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Task: “Given” an infinite series

f(x1, . . . , xk) =

∞∑
n1,...,nk=−∞an1,...,nk

xn1

1 · · · x
nk

k

“compute” its positive part

[x≥1 . . . x≥k ]f(x1, . . . , xk) :=

∞∑
n1,...,nk=0

an1,...,nk
xn1

1 · · · x
nk

k

Problems:

• How are such series supposed to be “given”?

• Bilateral formal infinite series cannot be multiplied in general.
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Easy: Rational series in one variable.

f(x) =
3x2 + 2x− 7

x3(5x+ 3)

= −7
3x

−3 + 41
9 x

−2 − 178
27 x

−1 + 890
81 − 4450

243 x+
22250
729 x2 + · · ·

[x≥]f(x) =
3x2 + 2x− 7

x3(5x+ 3)
−
(
− 7

3x
−3 + 41

9 x
−2 − 178

27 x
−1
)

= + 890
81 − 4450

243 x+
22250
729 x2 + · · ·

Thus the positive part of a univariate rational function is a
univariate rational function.
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Less clear: Rational series in two variables.

xy

x− y

=
y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y or [x≥y≥]

xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x

= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y or [x≥y≥]

xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n

= y+
y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y or [x≥y≥]

xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y or [x≥y≥]

xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y

or [x≥y≥]
xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y

=
−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y

or [x≥y≥]
xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y

= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y

or [x≥y≥]
xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n

= −x+
x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y

or [x≥y≥]
xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y

or [x≥y≥]
xy

x− y
= −x ?

4



Less clear: Rational series in two variables.

xy

x− y
=

y

1− y/x
= y

∞∑
n=0

(y
x

)n
= y+

y2

x
+

y3

x2
+ · · ·

xy

x− y
=

−x

1− x/y
= −x

∞∑
n=0

(x
y

)n
= −x+

x2

y
+

x3

y2
+ · · ·

So
[x≥y≥]

xy

x− y
= y or [x≥y≥]

xy

x− y
= −x ?

4



Source of the trouble: 1
x−y is supposed to be a multiplicative

inverse of x− y. But in which ring?
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Source of the trouble: 1
x−y is supposed to be a multiplicative

inverse of x− y. But in which ring?

Recall:

• A formal power series f ∈ K[[x]] is invertible in K[[x]] if and
only if f(0) 6= 0.

• When f 6= 0, then f = xeg for some g ∈ K[[x]] with g(0) 6= 0.
We can then set f−1 = x−eg−1 ∈ K((x)).

• Indeed, the formal Laurent series K((x)) form a field.
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Source of the trouble: 1
x−y is supposed to be a multiplicative

inverse of x− y. But in which ring?

In K[[x1, . . . , xk]] it is still true that f is invertible iff f(0, . . . , 0) 6= 0.

But in general, when f(0, . . . , 0) = 0, there is no (e1, . . . , ek) ∈ Zk

such that f = xe11 · · · x
ek
k g for some g ∈ K[[x1, . . . , xk]].

•
y

•
x

•
yy−1

•
xy−1

•
yx−1

•
xx−1
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Idea: Allow more general formal power series rings in place of
K[[x1, . . . , xk]].

Fact: For every closed line-free cone C ⊆ Rk the set

KC[[x1, . . . , xk]] :=
{ ∞∑

n1,...,nk=−∞an1,...,nk
xn1

1 · · · x
nk

k

∣∣∣
(n1, . . . , nk) 6∈ C⇒ an1,...,nk

= 0
}

forms a ring. (But not a field.)

Fact: A series f ∈ KC[[x1, . . . , xk]] is invertible iff [x01 . . . x
0
k]f 6= 0.

Special case: The cone C generated by the unit vectors gives the
usual formal power series ring.
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Fix an additive order ≤ on Zk.

A closed line-free cone C ⊆ Rk is called compatible with ≤ if
min≤C = 0.

