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Closure properties?

Example: If p(z) and ¢(x) are polynomials then also p(x) + q(z),
p(z)q(z), [ p(x)dz,... are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration...".

Guessing?
Example: 0,3,8,15,24,35,48,63, 80,99. What's next?
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Closure properties?

Example: If p(z) and ¢(x) are polynomials then also p(x) + q(z),
p(z)q(z), [ p(x)dz,... are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration...".

Guessing?
Example: 0,3,8,15,24,35,48,63, 80,99. What's next?

Interpolation of the first 5 terms gives n? — 1, which also happens
to match the next 5 terms. If the pattern continues, the next will
be 120.
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Definition. A sequence (a,) is called C-finite if it satisfies a linear
recurrence equation with constant coefficients:

Co ap + €1 Apt1 + C2anpy2 + -+ + & Apyyr = 0.



Definition. A sequence (a,) is called C-finite if it satisfies a linear
recurrence equation with constant coefficients:

Co ap + €1 Apt1 + C2anpy2 + -+ + & Apyyr = 0.
Example: Fibonacci numbers F,, are C-finite because they satisfy

o+ Fop1 — Fhyo=0.



Theorem. A sequence (ay,) is C-finite if and only if it admits a
closed form representation

an = p1(n)P7 + p2(n)¢s + - + ps(n)¢

where ¢1, ..., ¢s are constants and pi(n),...,ps(n) are
polynomials.
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Theorem. A sequence (ay,) is C-finite if and only if it admits a
closed form representation

an = p1(n)P7 + p2(n)¢s + - + ps(n)¢

where ¢1, ..., ¢s are constants and pi(n),...,ps(n) are
polynomials.

Example: For the Fibonacci numbers we have

VG

VByn — By
A 55"
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Consequence: If (ay) and (by,) are C-finite sequences, then so are
(an + by) and (anby).
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(an + by) and (anby).
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Consequence: If (ay) and (by,) are C-finite sequences, then so are
(an + by) and (anby).

Also (aan+p) (for fixed o, 8 € N) and (3 _, arbn—i) are C-finite.
Example: an =Y 1_q F) and by, := F2 + Fy, are C-finite.
Indeed, they satisfy the recurrence equations

ap — 2ap42 + ant3 = 0,
bn - 2bn—&—l - 2bn+2 + bn+3 =0



Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-



Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-

Then we have:

Optd = Opy1 + 30n42 — Any3
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Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-

Then we have:

Uptq = —Ap — 20p41 + 4an42
Ap+5 = 4(1n + 11(Ln+1 — 66Ln+2

Unt6 = 4an+1 + 1lay2 — 6an43



Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-

Then we have:

Uptq = —Ap — 20p41 + 4an42
Ap+5 = 4(1n + 11(Ln+1 — 66Ln+2
apt6 = —6a, — 1da, 1 + 17ap42



Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-

Then we have:

Uptq = —Ap — 20p41 + 4an42
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In general, each a,4; can be written in terms of a,,, apt1, Gnio.



Another argument. Suppose (ay) and (b,) are C-finite, say

43 = Gp + 3An41 — Any2,
bn+2 = bn + 2bn+1-

Then we have:

Uptq = —Ap — 20p41 + 4an42
Ap+5 = 4(1n + 11(Ln+1 — 66Ln+2
apt6 = —6a, — 1da, 1 + 17ap42
In general, each a,4; can be written in terms of a,,, apt1, Gnio.

Similarly, each b,,4; can be written in terms of by, by41.
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Make an ansatz for a recurrence
Co anby + C1 apg1bpgr + -+ + Cs ang6bnie = 0.
Rewrite higher order shifts to lower order ones:

Coanby,
+ Cran+1bn+1
+ O (ant2bp + 2an42bni1)
+ C5 (2anb + 2an+1bp + 5apbpi1 + - — 5an+2bn+1)
+ Cy(=banbn, — 10an+1bp — 12apbpy1 + - - - + 48ay42bp41)
+C5 (48anb + 132a541by 4+ 116apbpy1 + - -+ — 17T4an12bp 1)
+ Co(—174anby — 406an41by + - + 119Oan+2bn+1) =0



Make an ansatz for a recurrence
Co anbn, + C1 an—l—lbn-',-l +---4+Cs CLn—l—6bn—|—6 =0.
Rewrite higher order shifts to lower order ones:

anbn (Co + 205 — 5Cy + 48C5 — 174C)
+ An41bn (6C5 — 100y + 132C5 — 406C5)
+ ant2bn (Cy — 2C5 + 20Cy — 72C5 + 493C%)
+ anbpt1 (5C5 — 12C, + 116C5 — 420C5)
+ ant1bnt1 (C1 + 15C5 — 24C, 4 319C5 — 980C5)
(

+ ant2bni1 (205 — 5C5 + 48C,y — 174C5 + 1190C5) = 0



Make an ansatz for a recurrence

Co anbn, + C1 an+1bn+1 +---+Cs an—l—Gbn—l—G =0.

