = poa(zx) for all z € N,
finally ®, D a®,a~! and equality follows again from a cardinality argument.

Consider a(z %1 ¥1(e1)) = a(z) *2 ar)i(eq) for e; € Ey. Since at)(e1) = apa(eq) for
some @y € Py, €9 € Ey, this can be rewritten as at);(x) = opsa(z) and 1y € atp;Pra~t.

“«=": It suffices to show that for all z € Ny and p € ®1,e € F;,0<i<r

az #1 Pip(e)) = alr) x2 aghyp(e)
Let 1 = a1y with @y € ®y:
a(z) xo ahiple) = a(r) %2 ala™ Papaa)p(e)
= a(x) 5 (Yap2) avp(e)
= a(x) % (Pa2) (apa )ale)
Since apa~! € @y and a(e) € Es, this yields
a(z) xo aipe) = (Yapa)'(apa)a(z)
= (atha™ ) (apata(z)
= apip(z)
= afz* Yip(e))
which completes the proof. O

6. AN EXAMPLE: WD NEARRINGS ON CYCLIC GROUPS

For the choice of (N,+) being a cyclic group, the initial conditions on the nilpotent
endomorphism v, automorphism group ® and representatives E can be restated in a more
convenient way.

Proposition 3. Let ¢ be a nilpotent endomorphism on (Z,, +) with |Ker| = ¢ not
prime and let ® be a subgroup of Aut(Z,,+) with E a set of orbit representatives for
Zy, \ Im 1 under ®.

Then the conditions (a), (b), (¢) in Theorem 1 are fulfilled iff the following conditions
hold:

(a) There exists an integer r such that n = ¢".
(b) @ is a group of fixed point free automorphisms on Z,-.

(c) B =sep € with E a set of orbit representatives for ® acting on Zg-/q"~Zq-.
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Proof. “=": Since the size n of the additive group is a power of | Ker | = ¢ by the first
paragraph of Section 3, the assertions on n and v hold.

The set of fixed points of an automorphism ¢ € ® forms an N-subgroup of Z, and
therefore equals ¢°Z, with 0 < s <r by Proposition 1 (b).

Suppose that there exists an automorphism ¢ € ® with ¢(x) = fz for some integer f
and a non-trivial set of fixed points ¢°Z, with 0 < s < r. Thus ged(f —1,¢") = ¢"°.

Now, for ¢ not prime let p be a either an odd prime divisor of ¢ or p = 2 if ¢ is a power
of 2 and consider ¢P(x) = fPz. A number theoretical consideration yields a contradiction:

P—1
];,_1 = 4 41
= 1+---+1 modg
p times
= p modg

Since ged(f? — 1,¢") = pq"—*, the set of fixed points of P € ® violates the structure of
N-groups as stated above.

Since ® is fixed-point-free, E is determined by Proposition 2.

“«": Proposition 2. O

Theorem 2 in [BM98b] deals with the case that the size of Ker is a prime. Then the
automorphisms of ® need not be fixed point free, but still a corresponding condition on
the orbit representatives can be given, as is shown there.

Functions for the construction of wd nearrings and geometries derived from them are

available as part of SONATA [Tea00].
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