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Closure properties?

Example: If p(x) and q(x) are polynomials then also p(x) + q(x),
p(x)q(x),

∫
p(x)dx,. . . are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration. . . ”.

Guessing?

Example: 0, 3, 8, 15, 24, 35, 48, 63, 80, 99. What’s next?

Interpolation of the first 5 terms gives n2 − 1, which also happens
to match the next 5 terms. If the pattern continues, the next will
be 120.
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Definition. A sequence (an) is called C-finite if it satisfies a linear
recurrence equation with constant coefficients:

c0 an + c1 an+1 + c2 an+2 + · · ·+ cr an+r = 0.

Example: Fibonacci numbers Fn are C-finite because they satisfy

Fn + Fn+1 − Fn+2 = 0.
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Theorem. A sequence (an) is C-finite if and only if it admits a
closed form representation

an = p1(n)φ
n
1 + p2(n)φ

n
2 + · · ·+ ps(n)φ

n
s

where φ1, . . . , φs are constants and p1(n), . . . , ps(n) are
polynomials.

Example: For the Fibonacci numbers we have

Fn =
1√
5

(1 +√5
2

)n
− 1√

5

(1−√5
2

)n
.
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Consequence: If (an) and (bn) are C-finite sequences, then so are
(an + bn) and (anbn).

Also (aαn+β) (for fixed α, β ∈ N) and (
∑n

k=0 akbn−k) are C-finite.

Example: an :=
∑n

k=0 Fk and bn := F 2
n + F2n are C-finite.

Indeed, they satisfy the recurrence equations

an − 2an+2 + an+3 = 0,

bn − 2bn+1 − 2bn+2 + bn+3 = 0
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Another argument. Suppose (an) and (bn) are C-finite, say

an+3 = an + 3an+1 − an+2,

bn+2 = bn + 2bn+1.

Then we have:

an+4 =

−an − 2an+1 + 4an+2

an+5 = 4an + 11an+1 − 6an+2

an+6 = −6an − 14an+1 + 17an+2

In general, each an+i can be written in terms of an, an+1, an+2.

Similarly, each bn+i can be written in terms of bn, bn+1.
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Make an ansatz for a recurrence

C0 anbn + C1 an+1bn+1 + · · ·+ C6 an+6bn+6 = 0.
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Make an ansatz for a recurrence

C0 anbn + C1 an+1bn+1 + · · ·+ C6 an+6bn+6 = 0.

Rewrite higher order shifts to lower order ones:

C0anbn

+ C1an+1bn+1

+ C2

(
an+2bn + 2an+2bn+1

)
+ C3

(
2anbn + 2an+1bn + 5anbn+1 + · · · − 5an+2bn+1

)
+ C4

(
−5anbn − 10an+1bn − 12anbn+1 + · · ·+ 48an+2bn+1

)
+ C5

(
48anbn + 132an+1bn + 116anbn+1 + · · · − 174an+2bn+1

)
+ C6

(
−174anbn − 406an+1bn + · · ·+ 1190an+2bn+1

)
= 0
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Make an ansatz for a recurrence

C0 anbn + C1 an+1bn+1 + · · ·+ C6 an+6bn+6 = 0.

Rewrite higher order shifts to lower order ones:

anbn
(
C0 + 2C3 − 5C4 + 48C5 − 174C6

)
+ an+1bn

(
6C3 − 10C4 + 132C5 − 406C6

)
+ an+2bn

(
C2 − 2C3 + 20C4 − 72C5 + 493C6

)
+ anbn+1

(
5C3 − 12C4 + 116C5 − 420C6

)
+ an+1bn+1

(
C1 + 15C3 − 24C4 + 319C5 − 980C6

)
+ an+2bn+1

(
2C2 − 5C3 + 48C4 − 174C5 + 1190C6

)
= 0.

9



Make an ansatz for a recurrence

C0 anbn + C1 an+1bn+1 + · · ·+ C6 an+6bn+6 = 0.

Rewrite higher order shifts to lower order ones:



1 0 0 2 −5 48 −174
0 0 0 6 −10 132 −406
0 0 1 −2 20 −72 493
0 0 0 5 −12 116 −420
0 1 0 15 −24 319 −980
0 0 2 −5 48 −174 1190





C0

C1

C2

C3

C4

C5

C6


= 0

We have 7 variables and 6 equations.