Rewrite higher order shifts to lower order ones:

OO O oo

o= O O OO

N OO = OO

2
6
-2
)
15
-3

)
—10
20
—12
—24
48

48
132
—72
116
319

—174

—174
—406
493
—420
—980
1190

Co
Cq
Cy
C3
Cy
Cs
Cs




Make an ansatz for a recurrence

Co anbn, + C1 an+1bn+1 +---+Cs an—l—Gbn—l—G =0.

Rewrite higher order shifts to lower order ones:

100 2 -5 48

000 6 -—-10 132
001 -2 20 72
0 00 5 -—-12 116
01 0 15 —-24 319
0 0 2 =5 48 —174

We have 7 variables and 6 equations.
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Make an ansatz for a recurrence

Co anbn, + C1 an+1bn+1 +---+Cs an—l—Gbn—l—G =0.

Rewrite higher order shifts to lower order ones:

100 2 -5 48

000 6 -—-10 132
001 -2 20 72
0 00 5 -—-12 116
01 0 15 —-24 319
0 0 2 =5 48 —174

We have 7 variables and 6 equations.

= There must be a nontrivial solution.

—174
—406
493
—420
—980
1190

Co
Cq
Cy
C3
Cy
Cs
Cs




Make an ansatz for a recurrence
Co anbn, + C1 an—l—lbn-',-l +---4+Cs CLn—l—6bn—|—6 =0.
Here it is:

Co=-1 Ci=6 Cy =15 C3=-8
Cy=-19 Cy =2 Cs =1



The arguments for the other operations are similar.
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The arguments for the other operations are similar.

In all cases, a recurrence for the new sequence can be computed
with linear algebra.

So what!?

Algorithms for “executing closure properties” are useful for proving
identities among holonomic sequences and power series.

Note: If a sequence (ay,) satisfies a recurrence
Coap + €1 apt1 +C2an42+ -+ Crapyr =0

then it is the zero sequence if and only if
a0:a1:~--:ar,1:0.
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The arguments for the other operations are similar.

In all cases, a recurrence for the new sequence can be computed
with linear algebra.

So what!?

Algorithms for “executing closure properties” are useful for proving
identities among holonomic sequences and power series.

Note: If a sequence (ay,) satisfies a recurrence
Coap + €1 apt1 +C2an42+ -+ Crapyr =0

then it is the zero sequence if and only if
a0:a1:~--:ar,1:0.

This can be used for proving identities.
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Example. To prove the Fibonacci identity
(_1)n - 2F2n + 5FnFn+1 - F2n+1 = 07

compute a recurrence for the left hand side using closure
properties.
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Example. To prove the Fibonacci identity
(_1)n - 2F2n + 5FnFn+1 - F2n+1 = 07

compute a recurrence for the left hand side using closure
properties.

This yields a C-finite recurrence of order 3, say.
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Example. To prove the Fibonacci identity
(_1)n - 2F2n + 5FnFn+1 - F2n+1 = 07

compute a recurrence for the left hand side using closure
properties.

This yields a C-finite recurrence of order 3, say.

Hence it suffices to check the identity for n = 0,1, 2.
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Example. To prove the Fibonacci identity

(—=1)" —2F5, + 5F, Fyy1 — Fopt1 =0,
compute a recurrence for the left hand side using closure
properties.
This yields a C-finite recurrence of order 3, say.
Hence it suffices to check the identity for n = 0,1, 2.

Every identity among C-finite sequences involving only of +, x, >
and dilation can be automatically proven in this way.
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2" an+1 — 2a, =0
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2" an+1 — 2a, =0

> nl:
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2" an+1 — 2a, =0

> nl: an+1 — (n+1)a, =0
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2" an+1 — 2a, =0
> nl: ant1 — (n+1)a, =0

k
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2™ an+1 — 2a, =0
> nl: an+1 — (n+1)a, =0

_1\k
3 E (4 2)ants — 0+ Dangs —an =0
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 27 an+1 — 2a, =0
> nl: an+1 — (n+1)a, =0
> Zk’ 0 l : (n+2)ante — (n+1)apy1 —an =0

» Fibonacci numbers, Harmonic numbers, Perrin numbers,
diagonal Delannoy numbers, Motzkin numbers, Catalan
numbers, Apery numbers, Schréder numbers, ...
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Examples:
> 2™ an+1 — 2a, =0
> nl: ant1 — (n+1)a, =0
> Yho ! l - (n+2)ant2 — (n+ L)ant1 —an =0
» Fibonacci numbers, Harmonic numbers, Perrin numbers,

diagonal Delannoy numbers, Motzkin numbers, Catalan
numbers, Apery numbers, Schréder numbers, ...

