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What does it depend on?
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All properties of a(x,y,t) must somehow follow from it.
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y‘l d]: (:U7 y) = (:Cu xil%)
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These two maps together with composition generate a group, the
so-called group of the model.

For some step sets this group is finite, for others it is
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There are three possible reasons why this approach can fail:

e if the group is infinite

e if the right hand side adds up to 0

e if several terms on the left contain monomials with positive
exponents

What to do then? Try using computer algebra, as follows.
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unknown power series U(x,t), V(z,1):

Uz, t) = Y20 _ 0y (2, 6)2 V(Y (1), 1)

V(1) = txY—ll(a:,t) - Y—l(i,t) x2U(Y_1($vt)’t)

Observe:
e This system has a unique solution.

e By construction, the solution must be

U=a(z,0,t) and V = a(0,x,t).
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V(z,t) = txY—ll(a:,t) B Y—l(i,t) 2U (Y (@), 1)

Now turn on the computer. ..
e generate lots of coefficients of a(z,0,t), and a(0, z, ).
e guess a system of D-finite differential equations possibly
satisfied by these series.

e prove that the series solutions of the guessed D-finite system
solve the functional equations.
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Now consider the following system of functional equations for two
unknown power series U(x,t), V(z,1):

Uz, t) = Y20 0y (2, 0)2 V(Y (2,1), 1)
Vi, t) = txY—ll(a:,t) - Y—l(i,t) 2U(Y (@, ), 1)

Conclude:
e a(x,0,t) and a(0,z,t) are D-finite.

e Because of . o
1—a(x,0,t) — £ a(0,y,t)

1= (Y4, +ay)t

a(z,y,t) =

it follows that also a(x,y,t) is D-finite.

10
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A posteriori observation:
D-finite generating function <= finite group.
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start at (0,0,0)

make n steps (e.g., n =7)

end at (¢,7,k) (e.g., (3,4,k) = (3,4,2))
never step out of the first octant

use only steps taken from a prescribed step set, e.g.,
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For a fixed step set, define the generating function a(x,y, z,t) in
the obvious way.
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[{-=1,0,1}
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2% 1 — 67108864

€ or/; et (0’0—’0)56034639 models in bijection to others
— 11038677 models with | - | > 6
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Models are in bijection!

=

Not a valid bijection!
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e The model can be faithfully decomposed into lower
dimensional models.
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T F T|0 0 0 0 0
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¥ |73 979 6425 28071 | 35548
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There are 23 models in 3D which are not reducible to 2D, which
are not decomposable, and which have a finite group. For 4 of
them, the orbit sum is nonzero and the kernel method implies that
they are D-Finite.
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them, the orbit sum is nonzero and the kernel method implies that
they are D-Finite.

The remaining 19 models are mysterious. Even on a
super-computer we were not able to find any evidence for possible
differential equations. Can it be that they are

This would imply that the equivalence between D-finiteness and a
finite group does not carry over to walks in three dimensions.
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