⇒ There must be a nontrivial solution.
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Make an ansatz for a recurrence

C0 anbn + C1 an+1bn+1 + · · ·+ C6 an+6bn+6 = 0.

Here it is:

C0 = −1 C1 = 6 C2 = 15 C3 = −8
C4 = −19 C5 = 2 C6 = 1

9



The arguments for the other operations are similar.

In all cases, a recurrence for the new sequence can be computed
with linear algebra.

So what!?

Algorithms for “executing closure properties” are useful for proving
identities among holonomic sequences and power series.

Note: If a sequence (an) satisfies a recurrence

c0 an + c1 an+1 + c2 an+2 + · · ·+ cr an+r = 0

then it is the zero sequence if and only if
a0 = a1 = · · · = ar−1 = 0.

This can be used for proving identities.
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Example. To prove the Fibonacci identity

(−1)n − 2F2n + 5FnFn+1 − F2n+1 = 0,

compute a recurrence for the left hand side using closure
properties.

This yields a C-finite recurrence of order 3, say.

Hence it suffices to check the identity for n = 0, 1, 2.

Every identity among C-finite sequences involving only of +, ×,
∑

and dilation can be automatically proven in this way.
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Definition (discrete case). A sequence (an)
∞
n=0 in a field K is

called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials p0, . . . , pr, not all zero, such that

p0(n)an + p1(n)an+1 + p2(n)an+2 + · · ·+ pr(n)an+r = 0.
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exist polynomials p0, . . . , pr, not all zero, such that

p0(n)an + p1(n)an+1 + p2(n)an+2 + · · ·+ pr(n)an+r = 0.

Examples:

I 2n:

an+1 − 2an = 0

I n!:

an+1 − (n+ 1)an = 0

I
∑n

k=0
(−1)k
k! :

(n+ 2)an+2 − (n+ 1)an+1 − an = 0

I Fibonacci numbers, Harmonic numbers, Perrin numbers,
diagonal Delannoy numbers, Motzkin numbers, Catalan
numbers, Apery numbers, Schröder numbers, . . .

I Many sequences which have no name and no closed form.
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This means that these sequences can (provably) not be viewed as
solutions of a linear recurrence equation with polynomial coefficients.
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Definition (discrete case). A sequence (an)
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n=0 in a field K is

called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials p0, . . . , pr, not all zero, such that
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Approximately 25% of
the sequences in
Sloane’s Online
Encyclopedia of Integer
Sequences fall into this
category.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.
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Examples:

I exp(x):

f ′(x)− f(x) = 0

I log(1− x):

(x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x):

f ′(x)− f(x) = 0

I log(1− x):

(x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x):

(x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x):

(x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x): (x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x): (x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 :

(x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x): (x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 : (x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x): (x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 : (x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Examples:

I exp(x): f ′(x)− f(x) = 0

I log(1− x): (x− 1)f ′′(x)− f ′(x) = 0

I 1
1+
√
1−x2 : (x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0

I Bessel functions, Hankel functions, Struve functions, Airy
functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, . . .

I Many functions which have no name and no closed form.

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.
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I exp(exp(x)− 1).

I The Riemann Zeta function.

I Many functions which have no name and no closed form.

This means that these functions can (provably) not be viewed as so-
lutions of a linear differential equation with polynomial coefficients.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.

Approximately 60% of the
functions in Abramowitz
and Stegun’s handbook
fall into this category.
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Theorem. Let f(x) =
∑∞

n=0 anx
n. Then

f is holonomic as function ⇐⇒ (an) is holonomic as sequence.

Examples.

I f ′(x)− f(x) = 0 . . . . . . . . . . . . . . . . . . . . (n+ 1)an+1 − an = 0

I (x3 − x)f ′′(x) + (4x2 − 3)f ′(x) + 2xf(x) = 0 . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (n+ 4)an+2 − (n+ 1)an = 0

Given a differential equation, we can compute a corresponding
recurrence equation and vice versa.
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form”.
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form”.