» Many sequences which have no name and no closed form.
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called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Not holonomic:
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Definition (discrete case). A sequence (a,)5, in a field K is
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Not holonomic:
» 227

» The sequence of prime numbers.
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Not holonomic:
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» The sequence of prime numbers.
» Many sequences which have no name and no closed form.
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.

Not holonomic:
» 22"
» The sequence of prime numbers.
» Many sequences which have no name and no closed form.

This means that these sequences can (provably) not be viewed as
solutions of a linear recurrence equation with polynomial coefficients.
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Definition (discrete case). A sequence (a,)5, in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials pg, ..., p., not all zero, such that

po(n)an + p1(n)anti + pa(n)anss + -+ pr(n)ansr = 0.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.
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zero, such that
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Examples:
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Examples:

> exp(z):
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Examples:

> exp(z): f'(@) = flx) =0
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(@)f(2) + p1(x) f'(x) + pa(a) [ (x) + - + pr(x) f ) () = 0.
Examples:

> exp(z): f'(@) = flx) =0
> log(l —x):
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Examples:
> exp(z): f(x) = fx)=0
> log(1—z): (z—1)f"(z) - f(z) =0
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Examples:
> exp(z): f(x) = fx)=0

> log(l—z):  (z—1)f"(z) - f(z) =0
1+\/11—7:

>
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Examples:

> exp(z): fl(x) — f(x) =0

> log(1—a): (z—1)f"(@) = f'(x) =0

A (@ - o) (@) + (42 = 3)f(2) + 22 f (x) =

14



Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po() f(z) + p1(x) f'(z) + pa(a) f/(x) + - + pr(x) f) (2) = 0.

Examples:
> exp(z): fl(x) — f(x) =0
> log(l—z):  (z—1)f"(z) - f(z) =0
s (@ —a)f"(2) + (42 = 3)f () + 20 f(2) = 0
» Bessel functions, Hankel functions, Struve functions, Airy

functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, ...
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po() f(z) + p1(x) f'(z) + pa(a) f/(x) + - + pr(x) f) (2) = 0.

Examples:
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> log(l—z):  (z—1)f"(z) - f(z) =0
s (@ —a)f"(2) + (42 = 3)f () + 20 f(2) = 0
» Bessel functions, Hankel functions, Struve functions, Airy

functions, Polylogarithms, Elliptic integrals, the Error
function, Kelvin functions, Mathieu functions, ...

» Many functions which have no name and no closed form.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Not holonomic:
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Not holonomic:

» exp(exp(x) — 1).
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Not holonomic:

» exp(exp(x) — 1).
» The Riemann Zeta function.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(2)f(x) + pr(@) f'(x) + pa(@) f" () + -+ pr (@) [T (2) = 0.

Not holonomic:
» exp(exp(x) — 1).
» The Riemann Zeta function.

» Many functions which have no name and no closed form.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po() f(z) + p1(x) f'(z) + pa(a) f/(x) + - + pr(x) f) (2) = 0.

Not holonomic:
» exp(exp(x) — 1).
» The Riemann Zeta function.
» Many functions which have no name and no closed form.

This means that these functions can (provably) not be viewed as so-
lutions of a linear differential equation with polynomial coefficients.
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Definition (“continuous” case). A function f is called holonomic
(or D-finite or P-finite) if there exist polynomials pg,

., pr, Not all
zero, such that

po() f (@) + pr(2) f' (&) + pa(2) " (@) + -+ pe(2) S (@) = 0

: . ,
HANDBOOK OF Approximately 60% of the

AATICAL FUNCTIO

functions in Abramowitz
and Stegun's handbook
fall into this category.

14



Theorem. Let f(x) => 72 anx™. Then

f is holonomic as function <= (a,,) is holonomic as sequence.
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Theorem. Let f(x) => 72 anx™. Then
f is holonomic as function <= (a,,) is holonomic as sequence.
Examples.

> )= fle)=0 ... (n+1Dapy1 —a, =0

> (23 — ) f"(x) + (42? = 3)f'(z) + 22 f(x) =0 ..............
............................... (n+4)apy2 — (n+1)a, =0

Given a differential equation, we can compute a corresponding
recurrence equation and vice versa.

