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Geometry: The solution set of a system of multivariate
polynomial equations is a geometric object which may have
infinitely many points.
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e Decide whether a system of equations is inconsistent

e When it's inconsistent, construct a proof certificate

e When it's consistent, determine the number of solutions
e When there are finitely many solutions, list them

e When the solution set is infinite, determine its dimension
e Decide whether one system of equations implies another
e Eliminate some variables from a given equation system

e Compute kernels and images of polynomial homomorphisms

Such questions can be answered using Grobner bases.
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Plan for today:

e What is a Grobner basis?

e How to compute it?

Also interesting, but not covered in today's talk:

e How to use Grobner bases to do all the things
listed on the previous slide
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Let K be a field.

Let K[x1,...,xn] be the set of all polynomials in x1,...,xn with
coefficients in K.

In this talk K =Q and n = 2. We write x,y instead of x1, 2.
A polynomial is a finite linear combination of terms x'y’.
Example: 3x3y? + 7x2y3 + 8%y — 4xy + 8y3 — 17

We impose an order on the set of all terms. Then every nonzero
polynomial consists of a head (the largest term w.r.t. the order)
and a tail (the remaining terms).

The order must satisfy 0 < T = op < tp and 1 < o for all terms
O-) T) p
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Note: For all polynomials p1,...,Pm, q1y---,qm we have

‘p1=0/\p2:0/\"-/\pm20
g+t qmpm=0

The set
(P1y-e oy Pm) = {q1P1+GI2Pz+- T qmPm i qiy--qm € Q[x,y]}
is called the ideal generated by p1,...,Pm.-

Goal: Given p1,...,pm, find gi,..., gk such that

O <P1,---,Pm> = <91>---)gk>
e the head terms of the g; are minimal w.r.t. the order.
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Reduction: Given p1,...,pm € Q[x,y] and q € Q[x,yl, use the
P1,.--,Pm to replace terms in q by smaller terms.

Such a replacement is possible for any term in q which is a
multiple of the head term of (at least) one of the p;.

After finitely many steps, we will obtain a polynomial r for which
no further replacements are possible.

Such a polynomial 1 is called a reduced form of q with respect to
Pi1y---sPm. We write red(q,{p1,...,pm}) :=T.

Note: In general, 1 is not unique for a given q and p1,...,Pm.
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Idea: If there is a p € (g1,...,9x) with Head(g;i) { Head(p) for
all i, add it to the basis.
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Theorem (Buchberger 1965) G ={gi,..., gk} is a Grobner basis
< red(p,{g1,...,9x}) is unique for all p € Q[x,yl
— red(pa{gh“-)gk}) =0forallpe <91)---)gk>'

Idea: If thereis a p € Q[x,y] with two distinct reduced forms 17, 12,
add 11 — 15 to the basis.
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e Vpe(gy...,gx) 3i:Head(gi) | Head(p)

In this case, {g1,..., gk} is called a Grébner basis.

Theorem (Buchberger 1965) G ={gi,..., gk} is a Grobner basis
< red(p,{g1,...,9x}) is unique for all p € Q[x,yl
— red(pa{gh“-)gk}) =0forallpe <91)---)gk>'

Idea: If there is a p € (g1,...,9k) with red(p,{g1,...,9x}) # 0,
add the reduced form to the basis.

But how can we find such a p? And how to decide if there is any?
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_lem(Head(p), Head(p)) B lcm(Head(p), Head(q))

spol(p, q) := Head (p) P Head(q)

14



For polynomials p, q, define

__lem(Head(p), Head(p)) B lcm(Head(p), Head(q))
spol(p, q) := Head(p) P Head(q)

Theorem (Buchberger 1965) G ={gj, ..., gi} is a Grobner basis
Vpe(gr...,gx) 3i:Head(gi) | Head(p)

red(p, G) is unique for all p € Q[x,y]

red(p,G) =0 for all p € (g1,...,9xk)

red(spol(p, q), G) =0 for all p,q € G.
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Buchberger’s Algorithm (1965)
In: a finite set of polynomials p1,...,pm
Out: a Grobner basis {g1, ..., gk} with {(g1,...,9x) = (P1y---,Pm)
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In: a finite set of polynomials p1,...,pm
Out: a Grobner basis {g1, ..., gk} with {(g1,...,9x) = (P1y---,Pm)

1. G:{ph---)pm}

2. if there are p,q € G with red(spol(p, q), G) # 0 then
3. add this reduced form to G and go to 2.