This is similar as for algebraic numbers.

Naive question: What are the roots of the polynomial x5− 3x+1 ?

Expert answer: RootOf( Z5 − 3 Z + 1, index = 1),
RootOf( Z5 − 3 Z + 1, index = 2),
RootOf( Z5 − 3 Z + 1, index = 3),
RootOf( Z5 − 3 Z + 1, index = 4),
RootOf( Z5 − 3 Z + 1, index = 5).
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form”.

For holonomic sequences:

Naive question: What are the solutions of the recurrence

(3n+ 2)an+2 − 2(n+ 3)an+1 + (2n− 7)an = 0 ?

A holonomist’s answer: There is exactly one solution with a0 = 0,
a1 = 1, exactly one solution with a0 = 1, a1 = 0, and every other
solution is a linear combination of those two.
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form”.

Key property: Every holonomic sequence can be specified uniquely
by its recurrence and a finite number of initial values.

When computing with holonomic objects, we use this data rather
than closed form expressions.
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Closure properties:

17



Closure properties:

Theorem. Let (an)
∞
n=0 and (bn)

∞
n=0 be holonomic sequences. Then:

I (an + bn)
∞
n=0 is holonomic.

I (anbn)
∞
n=0 is holonomic.

I (an+1)
∞
n=0 is holonomic.

I (
∑n

k=0 ak)
∞
n=0 is holonomic.

I if u, v ∈ Q are positive, then (abun+vc)
∞
n=0 is holonomic.

Recurrence equations for all these sequences can be computed from
given defining equations of (an)

∞
n=0 and (bn)

∞
n=0.
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Closure properties:

Theorem. Let a(x) and b(x) be holonomic power series. Then:

I a(x) + b(x) is holonomic.

I a(x)b(x) is holonomic.

I a′(x) is holonomic.

I
∫ x
0 a(t)dt is holonomic.

I if b(x) is algebraic and b(0) = 0, then a(b(x)) is holonomic.

Differential equations for all these functions can be computed from
given defining equations of a(x) and b(x).
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How?

Example. Let (an) and (bn) be such that

(2n+ 1)an+2 + (n+ 1)an+1 − (3n+ 2)an = 0

(n+ 3)bn+2 − 2(n+ 1)bn+1 + (n+ 8)bn = 0.

Let cn = anbn.

We want to find a recurrence of the form

P4(n) cn+4+P3(n) cn+3+P2(n) cn+2+P1(n) cn+1+P0(n) cn = 0.

18
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Observe:

cn = anbn

cn+1 = an+1bn+1

cn+2 = − (n+8)(3n+2)
(n+3)(2n+1)anbn +

2(3n+2)(n+1)
(n+3)(2n+1) anbn+1

+ (n+8)(n+1)
(n+3)(2n+1)an+1bn − 2(n+1)2

(n+3)(2n+1)an+1bn+1

cn+3 =
(···)
(···)anbn +

(···)
(···)anbn+1 +

(···)
(···)an+1bn +

(···)
(···)an+1bn+1

cn+4 =
(···)
(···)anbn +

(···)
(···)anbn+1 +

(···)
(···)an+1bn +

(···)
(···)an+1bn+1
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Therefore

P4(n) cn+4+P3(n) cn+3+P2(n) cn+2+P1(n) cn+1+P0(n) cn = 0
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can be rewritten into

P0(n)anbn

+P1(n)an+1bn+1

+P2(n)
(
− (n+8)(3n+2)

(n+3)(2n+1)anbn +
2(3n+2)(n+1)
(n+3)(2n+1) anbn+1

+ (n+8)(n+1)
(n+3)(2n+1)an+1bn − 2(n+1)2

(n+3)(2n+1)an+1bn+1

)
+P3(n)

(
(···)
(···)anbn +

(···)
(···)anbn+1 +

(···)
(···)an+1bn +

(···)
(···)an+1bn+1

)
+P4(n)

(
(···)
(···)anbn +

(···)
(···)anbn+1 +

(···)
(···)an+1bn +

(···)
(···)an+1bn+1

)
=0
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can be rewritten into

anbn

(
P0(n)− (n+8)(3n+2)