15



Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form".
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form".

This is similar as for algebraic numbers.
Naive question: What are the roots of the polynomial 2% — 3z +1 7

Expert answer: RootOf(_Z° — 3_Z + 1,index = 1),

RootOf(-Z% — 3_Z + 1,index = 2),
RootOf(_Z5% — 3_Z + 1,index = 3),
RootOf(_Z5 — 3.7 + 1,index = 4),
RootOf(_Z5% — 3_7Z + 1,index = 5).
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form".

For holonomic sequences:

Naive question: What are the solutions of the recurrence
Bn+2)ans2 —2(n+3)apnt1 + (2n —7a, =07

A holonomist’s answer: There is exactly one solution with ag = 0,
a1 = 1, exactly one solution with ag = 1, a; = 0, and every other
solution is a linear combination of those two.

16



Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form".

Key property: Every holonomic sequence can be specified uniquely
by its recurrence and a finite number of initial values.
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Warning: In the big class of holonomic sequences and power series,
we no longer have a canonical notion of “closed form".

Key property: Every holonomic sequence can be specified uniquely
by its recurrence and a finite number of initial values.

When computing with holonomic objects, we use this data rather
than closed form expressions.

16



Closure properties:
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Closure properties:

Theorem. Let (ay)22 and (by,)22, be holonomic sequences.

> (an + by)0%, is holonomic.

> (anbn)o2 is holonomic.

> (an41)52 is holonomic.
(

» (Ooh_oar)2, is holonomic.

Then:
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Closure properties:

Theorem. Let (ay)22 and (by,)>2, be holonomic sequences. Then:

v

(an + br)5%, is holonomic.

v

(anbn)o2 is holonomic.

v

(an41)52q is holonomic.

v

(> hio ak)ee is holonomic.

v

if u,v € Q are positive, then (a|yn4v))n=g is holonomic.
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Closure properties:

Theorem. Let (ay)22 and (by,)>2, be holonomic sequences. Then:

v

(an + br)5%, is holonomic.

v

(anbn)o2 is holonomic.

v

(an41)52q is holonomic.

v

(> hio ak)ee is holonomic.

v

if u,v € Q are positive, then (a|yn4v))n=g is holonomic.

Recurrence equations for all these sequences can be computed from
given defining equations of (ay)22, and (b,)5.
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Closure properties:

Theorem. Let a(x) and b(z) be holonomic power series. Then:
> a(z) + b(x) is holonomic.
» a(x)b(z) is holonomic.
» d/(x) is holonomic.
> Jo a(t)dt is holonomic.
» if b(z) is algebraic and b(0) = 0, then a(b(x)) is holonomic.
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Closure properties:

Theorem. Let a(x) and b(z) be holonomic power series. Then:
> a(z) + b(x) is holonomic.
» a(x)b(z) is holonomic.
» d/(x) is holonomic.
> Jo a(t)dt is holonomic.
» if b(z) is algebraic and b(0) = 0, then a(b(x)) is holonomic.

Differential equations for all these functions can be computed from
given defining equations of a(x) and b(x).

17
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Example. Let (ay) and (by,) be such that

2n+ 1)apro + (n+ Dapt1 — (3n+2)a, =0
(n 4 3)bpy2 — 2(n + 1)byy1 + (n +8)b, = 0.
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How?

Example. Let (ay) and (by,) be such that

2n+ 1)apro + (n+ Dapt1 — (3n+2)a, =0
(n 4 3)bpy2 — 2(n + 1)byy1 + (n +8)b, = 0.

Let ¢, = a,bn.

We want to find a recurrence of the form

Py(n) cpya+ P3(n) cnez+ Po(n) cnyo + Pr(n) epe1+ Po(n) ¢, = 0.

18



Observe:
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Observe:

Cn

Cn+1

= anbn

= an+1 bn+1
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Observe:

Cn
Cn+1

Cn4-2

= anbn

an+1 bn+1

An+2 bn+2
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(n48)(n+1) 2(n+1)?
T g e Grtibn ~ G dnt1bnt
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Observe:

Cp = Qn bn

Cn+1 = Gn+1 bn+1
(n+8)(3n+2)

Cn42 =

Cn+3

_l’_

(n+8)(n+1)

(n+3)(2n+1)

An43bny3

()t 1) nln T

Ang1bn — (

2(3n+2)(n+1
((n+3)()2(n+1)) anbn+1

2(n+1)2

n+3)(2n+1)

an+1 bn+1
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Cnt2 = = (erg)ant) nln F Turgnt) dnbotl
(n48)(n+1) 2(n+1)?