Define
K≤[[x1, . . . , xk]] :=

⋃
C

KC[[x1, . . . , xk]]

where C runs over all the closed line-free cones that are compatible
with ≤.

Fact: K≤[[x1, . . . , xk]] is a ring. (But not a field.)
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Let f ∈ K≤[[x1, . . . , xk]].

If f is nonzero, then one of its terms xe11 · · · x
ek
k is minimal with

respect to ≤.

We can write f = xe11 · · · x
ek
k g for some g ∈ K≤[[x1, . . . , xk]] with

[x01 · · · x0k]g 6= 0.

Then f−1 = x−e1
1 · · · x−ek

k g−1 is a multiplicative inverse of f.

Define

K≤((x1, . . . , xk)) :=
⋃

(e1,...,ek)∈Zk

xe11 · · · x
ek
k K≤[[x1, . . . , xk]]

as the field of multivariate Laurent series.

Fact: This is a field.
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Every rational function f ∈ K(x1, . . . , xk) admits a unique
expansion in K≤((x1, . . . , xk)).

For any fixed choice ≤, there is a unique meaning of [x≥1 · · · x
≥
k ]f

for every f ∈ K(x1, . . . , xk).

However, in general [x≥1 · · · x
≥
k ]f will not be rational, even if f is.

But it is still D-finite. In fact, when f ∈ K≤((x1, . . . , xk)) is
D-finite, then so is its positive part. (Lipshitz)
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Observe: The positive part can be expressed as Hadamard product.

[x≥1 · · · x
≥
k ]f = f�

∞∑
n1,...,nk=0

1 xn1

1 · · · x
nk

k︸ ︷︷ ︸
= 1

(1−x1)···(1−xk)

Observe also: For any two cones A,B ⊆ Rk and any two series
f ∈ KA((x1, . . . , xk)) and g ∈ KB((x1, . . . , xk)) the Hadamard
product f� g is well-defined.
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Theorem. Let A,B ⊆ Rk be two closed line-free cones, and let
f ∈ KA((x1, . . . , xk)) and g ∈ KB((x1, . . . , xk)). Then

f� g = resy1,...,yk
y−1
1 · · ·y

−1
k f
(x1
y1

, . . . ,
xk
yk

)
g
(
y1, . . . , yk

)

and the expression on the right is meaningful.

Corollary: For all f ∈ K≤((x1, . . . , xk)) we have

[x≥1 · · · x
≥
k ]f = resy1,...,yk

f
(x1
y1

, . . . ,
xk
yk

) y−1
1 · · ·y

−1
k

(1− y1) · · · (1− yk)

= resy1,...,yk
f
(
y1, . . . , yk

) y−2
1 · · ·y

−2
k

(y1 − x1) · · · (yk − xk)
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Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Consequence: positive parts can be “computed” with creative
telescoping.

Suppose P is a differential operator in x,Dx and Q is a differential
operator in all x, y,Dx, Dy such that(

P +DyQ
)
· h(x, y) = 0

P · h(x, y) +Dy · (Q · h(x, y)) = 0

resy
(
P · h(x, y) +Dy · (Q · h(x, y))

)
= 0

P · resy h(x, y) + 0 = 0.

The multivariate version of this calculation gives rise to a new
proof that taking positive parts preserves D-finiteness.

16



Example If fn,i,j is the number of lattice walks in N2 starting at
(0, 0), ending at (i, j), and consisting of n steps, where each step
is one of {←, ↑,→, ↓}, then

f(x, y, t) =

∞∑
n=0

∑
i,j

fn,i,jx
iyjtn =

1

xy
[x>y>]

(x− 1
x)(y− 1

y)

1− (y+ x+ 1
x +

1
y)t︸ ︷︷ ︸

rational︸ ︷︷ ︸
not rational, but still D-finite

⇓
asymptotics,

closed forms,

etc.

t

x

y

17
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