(n+3)(2n+1)P2(n) + (···)P3(n) + (···)P4(n)
)

+an+1bn

(
(···)P2(n) + (···)P3(n) + (···)P4(n)

)
+anbn+1

(
(···)P2(n) + (···)P3(n) + (···)P4(n)

)
+an+1bn+1

(
P1(n) + (···)P2(n) + (···)P3(n) + (···)P4(n)

)
= 0
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Therefore

P4(n) cn+4+P3(n) cn+3+P2(n) cn+2+P1(n) cn+1+P0(n) cn = 0

can be rewritten into
1 0 − (n+8)(3n+2)

(n+3)(2n+1) (···) (···)
0 0 (···) (···) (···)
0 0 (···) (···) (···)
0 1 (···) (···) (···)



P0(n)
P1(n)
P2(n)
P3(n)
P4(n)

 = 0

We have 5 variables and 4 equations.

⇒ There must be a nontrivial solution.
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Therefore

P4(n) cn+4+P3(n) cn+3+P2(n) cn+2+P1(n) cn+1+P0(n) cn = 0

Here it is:

P0(n) = (n+ 2)(n+ 3)(n+ 8)(n+ 9)(3n+ 2)(3n+ 5)(25n2 + 114n+ 136)

P1(n) = −2(n+ 1)(n+ 3)(n+ 9)(3n+ 5)

× (25n4 + 189n3 + 469n2 + 263n− 176)

P2(n) = −(n+ 2)(275n7 + 554n6 − 16919n5 − 118907n4

− 341694n3 − 497343n2 − 355526n− 95160)

P3(n) = 2(n+ 1)(n+ 3)(n+ 4)(2n+ 3)

× (25n4 + 189n3 + 576n2 + 992n+ 730)

P4(n) = (n+ 1)(n+ 2)(n+ 4)(n+ 5)(2n+ 3)(2n+ 5)(25n2 + 64n+ 47)

20



In general, if (an) satisfies a recurrence of order r and (bn) satisfies
a recurrence of order s, then

anbn, an+1bn+1, an+2bn+2, . . . , an+rsbn+rs

can all be expressed in terms of

anbn an+1bn . . . an+r−1bn
anbn+1 an+1bn+1 . . . an+r−1bn+1

...
...

. . .
...

anbn+s−1 an+1bn+s−1 . . . an+r−1bn+s−1

An ansatz for a recurrence equation of order rs leads to a linear
system with rs + 1 variables and rs equations.

This proves that (anbn) is holonomic.
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The arguments and algorithms for the other operations are similar.

Packages like gfun (for Maple) or GeneratingFunctions.m (for
Mathematica) do this for you.

So what!?

Algorithms for “executing closure properties” are useful for proving
identities among holonomic sequences and power series.

Basic idea: A = B ⇐⇒ A−B = 0

Once we have a recurrence equation for A−B, we can prove by
induction that it is identically zero.

Let’s see two examples.
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How to prove this identity?

−→ By induction!

Compute a recurrence for the left hand side from the defining equa-
tions of its building blocks.
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lhsn+7 = (· · ·messy · · · ) lhsn+6

+ (· · ·messy · · · ) lhsn+5

+ (· · ·messy · · · ) lhsn+4

+ (· · ·messy · · · ) lhsn+3

+ (· · ·messy · · · ) lhsn+2

+ (· · ·messy · · · ) lhsn+1

+ (· · ·messy · · · ) lhsn

Therefore the identity holds for all n ∈ N
if and only if it holds for n = 0, 1, 2, . . . , 6.
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This is an identity between power series.

Consider x and y as fixed parameters.

Then both sides are univariate power series in t.

Idea: Compute a recurrence for the series coefficients of LHS−RHS

Then prove by induction that they are all zero.

Then the power series is zero.
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If we write lhs(t) =
∑∞

n=0 lhsn t
n, then

lhsn+4 =
4xy
n+4 lhsn+3+

4(2n−2x2−2y2+5)
n+4 lhsn+2

+ 16xy
n+4 lhsn+1−16(n+1)

n+4 lhsn .

Because of lhs0 = lhs1 = lhs2 = lhs3 = 0, we have lhsn = 0 for
all n.