4. else return G
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Buchberger’s Algorithm (1965)
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input will never perform any unnecessary reductions.

20



More recent work is rooted on two ideas of Faugére (1999, 2002):

e Algorithm “F4" — fast simultaneous reduction of several

S-polynomials at once using sparse linear algebra algorithms.

e Algorithm “F5" — a pair selection scheme which for generic
input will never perform any unnecessary reductions.

20



p1 =x*y +x* —3xy +y?
p2=xy>—x+y+1

21



p1 =%
X2y +x% —3xy +y?

p2=xy>—x+y+1

Yp1
Xxp2
P1

P2

21



Yp1
Xxp2
P1
P2

p1 = X2y +x?
pr=xy’—x+y+1

b WX
-3 0 1
—1 0 1 1 0
1 0 -3 0 o0
@M o -1 o0

—3xy +y?

«©

S = O O

— O © o«

— OO o —

21



p1=xy +x* —3xy +y?

Pr=xy*—x+y+1

-2 0 0 6 -1
2 0 0 -—-12 3
. 0 -1 o0

2 4 1

21



p1 =X’y +x* —3xy +y?

Pr=xy*—x+y+1

yt oy 1
1 -3 -3

1 9 9

o 1 1

1 3 3

21



p1=xy +x* —3xy +y?
Pr=xy*—x+y+1
p3=2xy —4x+y3 —y*+3y+3

. 2 0 0 —-12 3 -1 9 9
. O -1 0 0 1 1
. -4 1 -1 3 3

21



p1 =Xy +x* — 3xy + y?
p2=xy>—x+y+1
p3=2xy —4x+y> —y*+3y+3

21



p1 =X’y +x* —3xy +y?
Pr=xy*—x+y+1
p3=2xy —4x+y3 —y*+3y+3

xy3 . . x oyt oy 2
o o0 o0 —-12 0 3 -1
. 0 -2 0 0 0

! -4 0 1 -1

1T -1 30 0 0
' -4 0 1T -1 3

w o W N o

S O Wk o —

21



1

0
36

p1=xy +x* —3xy +y?

pr=xy*—x+y+1

P3=2xy—4x+y —y*+3y+3

6

0

AN OO OO X

—16
—20
—1
-2

> oyr oy
1M —19 —25 23
7 —35 —65 -5

-1 -1 -1 2
1 -5 -5 1

21



p1=xy +x* —3xy +y?
Pr=xy*—x+y+1
p3=2xy —4x+y3 —y*+3y+3

0 —-16 11 —-19 =25 23
0 —-20 7 =35 —65 -5
0 -1 -1 -1 -1 2
ﬁ -2 1 =5 =5 1

21



p1 =X’y +x* —3xy +y?
Pr=xy*—x+y+1

p3=2xy —4x+y3 —y*+3y+3
P4 = 36x> — 6xy> — 20y* + 7y3 — 35y — 65y — 5
ps =6x—y' -y’ —y? -7y —4

'l <l B v v
0 —16 11

0 -20 7

0 -1 -1
0 -2 1
' —1 -1

y2

—19
—-35
—1
-5
—1

y 1
—-25 23
—65 -5

-1 2
-5 1
-7 -4

21



p1 =x*y +x* —3xy +y?
p2=xy’ —x+y+1
p3=2xy —4x+y> —y*+3y+3
P4 = 36x> — 6xy> — 20y* + 7y3 — 35y — 65y — 5
ps=6x—y'—y’ —y? -7y —4

21



Pa
P2
P3
Ps
XPs
Yps
y?g
Y p2

p1 = X2y +x?

p2=xy* —x+y+1

P3=2xy —4x+y?
—20y* + 7y3
ps =6x —y' —y?

P4 = 36x% — 6xy3

('] f?) (o) (]

0 —6 ﬁ g

©

g -1 -1 !7
(6) ’ 0

OOOOOOOC

coo |[@oco@E

—y?+3y+3
—35y?
—yr-7y—4

«
o

o O O OO

—1

—1

—20
—1
-2
—1

—1
—1
—1

—3xy +y°

—1
—1
—1

—1
—1

—65y—5

21



p1 =x*y +x* —3xy +y?
Pr=xy? —x+y+1
p3=2xy —4x+y3 —y*+3y+3
P4 = 36x> — 6xy> — 20y* + 7y3 — 35y — 65y — 5
ps=6x—y' =y’ —y?—7y—4

B E v v v v oy oy
o 0 0 0 0 0 0 —11 4 —17 —32 -2
. o 0 o 0 0 o0 -1 5 5 -1 2
. o 0 0 0 o0 -2 1 1 11

