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ABSTRACT. We determine the number of unary polynomial functions on all
Frobenius complements and on all finite solvable groups all of whose abelian
subgroups are cyclic.

1. NOTATION AND RESULTS

Let (G,-) be a group. A wunary polynomial function p : G — G is a function
that can be written in the form

p(z) == apr®a17% - - ap_ 17 ay,

where n € Ny, ag,...,a, are in G, and e, ...,e,_1 are integers (see [11], [15,
Definition 4.4]). The set of all unary polynomial functions on G will be denoted
by P(G), the set of all functions from G into G by M(G). For f,g € M(G), we
define the product f-g by f-g(z) = f(z)-g(x) for all x € G. Then (M(G),-) is a
group which is isomorphic to the direct product (G!¢!,-). We note that (P(G),-)
is the subgroup of (M(G),-) that is generated by the identity function and the
constant functions on G.

Polynomial functions have been studied for several classes of groups, e.g. simple
groups [8], symmetric groups [6, 7], linear groups [3, 14], and certain semidirect
products of cyclic groups [13].

For a Frobenius group H with kernel A and complement G, E. Aichinger showed
that

(1.1) [P(H)| = |P(G)] - {pla | p € P(H) and p(A) € A}|'“

(see [1, Theorem 1.1]). Thus the problem of determining |P(H)| is broken down
into considering P(G) and the restrictions of the polynomial functions to A.
In [14] we described the latter for certain classes of groups H. In the present
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paper we resume the investigation of polynomial functions on Frobenius groups
by determining | P(G)| for every Frobenius complement G. We will use that every
Frobenius complement GG has a normal subgroup N such that all Sylow subgroups
of N are cyclic and G/N is isomorphic to one of the following 6 groups:

(12) 17Z2 X Z27A47S4aA5aSS

(see [4, Theorem 1.4]). Moreover, all abelian subgroups of G are cyclic. The
formulae for |P(G)| according to the classification in (1.2) will be given in Corol-
lary 1.2, Theorem 1.3, and Theorem 1.5, respectively.

By [19, 6.1.11], every finite solvable group G all of whose abelian subgroups
are cyclic has a normal subgroup NN such that all Sylow subgroups of N are cyclic
and G/N is isomorphic to one of the first 4 groups in (1.2). Hence Corollary 1.2
and Theorem 1.3 apply to those groups as well.

As a first step we determine the number of polynomial functions on coprime
extensions of groups all of whose Sylow subgroups are cyclic.

Theorem 1.1. Let G be a finite group, and let N be a normal subgroup of G
such that all Sylow subgroups of N are cyclic. We assume that |[N| and |G : N|
are relatively prime. Let My denote the set of Sylow subgroups of N, and let My
denote the set of Sylow subgroups of N/N'. Then we have

|P(G)| = |P(G/N)]| - H | P|*1G:CalPl H | PJZIG/N"Coni (P,
PeM; PeMy
From Theorem 1.1 we obtain the number of polynomial functions on the groups

G all of whose Sylow subgroups are cyclic. By [10, p.420, Satz 2.11], these are
exactly the groups that satisfy the assumptions of the following Corollary 1.2.

Corollary 1.2. Let m,n,r € N such that gcd(m,n(r—1)) =1 and r" = 1 mod m.
Let G be the group defined by

G:=(a,b|a™=0V"=1,a"=a").

For a prime divisor p of m, let m, denote the mazximal power of p that divides
m, and let t, denote the multiplicative order of v modulo p. Then we have

(1.3) PG =n*- [ m™.

p|lm, p prime

In [13, Theorem 3.11], the size of P(G) for G as in Corollary 1.2 has been
determined using a different approach. There we find the formula

(14) P(G)] = min? - ] s

i=2
with s; denoting the additive order of (r — 1)(r?* — 1) -+ (r*"! — 1) modulo m.
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To see that (1.3) and (1.4) are equivalent, we show

p|lm, p prime 1=2

For a prime divisor p of m and an integer x, we write p,,(x) for the maximal power
of p that divides z. Then p,(m) = m,. Since s; divides m for all i € {2,...,n},
it suffices to prove