This completes the proof.

24



︸ ︷︷ ︸
differential equation of order 5

 recurrence equation of order 4

︸ ︷︷ ︸
differential equation of order 5

∞∑
n=0

︸ ︷︷ ︸
recurrence of order 4

︸ ︷︷ ︸
rec. of order 4

︸ ︷︷ ︸
rec. of
ord. 2

Hn(x)

︸ ︷︷ ︸
rec. of
ord. 2

Hn(y)

︸︷︷︸
rec. of
ord. 1

1

n!
tn

=

−

︸ ︷︷ ︸
differential equation of order 1

︸ ︷︷ ︸
diff.eq.

of ord. 1

1√
1− 4t2

︸ ︷︷ ︸
differential equation of order 1

︸︷︷︸
diff.eq.

of ord. 1

exp

︸ ︷︷ ︸
alg.eq. of order 1

(4t(xy − t(x2 + y2))

1− 4t2

)
= 0

If we write lhs(t) =
∑∞

n=0 lhsn t
n, then

lhsn+4 =
4xy
n+4 lhsn+3+

4(2n−2x2−2y2+5)
n+4 lhsn+2

+ 16xy
n+4 lhsn+1−16(n+1)

n+4 lhsn .

Because of lhs0 = lhs1 = lhs2 = lhs3 = 0, we have lhsn = 0 for
all n.

This completes the proof.

24



︸ ︷︷ ︸
differential equation of order 5

 recurrence equation of order 4

︸ ︷︷ ︸
differential equation of order 5

∞∑
n=0

︸ ︷︷ ︸
recurrence of order 4

︸ ︷︷ ︸
rec. of order 4

︸ ︷︷ ︸
rec. of
ord. 2

Hn(x)

︸ ︷︷ ︸
rec. of
ord. 2

Hn(y)

︸︷︷︸
rec. of
ord. 1

1

n!
tn

=

−

︸ ︷︷ ︸
differential equation of order 1

︸ ︷︷ ︸
diff.eq.

of ord. 1

1√
1− 4t2

︸ ︷︷ ︸
differential equation of order 1

︸︷︷︸
diff.eq.

of ord. 1

exp

︸ ︷︷ ︸
alg.eq. of order 1

(4t(xy − t(x2 + y2))

1− 4t2

)
= 0

If we write lhs(t) =
∑∞

n=0 lhsn t
n, then

lhsn+4 =
4xy
n+4 lhsn+3+

4(2n−2x2−2y2+5)
n+4 lhsn+2

+ 16xy
n+4 lhsn+1−16(n+1)

n+4 lhsn .

Because of lhs0 = lhs1 = lhs2 = lhs3 = 0, we have lhsn = 0 for
all n.

This completes the proof.

24



What about

n∑
k=0

n+ 1

2(k + 1)

(
n+ 1

k

)(
n

k

)
− 2n+ 1

n+ 2

n∑
k=0

(
n

k

)2

= 0

Closure properties algorithms are insufficient for computing
recurrences for the sums, because the summands depend on the
summation bound n.

More advanced algorithms are needed for computing recurrences
for the sums (→ Chyzak’s talk).

But once this is done, closure properties algorithms come in handy
to complete the proof of the identity.

This is typical: closure properties algorithms are most useful in
combination with other tools.
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Summary
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I Holonomic objects are defined implicitly through linear
differential/recurrence equations with polynomial coefficients.

I The defining equation plus some finitely many initial values
are used to store holonomic objects in a computer.

I The class of holonomic objects is closed under addition,
multiplication, and various further operations.

I These closure properties are constructive and are used for
proving identities for holonomic objects with the computer.

I Typically this happens in combination with other (less trivial)
algorithms for summation and integration.
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Holonomic Closure Properties

and Guessing

Manuel Kauers

Research Institute for Symbolic Computation (RISC)
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Closure properties?

Example: If p(x) and q(x) are polynomials then also p(x) + q(x),
p(x)q(x),

∫
p(x)dx,. . . are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration. . . ”.

Guessing?

Example: 0, 3, 8, 15, 24, 35, 48, 63, 80, 99. What’s next?