' o0 0 0 0 -1 -1 -1 -1 2

. o 0 0 -2 1 -5 -5 1

o 0 -1 -1 -1 -7 -4

. T 0 1 4 1 0 1

T -1 2 2 -1 1

21



p1 =x*y +x* —3xy +y?
p2=xy’—x+y+1
p3=2xy —4x+y3 —y*+3y+3
P4 = 36x> — 6xy> — 20y* + 7y3 — 35y — 65y — 5
ps=6x—y'—y -y’ -7y —4

B v v vy
0 —11 4 17 —32 =2
0 -1 5 5 -1 2
o -2 1 1 1 1
0 —1 -1 -1 -1 2
0 -2 1 -5 -5 1
0 -1 —1 -1 -7 —4
0 1 4 1 0 1
@M - 2 2 -1

[ew] (o] (] ()
0 0 0 0
0 0 0

0

g

&) [
0 0
0 0
0 0
0 0
ﬁ 0

0
U

21



p1 =x*y +x* —3xy +y?
p2=xy’ —x+y+1
p3=2xy —4x+y> —y*+3y+3
P4 = 36x> — 6xy> — 20y* + 7y3 — 35y — 65y — 5
ps=6x—y' -y —y?—7y—4
pe=y°+yt +4y’ +y? +1
p7 =y’ —yt+ 20 +2y" —y +1

21



p1 =Xy +x* — 3xy + y?
p2=xy* —x+y+1
p3=2xy —4x+y> -y +3y+3
p4 = 36x% — 6xy> — 20y* + 7y® — 35y2 — 65y — 5
ps =B v —v* —y* -7y —4
Pe=y® +y't +4y° +y> +1
p7 =gyt + 2y + 2yt —y + 1

21



More recent work is rooted on two ideas of Faugére (1999, 2002):

e Algorithm “F4" — fast simultaneous reduction of several

S-polynomials at once using sparse linear algebra algorithms.

e Algorithm “F5" — a pair selection scheme which for generic
input will never perform any unnecessary reductions.

22



More recent work is rooted on two ideas of Faugére (1999, 2002):

e Algorithm “F4" — fast simultaneous reduction of several
S-polynomials at once using sparse linear algebra algorithms.

Algorithm “F5" — a pair selection scheme which for generic

input will never perform any unnecessary reductions.

22



Even with classical pair deletion criteria, most of the computation
time is spent on “useless pairs.” Where do they come from?

23



Even with classical pair deletion criteria, most of the computation
time is spent on “useless pairs.” Where do they come from?

Example:
vyt oy oy oy
P2 o -1 0 0 0 0 1 1
P3 -4 0 0 1 =1 3 3
Ps © o -1 -1 -1 -7 —4
yps g o -1 -1 -1 -7 4 o0
yp3 —4 0 0 1 -1 3 3 0



Even with classical pair deletion criteria, most of the computation
time is spent on “useless pairs.” Where do they come from?

Example:

ol k) ) v vt v vy
6 0 0 -1 =1 =1 -1
g

0
o -2 1 -5 -5
0
1

—_ N =

—1 -1 -1 -7 -4
1 2 2 -

0
g

—_—

23



Even with classical pair deletion criteria, most of the computation
time is spent on “useless pairs.” Where do they come from?

Example:

=)
<
~
«
w
<
N
<

—1 -1 =1 -1
2 1 -5 -5
—1 -1 -1 -7 -4

—_ N =

23



Even with classical pair deletion criteria, most of the computation
time is spent on “useless pairs.” Where do they come from?

A reduction to zero translates into a linear relation
1
p2— (Gy+T)ps—Ips =0

among the basis elements, a so-called syzygy (~ “tautology”).
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A reduction to zero translates into a linear relation
wprt- A+ Unpm =0
among the basis elements, a so-called syzygy (~ “tautology”).

e Once we know a Grobner basis, the syzygies can be
characterized easily.

e And if we knew all the syzygies, computing a Grobner bases
would be a lot easier.
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Given p1,...,pm, the F5 algorithm first computes a Grobner basis
{g1y-.-,9x} for (p1,...,Pm—1) recursively.
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Since {g1, ..., gk} already is a Grobner basis, we do not need to
consider any pairs spol(gi, gj) in this step.

We also know all the syzygies among gi,...,gk. This can be used
for detecting redundant rows before starting the row reduction.

Typically, this procedure will not produce any zero rows in the row
reduction. It is the best algorithm currently known.
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