T gt 100 = G dnt 10041
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Observe:

Cp = Qn bn

Cn+1 = an+1bn+1

o (n+8)(3n+2) 2(3n+2)(n+1)
Cnt2 = = (erg)ant) nln F Turgnt) dnbotl
(n48)(n+1) 2(n+1)?

T gt 100 = G dnt 10041

Cn43 = %anbn + %ananrl + %anJrlbn + %anJrlanrl

Cn+q4 = ﬁanbn + ﬁanbn—i-l + ﬁan—l—lbn + %an—i—lbn—i—l

19



Therefore

Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0
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Therefore

Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0

can be rewritten into
Py(n)anby,

+P(n)ans+1bps1

(n+8)(3n+2) 2(3n+2)(n+1)
7o) (~ s onbe + (e anbns

n+8)(n+1 2(n+1)2
+ ((n+3))((2n+1)) an+1bn — (n+(3)(2,.2+1)an+1bn+1>
+P3(n) (Hanbn + %anbnﬂ + %an_ubn + %anﬂbnﬂ)
—{—P4(Tl) <%anbn + %ananrl + %anJrlbn + %anJrlanrl):O
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Therefore
Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0

can be rewritten into

n n P n
Lo g ) () (P
00 () ) )| pyn) | =0
00 () () () Py(n)
0 1 (-+) () () Py(n)
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Therefore
Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0

can be rewritten into

n n Py(n
Lo g ) () (P
00 (-+) () () Poin) | =0
00 () () () Py(n)
0 1 (-+) () () Py(n)

We have 5 variables and 4 equations.
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Therefore
Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0

can be rewritten into

n n P n
Lo g ) () (P
00 (-+) () () Poin) | =0
00 () () () Ps(n)
0 1 (-+) () () Py(n)

We have 5 variables and 4 equations.

= There must be a nontrivial solution.

20



Therefore
Py(n) enya+ P3(n) cpys + Pa(n) cpya + Pi(n) ene1 + Po(n) e, =0

Here it is:

Py(n) = (n+2)(n+3)(n+8)(n +9)(3n + 2)(3n + 5)(251° + 114n + 136)
Pi(n)==2(n+1)(n+3)(n+9)(3n +5)
x (250" 4 189n° 4 469n° + 263n — 176)
Po(n) = —(n+2)(275n" + 554n° — 16919n° — 118907n*
— 341694n° — 497343n° — 3555261 — 95160)
P3(n) =2(n+1)(n+3)(n+4)(2n + 3)
x (250" 4 189n° + 576n° + 992n + 730)
Pi(n) = (n+1)(n+2)(n +4)(n+ 5)(2n 4 3)(2n + 5)(25n> + 64n + 47)

20



In general, if (ay,,) satisfies a recurrence of order r and (b,,) satisfies
a recurrence of order s, then

anbna an+1bn+1a an+2bn+2a cee an+rsbn+rs
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In general, if (ay,,) satisfies a recurrence of order r and (b,,) satisfies

a recurrence of order s, then
anbna an+1bn+1a an+2bn+2a
can all be expressed in terms of
anby, an+1bn

anbn—i—l an—i—lbn—i-l

Gn anrsfl Gn+41 anrsfl

- an+rsbn+rs

Aptr—1bp
Apr—1bny1

Anr—1bnys—1
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a recurrence of order s, then
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can all be expressed in terms of

anbp ant1bp cee Aptr—1bp
anbpi1 Any1bnyt e Apr—1bny1
anbpis—1 Aniibpys—1 ... Gngr—1bpgs—1

An ansatz for a recurrence equation of order rs leads to a linear
system with s 4 1 variables and rs equations.
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In general, if (ay,,) satisfies a recurrence of order r and (b,,) satisfies
a recurrence of order s, then

anbna an+1bn+1a an+2bn+2a cee an+rsbn+rs

can all be expressed in terms of

anbp ant1bp cee Aptr—1bp
anbpi1 Any1bnyt e Apr—1bny1
anbpis—1 Aniibpys—1 ... Gngr—1bpgs—1

An ansatz for a recurrence equation of order rs leads to a linear
system with s 4 1 variables and rs equations.

This proves that (a,by,) is holonomic.

21
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The arguments and algorithms for the other operations are similar.

Packages like gfun (for Maple) or GeneratingFunctions.m (for
Mathematica) do this for you.

So what!?

Algorithms for “executing closure properties” are useful for proving
identities among holonomic sequences and power series.

Basicidea: A=B < A—-B=0

Once we have a recurrence equation for A — B, we can prove by
induction that it is identically zero.

Let's see two examples.