Interpolation of the first 5 terms gives n2 − 1, which also happens
to match the next 5 terms. If the pattern continues, the next will
be 120.
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Holonomic?

Definition (discrete case). A sequence (an)
∞
n=0 in a field K is

called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials p0, . . . , pr, not all zero, such that

p0(n)an + p1(n)an+1 + p2(n)an+2 + · · ·+ pr(n)an+r = 0.

Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials p0, . . . , pr, not all
zero, such that

p0(x)f(x) + p1(x)f
′(x) + p2(x)f

′′(x) + · · ·+ pr(x)f
(r)(x) = 0.
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Part B Guessing
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Task: Given the first N terms a0, a1, . . . , aN of an infinite
sequence (an)

∞
n=0, as well as two numbers d, r ∈ N, find all the

recurrence equations

p0(n)an + p1(n)an+1 + · · ·+ pr(n)an+r = 0

with polynomial coefficients pi(n) of degree at most d, satisfied by
the sequence (an)

∞
n=0 (at least) for n = 0, . . . , N − r.

Example. (demo)
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Task: Given the first N terms a0 + a1x+ a2x
2 + · · ·+ aNx

N of a
power series f(x) =

∑∞
n=0 anx

n, as well as two numbers d, r ∈ N,
find all the differential equations

p0(x)f(x) + p1(x)f
′(x) + · · ·+ pr(x)f

(r)(x) = O(xN−r)

with polynomial coefficients pi(x) of degree at most d, satisfied by
the series f(x) (at least) up to order xN−r.

Example. (demo)
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What’s going on behind the curtain?
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What’s going on behind the curtain?

Suppose we are given the following data:

a0 = 1, a5 = 6802,

a1 = 2, a6 = 56190,

a2 = 14, a7 = 470010,

a3 = 106, a8 = 3968310,

a4 = 838, a9 = 33747490.

36



What’s going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d = 1,

(c0,0 + c0,1n)an + (c1,0 + c1,1n)an+1 + (c2,0 + c2,1n)an+2 = 0

for constants ci,j yet to be determined.

We want the recurrence to be true for n = 0, . . . , 7 (at least).

n=0 : (c0,0 + c0,10)1 + (c1,0 + c1,10)2 + (c2,0 + c2,10)14 = 0

n=1 : (c0,0 + c0,11)2 + (c1,0 + c1,11)14 + (c2,0 + c2,11)106 = 0

n=2 : (c0,0 + c0,12)14 + (c1,0 + c1,12)106 + (c2,0 + c2,12)838 = 0

...

n=7 : (c0,0 + c0,17)470010 + (c1,0 + c1,17)3968310

+ (c2,0 + c2,17)33747490 = 0
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We want the recurrence to be true for n = 0, . . . , 7 (at least).
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n=1 : (c0,0 + c0,11)2 + (c1,0 + c1,11)14 + (c2,0 + c2,11)106 = 0

n=2 : (c0,0 + c0,12)14 + (c1,0 + c1,12)106 + (c2,0 + c2,12)838 = 0

...

n=7 : (c0,0 + c0,17)470010 + (c1,0 + c1,17)3968310

+ (c2,0 + c2,17)33747490 = 0
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0
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

We have 8 equations but only 6 variables.

⇒ There ought to be no solution.
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Unexpected solution: (0, 9,−14,−10, 2, 1).

36



What’s going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d = 1,

(c0,0 + c0,1n)an + (c1,0 + c1,1n)an+1 + (c2,0 + c2,1n)an+2 = 0

for constants ci,j yet to be determined.

We have found that the recurrence

9nan + (−14− 10n) an+1 + (2n+ 1)an+2 = 0,

holds for n = 0, . . . , 7.
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Why should this recurrence hold for n > 7 ?

I A dense overdetermined linear system is very unlikely to have
a nonzero solution.

An underdetermined system
is certain to have solutions.
But these are just “noise.”
To get an overdetermined
system, choose r and d such
that N > (r + 1)(d+ 2).

I If it happens to have one, its coefficients are very unlikely to
have only a few digits.