(1.5) my' = fip(m - H si)
=2

for all prime divisors p of m. We note that p,(s;) is the additive order of (r —
D(r*—=1)--- (r"! — 1) modulo m,. Since p and 7 — 1 for j € {1,...,t, — 1} are
relatively prime, we have p,(s;) = m, foralli € {2,...,t,—1}. Asr'» = Imodp,
there is some integer d such that r» = 1 + dpmodm,. By [10, p. 83, Hilfssatz
13.18], we have (1 4 dp)™ = lmodm, and hence r’*™ = lmodm,. Since
r™ = 1modm, and ged(m,,n) = 1 by the assumptions on m,n, and r given
in Corollary 1.2, we obtain 7> = 1modm,. Consequently, for ¢ > t,, we have
(r—1(*=1)---(r""' —1) = 0modm, and pu,(s;) = 1. Hence

n tp
fp(m) - Hﬂp(si) =Mp- Hmp =m,",
i=2 1=2

and (1.5) is proved. Thus the formulae in (1.3) and (1.4) give the same number
indeed.

The following Theorem 1.3 in combination with Corollary 1.2 covers all solvable
Frobenius complements.

Theorem 1.3. Let G be a finite group all of whose abelian subgroups are cyclic,
and let N be a normal subgroup of G.

(1) We assume that G/N is isomorphic to Zo X Zy. Then we have a normal 2-
complement K in G such that all Sylow subgroups of K are cyclic. Let M,
and My denote the set of Sylow subgroups of K' and of K/ K, respectively.
Then

|G K|

P(G)] =

H | P|>1G:Ce(Pl . H | P|>IG/ K oy (P

PeM; PeMa

(2) We assume that G/N is isomorphic to Ay. Then G has a normal Sylow
2-subgroup Q) which is isomorphic to the quaternion group of order 8 such
that all Sylow subgroups of G/Q are cyclic and

[P(G)| =|P(G/Q)] - 2*.
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(3) We assume that G/N ‘s isomorphic to Sy. Then G has a normal subgroup
@ which s isomorphic to the quaternion group of order 8 such that all
Sylow subgroups of G/Q are cyclic and

[P(G)| =|P(G/Q)] - 2.

We recall that the binary octahedral group G has a center Z(G) of order 2 and
that G/Z(G) is isomorphic to Sy. The techniques used in the proof of Theorem 1.3
yield the following result on the binary octahedral group and other extensions of
Ay or S;. We note that the numbers in Proposition 1.4 can be readily obtained
from the GAP-package Sonata [2, 9].

Proposition 1.4.

(1) [P(SL(2,3))| = 32 - 2%,
(2) [P(CL(2,3))] = 3" - 202,
(3) Let G be the binary octahedral group. Then |P(GQ)| = 3* - 252,

Finally we consider the case that GG is a non-solvable Frobenius complement.
By [16, Theorem 18.6], G' has a normal subgroup S that is isomorphic to the
special linear group SL(2,5) such that all Sylow subgroups of G/S are cyclic.
Hence |P(G)| can be obtained from the next result together with Corollary 1.2.

Theorem 1.5. Let G be a Frobenius complement with a normal subgroup S that
is isomorphic to SL(2,5).

(1) If |G : S| is odd, then |P(G)| = |P(G/S)|-120% - 2.
(2) If |G : S| is even, then |P(G)| = |P(G/S)| - 1202°.
2. AN AUXILIARY RESULT
For a finite group G with a normal subgroup N, we define
(N : G)py =A{f € P(G)| f(G) S N}.
By the homomorphism theorem, we then have
(2.1) [P(G)] = [(N = G) gl - [P(G/N)I.

Lemma 2.1. Let G be a finite group, and let M, N be normal subgroups of G.
We assume that M and N have relatively prime orders. Then we have

_ [PG/M)[-|P(G/N))|
|P(G/(MN))]

Proof: Let T := P(G). First we show that
(2.2) (MN :G)p=(M :G)p- (N :G)p.

|P(G)]
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The inclusion “2” of (2.2) is obvious. In order to prove “C”, we let H := M N
and consider the projections 7y, : H — M and 7 : H — N that are defined by

mv(zy) =z, nn(zy) =y forallx € M,y € N.
We show
(23) WM,WNEP(H).