"2k +1

(1771)

(2= Pu(@) = Puni(@))

23



" 2%k +1 _
k+ P(1,1)

Legendre polynomials:

(2 ~ Py(z) — Pn+1(m))
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"2k 41 _ 1
> k1 P @) = 1—33(2_13’1("”)_]3”“(:”))
k=0

Legendre polynomials:

> P()(:E) =1
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"2k 41 _ 1
> k1 P @) = 1_1:(2—13,1(:1:)—13”“(9;))
k=0

Legendre polynomials:

> Py(z) =1

» P(z)=1=x
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" 2k +1 1,1 1
)
k=0

Legendre polynomials: \
> P()([[}) — . .
» Pi(z)=u
> Py(z) = (322 — 1)

23



~2k+1 1
> T BV@ = 1 (2 Pale) - Pana(@)
k=0

Legendre polynomials:

> Py(r) =1

= 1322 1)
(52 — 3x)

v
o
—~
8 r
— S
\
N N[— =

23



Legendre polynomials:

> Po(z) =1

» Pi(z)=u

> Py(z) = (322 — 1)

» Psy(z) = £(523 — 3z)

> Py(z) = £(352? — 3022 + 3)
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Legendre polynomials:
» Py(z)=1
» Pi(z)=u
> Py(z) = (322 — 1)
» Psy(z) = £(523 — 3z)
> Py(z) = £(35a* — 3022 + 3)
> P5(z) = (152 — 7023 + 632°)

23



"2k +1

(1771)

1
= 2—P,(x)— P, m)
(@) = 7= (2= Pa(2) = Pasa(a)
n+1 2n+3
oo = p,
S Pa(@) + S P (a)
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"2k +1

(1771)(

1
2) = (2= Pu(e) = Pua (@)
1—z
n+1 2n+3
— ——_—=zP
n+2Pn(x) n+2 TPy ()
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" 2%k +1 _
k+ P(1,1)

Jacobi polynomials:

(2= Pu(@) = Puni(@))
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" 2%k +1 _
k+ P(1,1)

Jacobi polynomials:

> PV (@) =1

(2= Pu(@) = Puni(@))

23



23



Jacobi polynomials:

> P(gl’ l)(xl,‘) =1

» PO V(@) =1+

> P(lv_l) — Q 2
s () = 5@+ 27)

23



- 1 1,-1, v 1 _ _
; (1) = 7= (2= Pul@) = Puna ()
Jacobi polynomials: /
(1,-1)
> () =1 s
(1,-1) _/
> P (x)=1+4= i
> Pél _1)(51,‘) = 3(z +2?%)
> Pél’_l)(x) (-1 -z + 522 + 52?)

23



(2 Pul@) = Pasi(@))

2L p i =
prd 1-2z
Jacobi polynomials:
> P(1 _1)(1) =1
> Pl<l’7l>(w) =1+z
> Pél’_m(:r) = 3(z +2?)
> Pél’fm(;z:) = 1(-1—z + 5% + 523)
» PV () = (=3 — 322 + 2P + Tat)

23



1
1—=x

A (w) =

(2= Pu(@) = Puni(a))

Jacobi polynomials:
> P ) =1 ﬁ'
» P V@) =140 ‘VI
> PV (@) = (x + 2?)
» P () = L(—1 — 2+ 52% 4 527)
> Pil’fl)(:z;) = 2(—3x — 32? + 72’ + Tz?)
» PV (@) = (1 4 2 — 1402 — 1423 + 2127 + 212°)
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" 2%k +1 _
k+ P(1,1)

Jacobi polynomials:

P () = —

n+2

23



"2k +1

(1771)
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"2k +1 (1,-1)
k+1 b ) =

b
Il
o

How to prove this identity?

1
1—=x

(2= Pu(@) = Puni(@))
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"2k +1 (1,-1)
k+1 b ) =

b
Il
o

How to prove this identity?

1

—— (2= Pu(2) = Puna(@))

— By induction!
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"2k 41 (1,-1)
k+1 Py (z) —

b
Il
=)

How to prove this identity?

1

1—2 (2 — Pu(z) — Pnﬂ(x)) —0

— By induction!
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“~2k+1 a1 1
k1 Lk (z) -

1—2 (2 — Pu(z) — Pn+1(m)) —0

How to prove this identity? = —— By induction!

Compute a recurrence for the left hand side from the defining equa-
tions of its building blocks.