(569882602384811268121321180079n −
530901107616794661282411766441) an +
(−575908347105430339890032818242n −
649120614815912027225868406121) an+1 +
(−695342431056845112278690590743n −
761582488475444696796352219546)an+2

looks suspicious.

I The recurrence enjoys some arithmetic properties which are
very unlikely to be observed for artefacts.

If we have some further terms, say a10, a11, a12, we can check
whether they match the recurrence to gain further confidence.

However: Without further knowledge about the origin of the
sequence, no finite amount of data will suffice to prove the
correctness of the guess.
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. . . no finite amount of data will suffice to prove the correctness of
the guess.

Then what’s the point?

Guessing is much faster than proving, and practically as reliable.
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Example. A problem by A. Rechnitzer.

Let F (z, q) be a solution of the algebraic equation

(q2 + 1)(q2z − 2qz − q + z)(q2z + 2qz − q + z)z F (z, q)3

− q(q4z2 + 6q2z2 − q2 + z2)F (z, q)2

− 3(q2 + 1)q2z F (z, q)− q3 = 0.

We have

F (z, q) = 1 + (q−1 + q)z + (q−2 + 4 + q2)z2

+ (q−3 + 7q−1 + 7q + q3)z3

+ (q−4 + 12q−2 + 28 + 12q2 + q4)z4 + · · ·

Task: find a differential equation for f(z) := [q0]F (z, q).
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Rigorous approach: Use Chyzak’s algorithm to compute a
differential equation for

f(z) =

∮
1

q
F (z, q) dq.

Good luck. . .

Experimental approach: Calculate the first few hundred terms in
the expansion of f(z), and use them to determine the differential
equation by guessing.

This needs 30sec, including the generation of data.
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Feature: The efficiency of scales well to larger problems, at least if
done properly.

The following tricks can sometimes be used to get a speed-up:

I Trade order against degree

I Use modular arithmetic

I Boot strapping
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If a sequence (an)
∞
n=0 is holonomic, it satisfies not only one

recurrence equation, but infinitely many.

Some are easier to find than others.

Mark a point (r, d) ∈ N2 if there is a
recurrence of order r and degree d.

We can reasonably search for equations
with N > (r + 1)(d+ 2).

Experience: equations with r ≈ d tend to
require the least number N of terms.

The interesting minimal order operator can (with high probability)
be obtained from two different nonminimal operators by taking
their greatest common right divisor as operators.
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Feature: The efficiency of scales well to larger problems, at least if
done properly.

The following tricks can sometimes be used to get a speed-up:

I Trade order against degree

I Use modular arithmetic

I Boot strapping
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Guessing requires solving large dense linear systems.

If this is done naively, it will produce extremely large intermediate
expressions.

A proper implementation will work with homomorphic images:

Q slow ///o/o/o/o/o/o/o/o/o/o

mod p
��

Q

Fp fast // Fp

CRA & RR

OO
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Example: Continuing on the technique described before, . . .

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



Example: Continuing on the technique described before, . . .

short integers

long integers

Compute the nonminimal operators only
modulo some primes.

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.

45



mod 3402823669209384608439369489650118868816277101735386680683188868462945250914462856766432493496001115792089237316192812296663087828730790152317073519228853714845075653663303437213598703592091001234080771759325475858366196400690895423566693517652039271792806003363225735459918446744073709551557 18446744073709551533 18446744073709551521 18446744073709551437 18446744073709551427

0
170
57125
48268101
34260690332
28950283288564
24602777889341700
21958748103044947821
19982460773770890734814
18589778412414172744395308
17556405435959384905586216420
16804193264871415986848637912866
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For computing data using modular computations and Chinese
Remaindering, the number of primes you need is determined by the
longest number in the sample.

These may be many.

The longest number in the guessed recurrence is typically
much shorter.

Idea: Compute your data only modulo a few primes, then guess a
“modular recurrence” for each prime, and then do Chinese
remaindering on the coefficients of the recurrence rather than on
the data sample.

This will typically require much fewer primes in total. (Demo.)
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Feature: The efficiency of scales well to larger problems, at least if
done properly.

The following tricks can sometimes be used to get a speed-up:

I Trade order against degree

I Use modular arithmetic

I Boot strapping
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In many cases, the computation time for guessing is negligible
compared to the cost for generating enough data.