Let k be an integer such that £k = 1mod |M| and k = Omod |N|. For z € M,
y € N, we then have (2y)* = x. Hence 7, is a polynomial function on H. By
(xy)Fay =y for all z € M,y € N, we find 7y € P(H). Hence we have (2.3).

Let f € (H : G);. By (2.3), the composed function 7y, 0 f is in (M : G), and
mn o fisin (N : G)p. Together with f(z) = mu(f(2)) - mn(f(z)) for all z € G,
this yields (2.2). By (M : G); N (N :G)yp = (M NN :G)p and M NN =1, the
product in (2.2) is direct.

By (2.1), we have |P(G)| = [(H : G) p()|-|P(G/H)|. Hence we obtain |P(G)| =
(M G)py| - |(N 2 G) p(y| - |[P(G/H)|. Multiplying this equation by [P(G/M)]-
|P(G/N)| yields

|P(G)] - |P(G/M)| - |P(G/N)| = |P(G)]* - |P(G/H)|.
From this, the result follows. O

3. EXTENSIONS OF METACYCLIC GROUPS
For proving Theorem 1.1, we will need the following result.

Lemma 3.1. Let G be a finite group, and let P be a cyclic normal Sylow subgroup
of G. Then we have:

(1) Cp(b) =1 forallb e G\ Cq(P);

(2) |P(G)| = |[P(G/P)| - |P|*I5CetPl.

Proof: For proving (1), we let b € G such that Cp(b) # 1. Then we have an
element a € Cp(b) of prime order p. Since P is cyclic, we have r € N such that
b = 2" for all z € P. Hence a® = a yields r = 1modp. Let f € N such that
|P| = p/. Since (1 + dp)pf*1 = 1 mod p/ for all d € N by [10, p. 83, Hilfssatz
13.18], we have b*' "' € Cg(P). Then b is in Cg(P) because p does not divide
|G : Ce(P)]. Thus (1) is proved.

Next we show (2). By a theorem by Burnside [17, 10.1.8], we have a charac-
teristic complement K for P in Cg(P). Then K is normal in G. By Lemma 2.1,
we have
(3.1) IP(G)| = |P(G/P)| - |P(G/K))|
|P(G/(PK))|
If PK = G, then |P(G/K)| = |P|* and item (2) is immediate from (3.1). In
the following we assume that PK # G. Then, by (1), G/K is a Frobenius
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group with Frobenius kernel A := PK/K and a Frobenius complement that is
isomorphic to G/Cg(P). Since every element of G/K acts on A via conjugation
as an automorphism of the form z — 2" for some integer r, we have

{ala | ¢ € P(G/K) and q(A) C A}| = [A] - exp(A).
Then [1, Theorem 4.1] (see also (1.1) above) yields
(3:2) [P(G/K)| =|P(G/Cq(P))| - | PIECePl.
By Cq(P) = PK, item (2) follows from (3.1) and (3.2). The lemma is proved. [

Proof of Theorem 1.1: Let G and N satisfy the assumptions of the theorem.
First we consider the case that N is cyclic. We will use induction on the number
of prime divisors of | N|. For | N| = 1 the theorem is trivially true. Now we assume
IN| > 1. Let P be a non-trivial Sylow subgroup of N. For a subgroup U of G,
we write U := (UP)/P. By the homomorphism theorem, G and N satisfy the
hypotheses of the theorem. Let M denote the set of Sylow subgroups of N. The
Sylow subgroups of N are given by @ for Q € M. By the induction assumption,
we obtain

(3:3) [P(G/P) =|PG/N)]- ] lQPiece@l.

QeM\{P}

Here we have used that G//N is isomorphic to G/N and that |G : Cz(Q)| = |G :
Ce(Q)] for @ € M\ {P}. From Lemma 3.1 (2) and (3.3), we obtain

(3-4) [P(@) = |P@G/N)]- [T Q1@

QeM

Hence the theorem is proved for the case that N is cyclic.