23



n 2k +1 (1,-1) 1
k+1 Py (z) —

1—2 (2 — Pu(z) — Pnﬂ(x)) —0
k=0

recurrence
of order 1



" 2%k +1 _
k+ P(1,1)

(2) = - (2= Pu(@) = Paa(@)) =0

E+1 "k 1—x
k=0 +

N—_—— ———

recurrence recurrence

of order 1 of order 2



" 2%k +1 _
k+ P(l’ 1)

(z) —

k+1 % 1—z
k=0
—— ———
recurrence recurrence
of order 1 of order 2

recurrence of order 2

(2 — Py(z) — Pn+1(m)) =0

23



n

S 2L R -

k=0
—— ———
recurrence recurrence
of order 1 of order 2

recurrence of order 2

recurrence of order 5

1—=x

(2 — Py(z) — Pn+1(m)) =0

23



n

S 2L R -

k=0
—— ———
recurrence recurrence
of order 1 of order 2

recurrence of order 2

recurrence of order 5

1—=x

(2 — Py(z) — Pn+1(m)) =0
——

recurrence
of order 2
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n

S 2L R -

(2 — Py(z) — Pn+1(m)) =0

k+1 1—=x
k=0
—— ——— —— —\—
recurrence recurrence recurrence recurrence
of order 1 of order 2 of order 2 of order 2

recurrence of order 2

recurrence of order 5



n

Z 2k +1 P(l’il)(aj) B

E+1 "k
k=0
—— ———
recurrence recurrence
of order 1 of order 2

recurrence of order 2

recurrence of order 5

— X

(2 — Py(z) — Pn+1(m)) =0

——

recurrence recurrence
of order 2 of order 2

recurrence of order 4
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n

2k+1 _1,-1) 1
— P ) — (Z—P:E—P 1m):0
kz_()k+1 k () 1— 2 n() n+()
T N—~— Y—— —— —\—
recurrence recurrence recurrence recurrence
of order 1 of order 2 of order 2 of order 2

recurrence of order 2

recurrence of order 4

recurrence of order 5 recurrence of order 3
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n

2k+1 _1,-1) 1
— P ) — (Z—P:E—P 1m):0
kz_()k+1 k () 1— 2 n() n+()
T N—~— Y—— —— —\—
recurrence recurrence recurrence recurrence
of order 1 of order 2 of order 2 of order 2

recurrence of order 2

recurrence of order 4

recurrence of order 5 recurrence of order 3

recurrence of order 7
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ol

"2k +1

k+1

P () -

1
1—=x

(2 — Py(z) — Pn+1(m)) =0

lhs, 7 = (- -messy - - - ) lhs, 16

.. messy. .

.. messy ...
.. messy ...
.. messy ..

-.messy-..

-)1hsp 45
.. messy ...
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" 2k +1 (1,-1) 1
Rl Tk (z) -

by — (2 — Py(z) — Pn+1(m)) =0
lhs,4+7 = (---messy--- ) lhs,46

---messy -+ ) lhs, 45

- messy - - -

- messy - - -

)

)
--messy - - - ) lhsy, 4o
. messy - -)

)

-.messy-..

Therefore the identity holds for all n € N
if and only if it holds forn =0,1,2,...,6.
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At(zy — t(2® +y?))

1 — 4¢2

)

24



S Ha(@)Haly) — ¢
n=0

n!

Hermite polynomials:

n

At(zy — t(2® +y?))

1 — 4¢2

)

24



S Ha(@)Haly) — ¢
n=0

n!

Hermite polynomials:

> Ho([E) =1

n

At(zy — t(2® +y?))

1 —4¢2

)

24



1

n=0

n!

Hermite polynomials:
» Ho(x) =1
> Hl(.’li) =2z

n
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)
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Hermite polynomials:
» Ho(x) =1
» Hi(z) =2z
> Hy(w) = 4z? -2

1 (4t(fcy Ii(ij yz)))
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» Ho(x) =1

» Hy(z) =2z
> Hy(z) = 4a°
» Hs(z) =8z

b <4t(fcy Ii(ii; yz)))
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> 2 2
TLZZOHn(x)Hn(y) % Mo \/%4152 exp <4t(l'y - i(it;‘ Y )))
Hermite polynomials: ®

» Hyo(z)=1

» Hy(z) =2z

> Hy(z) = 42? -2

» Hj(x) =823 — 12z

» Hy(z) = 162* — 4822 4 12



>

>

>

v

=1

=2z

=42% -2
=823 — 122

= 16x* — 4822 + 12
= 3225 — 16023 + 1202

4t(zy — t(2® +y*))

1 —4¢2

)
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1 1 4t(zy — t(z? + y?))

;Hn(x)Hn(y) it == 1— 4t

n! V1 — 42
Hermite polynomials:

Hyio(x) =2xH,1(x) —2(n+ 1)Hy ()

)
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1
n!