On the other hand, once we have a recurrence, generating data
(almost) for free.

Chicken-egg-problem: In order to find a recurrence, we sometimes
seem to already need to know it.

Boot-strapping sometimes helps to resolve this conflict.
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Example 1: Consider a sequence in four indices, ak,l,m,n.
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Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose ak,l,m,n is hypergeometric in all four indices, so that we
know four first order recurrence equations

ak+1,l,m,n = rat(k, l,m, n)ak,l,m,n

ak,l+1,m,n = rat(k, l,m, n)ak,l,m,n

ak,l,m+1,n = rat(k, l,m, n)ak,l,m,n

ak,l,m,n+1 = rat(k, l,m, n)ak,l,m,n
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Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Calculating an,n,n,n recursively with the given equations requires
O(n4) time and space. We won’t be able to get 1000 terms in
this way.
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Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Boot-strapping is more promising:

I First compute an,n,m,m for 0 ≤ n,m ≤ 25, say.

I Use this data to guess bivariate recurrence equations for
bn,m := an,n,m,m

I Use these guessed equations to compute an,n,n,n for
n = 0, . . . , 1000.

I Use this data to guess the recurrence for an,n,n,n.

50



Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Boot-strapping is more promising:

I First compute an,n,m,m for 0 ≤ n,m ≤ 25, say.

I Use this data to guess bivariate recurrence equations for
bn,m := an,n,m,m

I Use these guessed equations to compute an,n,n,n for
n = 0, . . . , 1000.

I Use this data to guess the recurrence for an,n,n,n.

50



Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Boot-strapping is more promising:

I First compute an,n,m,m for 0 ≤ n,m ≤ 25, say.

I Use this data to guess bivariate recurrence equations for
bn,m := an,n,m,m

I Use these guessed equations to compute an,n,n,n for
n = 0, . . . , 1000.

I Use this data to guess the recurrence for an,n,n,n.

50



Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Boot-strapping is more promising:

I First compute an,n,m,m for 0 ≤ n,m ≤ 25, say.

I Use this data to guess bivariate recurrence equations for
bn,m := an,n,m,m

I Use these guessed equations to compute an,n,n,n for
n = 0, . . . , 1000.

I Use this data to guess the recurrence for an,n,n,n.

50



Example 1: Consider a sequence in four indices, ak,l,m,n.

Suppose we want to find a recurrence for the diagonal an,n,n,n.

Boot-strapping is more promising:

I First compute an,n,m,m for 0 ≤ n,m ≤ 25, say.

I Use this data to guess bivariate recurrence equations for
bn,m := an,n,m,m

I Use these guessed equations to compute an,n,n,n for
n = 0, . . . , 1000.

I Use this data to guess the recurrence for an,n,n,n.

50



Example 2: Another problem from A. Rechnitzer’s collection.

Let F (z, q) be a solution of the algebraic equation

POLY
(
F (z, q), z, q

)
= 0

(where POLY is now too large to fit on this slide.)

We have

F (z, q) = 1 + (q−1 + q)z + (q−2 + 4 + q2)z2 + · · ·

Task: find a differential equation for f(z) := [q0]F (z, q).
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Example 2: Another problem from A. Rechnitzer’s collection.

Computing enough terms in the expansion of F (z, q) with Puiseux’
algorithm is too expensive when q is symbolic.

Boot-Strapping is more promising:

I Compute many terms for q = 1, 2, 3, . . . , 30, say.

I For each q, guess a recurrence for the expansion of F (z, q).

I Reconstruct from these a recurrence for symbolic q.

I Use this recurrence to generate many more terms.

I Pick the q0-coefficient of all of them.

I Use this data for guessing the differential equation.
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Feature: The efficiency of scales well to larger problems, at least if
done properly.

The following tricks can sometimes be used to get a speed-up:

I Trade order against degree

I Use modular arithmetic

I Boot strapping
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Summary
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I Computer algebra can produce rigorous proofs.

I Computer algebra can also produce conjectures.

I Conjectures are typically much cheaper than proofs.

I Computer generated conjectures are almost always true.
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