Next we assume that N is not cyclic. By [10, p.420, Satz 2.11], we have that
N’ is cyclic and ged(|N'[, |V : N'|) = 1. Hence G and N’ satisfy the hypotheses
of the theorem. By (3.4), we have

(3.5) |P(@)] = [P(G/N')|- [] Q197
QeM,

with M; the set of Sylow subgroups of N’. Let M; denote the set of Sylow
subgroups of the cyclic group N/N’. Then (3.4) yields

(3.6) P@G/N) = |P(GIN)| - T IQPiemcam@
QEM;
Now the result follows from (3.5) and (3.6). O

Proof of Corollary 1.2: Let N := (a). For every Sylow p-subgroup P of N,
we have C(P) = Cq({z € P | ¥ = 1}) by Lemma 3.1 (1). For ¢, the smallest
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positive integer such that r'» = 1 mod p, we then have |G : Cq(P)| = t,. We note
that |P| = m,. From Theorem 1.1 we obtain

P@)=IP@G/N)- [T m™

p|m, p prime

Since G/N is cyclic of order n, we have |P(G/N)| = n? and the result follows. [

4. EXTENSIONS OF THE QUATERNION GROUP

We will need the concept of length of a polynomial that was introduced by
S. D. Scott in [18]. Let p be a polynomial (in the variety of all groups) in the
variable x over the finite group G (cf. [11, p. 27]). We write p in the form
apX0ai;x - - - a,_1xX"'a,, and define its Scott length A(p) (cf. [18, p. 251]) by

Alp) =) e
i=0

For a polynomial p over G, let p be the polynomial function induced by p on G.
The Scott length of the group G, denoted by A(G), is the smallest positive integer
n such that there is a polynomial p with A(p) = n and p(x) =1 for all x € G.

Let g be a polynomial with g(x) = 1 for all z € G. Then by [18, Proposi-
tion 1.1], its Scott length is a multiple of A(G). Hence the Scott length of a finite
group divides the exponent of the group. We have A\(G) = exp(G) for abelian
G. We note that for every normal subgroup N of G the length A(G/N) divides
A(G). In particular exp(G/G’) divides A(G).

For the proof of Theorem 1.3 and Proposition 1.4, we will use the following
criterion to decide whether a given function is polynomial.

Lemma 4.1. Let G be a finite group, let QQ be a normal subgroup of G such that
Q is a quaternion group of order 8, and let Z := Q'. We assume that G/Z is
isomorphic to Zo X Lo, Ay, or Sy. Let A :== XN(G/Z) be the Scott length of G/Z.
Then the following are equivalent for each function f: G — Z:

(1) The function f is in P(G);

(2) There exists an integer p such that

flx-2)=f(x) - 2™ forallz € G, z € Z.

The assumptions of this lemma are satisfied for the quaternion group of order 8,
SL(2,3), GL(2, 3), and the binary octahedral group. We note that \(Zy xZs) = 2,
A(Ay) = 3, and A(Sy) = 2 (see the proof of Lemma 4.2 below).

Proof of Lemma 4.1: Since Z is characteristic in (), we have that Z is
normal in G. Together with |Z| = 2, this yields that Z is central in G. Hence
the implication (1) = (2) is immediate.
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It remains to prove (2) = (1). To this end, we will show the existence of certain
interpolation functions in (Z : G)p(g). By the definition of A, we have a function
i € P(G) such that
(4.1) i(G) C Z and i(z) = 2* for all z € Z.

By assumption, () = G or (/7 is the unique minimal normal subgroup of G/Z
and Cg/z(Q/Z) = Q/Z. Hence, by [5, Theorem 4.1 (2)], we have e € P(G) such
that

(4.2) e(q) € ¢Z for all g € Q and (G \ Q) C Z.

We choose a to be an element of order 4 in Q. Then ¢ := a® generates Z. We
define p € P(Q) by

p(z) =z -2 for all z € Q.
Then p satisfies

(4.3) p(aZ) ={c} and p(Q\ aZ) = {1}.
For t € G, we define p; € P(G) by

pi(z) = ple(at '2)) for all z € G.
From (4.2) and (4.3), we obtain that
(4.4) pe(tZ) = {c} and p,(G\ tZ) = {1}.

We are ready for the interpolation argument. Let f : G — Z be a function that
satisfies (2) with u € Z. We consider the function g on G that is defined by

g(x) = f(x)-i(x) ™" for all z € G.

Then ¢(G) C Z and g(zz) = g(x) for all x € G,z € Z by (4.1). Since g is
constant on each coset of Z in G, it is the product of certain functions p; for
t € G by (4.4). Hence g € P(G). By i € P(G), this implies f € P(G). The
lemma is proved. [l

The number of polynomial functions on the quaternion group of order 8 follows
easily. For results on the generalized quaternion groups we have to refer to [12].

Lemma 4.2. Let G be a finite group, let Q) be a normal subgroup of G such that
Q is a quaternion group of order 8, and let Z := ()'. Then we have:

(1) P(Q)=2".

(2) If G/Z is isomorphic to Ay, then P(G) = 3% 2%.

(3) If G/Z is isomorphic to Sy, then P(G) = 3% - 252,

Proof: The group @/’ is isomorphic to Zy X Zs and has Scott length 2. By
Lemma 4.1, a function f: Q — @' is in P(Q) if and only if f is constant on all
cosets of )" in (). Hence

(Q": Q)pgy| =2*
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By |P(Q/Q’)| = 2° and (2.1), we obtain (1).
For proving (2), we first show

(4.5) AA) = 3.

We define the polynomial g = x=3- (x*)(123) . (x>)(132) over A,. Then q(z) = 1 for
all x € Ay. By [18, Proposition 1.1], A(A4) divides the Scott length of g, which
is 3. Since exp(A44/A,") divides A(A4), we have (4.5).

For G such that G/Z is isomorphic to Ay, Lemma 4.1 yields

(4.6) (Q: G)pey| =27 2.
Together with |P(A,)| = 2'2 - 3? (see [14, Example 5.20] or [5, Example 2]), we
obtain (2).
For (3), we show
(4.7) A(Sy) = 2.

The polynomial q = (x? - (x?)12)2 . x6 . (x 6)123) . (x=6)1.3.2) gyer S, satisfies
q(z) =1 for all z € Sy. Since A(q) = 2 and A\(Sy) > 1, we have (4.7).
We assume that G/Z is isomorphic to Sy. By Lemma 4.1, we obtain

(@ G)pey] = 2%
Together with |P(S;)] = 2% - 3* (see [5, Example 3]), this yields (3). O

Proof of Proposition 1.4: Since SL(2,3) satisfies the assumptions of
Lemma 4.2 (2), we have assertion (1) of the proposition. Both GL(2,3) and
the binary octahedral group satisfy the assumptions of Lemma 4.2 (3). Hence we
have (2) and (3). O

5. FROBENIUS COMPLEMENTS

Proof of Theorem 1.3: Let G be a finite group, and let N be a normal
subgroup of G. We assume that all abelian subgroups of G are cyclic and that
G/N is isomorphic to Zg X Zy, Ay, or Sy. Then every non-trivial Sylow p-subgroup
of G has exactly one subgroup of order p. By [17, 5.3.6], the Sylow 2-subgroups
of GG are generalized quaternion groups and the Sylow p-subgroups of G for p odd
are cyclic. We note that all Sylow subgroups of N are cyclic.

First we consider the case that G/N is isomorphic to Zs x Zy. By [17, 10.1.9],
N has a normal 2-complement K, that is, N has a normal subgroup K such that
|K| is odd and |N : K| is a power of 2. Then K is a normal 2-complement in G.
Let @ be a Sylow 2-subgroup of G. With M; and M, denoting the set of Sylow
subgroups of K" and of K/K’, respectively, Theorem 1.1 yields

(5.1) |P(G)| = |P(Q)]- H |PJ21G:Ca Pl H | P|%IG/N'Caynr (P,

PeMy PeMs
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In [12] (see also Lemma 4.2 (1) above) the number of polynomial functions on
the generalized quaternion group () is given as

(5.2) P(Q)] = 2 for |Q] = 2"

Now the formula given in Theorem 1.3 (1) follows from (5.1) and (5.2).

Next we assume that G/N is isomorphic to A4. Let @ be a Sylow 2-subgroup
of G. Since the non-trivial elements of (QN)/N are permuted transitively under
conjugation by elements in GG/N, we have that

(5.3) @ is a quaternion group of order 8 and Q C G'.
We show that
(5.4) @ is the unique Sylow 2 — subgroup in G.

For U < G, we write U= (U]_V’)/N’. Since N is a cyclic normal subgroup of G,
it is centralized by G’. Then Q C Cs(N) by (5.3). Hence

(5.5) QN' is normal in QN.

Because N’ is cyclic, it is centralized by G'. Thus @ C Cg(N’) and, by (5.5), @
is normal in QN. Since |G : QN| = 3, we then obtain (5.4). All Sylow subgroups
of G/Q are cyclic.

Asin case (1), we note that N has a normal 2-complement K. Then QK = QN.
By Lemma 2.1, we have

|P(G/Q)| - |P(G/K))
|P(G/(QK))|

Since QK has index 3 in G, we find |P(G/(QK))| = 3% The quotient G/K
satisfies the assumptions of Lemma 4.2 (2). Hence we have |P(G/K)| = 3% - 2%,
and the result in item (2) follows.

We now consider the case that G/N is isomorphic to Sy. Then G has a normal
subgroup H of index 2 such that H/N is isomorphic to A4. By (2), we have a
unique Sylow 2-subgroup @) in H, and (@) is isomorphic to the quaternion group
of order 8. Hence @ is normal in G, and all Sylow subgroups of G /@ are cyclic.

Let K be the normal 2-complement in N. Then K is normal in G. The quotient
G/ K satisfies the assumptions of Lemma 4.2 (3). Hence we have P(G/K) =
3%.2%2 Since G/(QK) is isomorphic to Sz, Corollary 1.2 yields |P(G/(QK))| =
22 .31, By Lemma 2.1, we obtain the formula given in (3). The proof of the
theorem is complete. 0

|P(G)] =

Proof of Theorem 1.5: Let G be a Frobenius complement, and let S be a
normal subgroup of G such that S is isomorphic to SL(2, 5).

First we assume that G/S has odd order. Then S has a direct complement M
in G and ged(]S|, |M]) = 1 by [16, Theorem 18.6]. Hence |P(G)| = |P(S)|-|P(M)|
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by Lemma 2.1. By [3, Corollary 2.2], we have |P(SL(2,5))| = 120% - 2. Thus
Theorem 1.5 (1) is proved.

Next we assume that GG/S has even order. By [16, Theorem 18.6], we have
a normal subgroup M of G such that ged(|S],|M|) = 1 and |G : SM| = 2.
Lemma 2.1 yields
. () < PG PG
It remains to determine |P(G/M)|. We note that M has a complement H in
G with S C H by the Schur-Zassenhaus Theorem [17, 9.1.2]. We show that H
satisfies the assumptions of [3, Theorem 2.1]. To this end, we prove that S and
Z := Z(S) are the only non-trivial, proper normal subgroups of H.

Seeking a contradiction, we let N be a proper normal subgroup of H such that

N ¢ S. Then we have NS = H by |H : S| = 2. Thus
(5.7) H/N = S/(NNS).

Since S is quasisimple, we have N NS C Z. Thus [N N S| < 2 and, by (5.7),
|IN| € {2,4}. In any case, NZ has order 4 and H/(NZ) is isomorphic to S/Z,
that is to As. Then NZ is a central subgroup of order 4 in H. This contradicts
the fact that the Sylow 2-subgroups of H are generalized quaternion groups of
order 16 by [17, 10.5.6 (ii)]. Thus all proper normal subgroups of H are contained
in S.

The normal subgroups of S are 1,7, and S. By Z = Z(H) and S = H’, all
of them are normal in H, and H has property (A) (see [3, p. 5629]). Then [3,
Theorem 2.1] yields

\P(H)| = |S|"H:4 lem(exp H/S,exp Z) - |H : S|.

Thus |P(H)| = 120'%°-4. Since G/M is isomorphic to H, Theorem 1.5 (2) follows
from (5.6). O
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