Z Hy(z)Hn(y) — t"
n=0

Hermite polynomials:

1 (4t(my —t(z? +y?))
P 1482

)
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This is an identity between power series.
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)
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This is an identity between power series.

Consider = and y as fixed parameters.

(

At(zy — t(2® +y?))

1 — 4¢2

)
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(0.9]

1 1 4t (zy — t(z? + y?))
> Hal@) Haly) — 1" = ——=—= exp ( )
2 n(2)Hn(y) — =3 P a2

This is an identity between power series.
Consider = and y as fixed parameters.

Then both sides are univariate power series in t.



- I, 1 At(xy — t(x? + 32
> o) 1 = oyt + 7))

This is an identity between power series.
Consider = and y as fixed parameters.
Then both sides are univariate power series in t.

Idea: Compute a recurrence for the series coefficients of LHS — RHS
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This is an identity between power series.
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This is an identity between power series.
Consider = and y as fixed parameters.
Then both sides are univariate power series in t.

Idea: Compute a recurrence for the series coefficients of LHS — RHS

Then prove by induction that they are all zero.
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N Lo 1 dt(zy — t(a® + %)\ _
3 Hu(@)Huly) 1 " e () =0

This is an identity between power series.

Consider = and y as fixed parameters.

Then both sides are univariate power series in t.

Idea: Compute a recurrence for the series coefficients of LHS — RHS
Then prove by induction that they are all zero.

Then the power series is zero.
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rec. of order 4
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N————

rec. of order 4
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n!
—— N

rec. of rec. of rec. of
ord. 2 ord.2 ord. 1

N————

rec. of order 4

recurrence of order 4

n
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):0
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n=0

n!
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rec. of rec. of rec. of
ord. 2 ord. 2 ord. 1

N————

rec. of order 4

recurrence of order 4

differential equation of order 5
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n=0

n!
—— N

rec. of rec. of rec. of
ord. 2 ord. 2 ord. 1

N————

rec. of order 4

recurrence of order 4

differential equation of order 5

1
V1—4t?
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diff.eq.
of ord. 1

exp (

At(zy — t(2® +y?))

1 — 4¢2

):0
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S Hy@)H(y) — ¢
n=0

n!
—— N

rec. of rec. of rec. of
ord. 2 ord. 2 ord. 1

N————

rec. of order 4

recurrence of order 4

differential equation of order 5

1
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—_———

diff.eq.
of ord. 1

exp (

4t(zy — t(2® +y*))
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):0

alg.eq. of order 1
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rec. of order 4

recurrence of order 4

differential equation of order 5
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n=0
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n! 1 — 482 1 —4¢2

—— A ——N

rec. of rec. of rec. of diff.eq. diff.eq. alg.eq. of order 1

ord. 2 ord. 2 ord. 1 oford. 1 oford. 1
N————

rec. of order 4 differential equation of order 1
recurrence of order 4 differential equation of order 1
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LAY AT —— L A1)
n=0

— e
n! 1 — 42 1 —4¢2

——— A ——N

rec. of rec. of rec. of diff.eq. diff.eq. alg.eq. of order 1

ord. 2 ord. 2 ord. 1 oford. 1 oford. 1
N———

rec. of order 4 differential equation of order 1
recurrence of order 4 differential equation of order 1

differential equation of order 5

differential equation of order 5

~>  recurrence equation of order 4



(0.9]
Lo, 1 dt(zy — t(@* +y°))
T;)Hn(x)Hn(y) b N exp ( 1 a2
If we write Ths(t) = >">7 jlhs, t", then
5.2 o2
1hSn+4 = % 1hSn+3 _{_4(2712;:—+42y+5) lhsn+2
+ 16 g,y — 100 D s,

):0
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(0.9]
Lo, 1 dt(zy — t(@* +y°))
T;)Hn(x)Hn(y) b N exp ( 1 a2
If we write Ths(t) = >">7 jlhs, t", then
5.2 o2
1hSn+4 = % 1hSn+3 +4(2n2:;—+42y+5) lhsn+2
+ 16 g,y — 100 D s,

):0

Because of lhsy = lhs; = lhsy = lhsg = 0, we have lhs, = 0 for

all n.

24



1 1 b (4t(xy —t(2? + yz))> 0

(0.9]
H H — " - —

If we write Ths(t) = >">7 jlhs, t", then

4z 4(2n—2x2—2y2+5
lhsy g = rﬁ lhsy, 43 +% lhs;, 2
16zy 16(n+1)
+ lhs,+1 — P lhs,, .

Because of lhsy = lhs; = lhsy = lhsg = 0, we have lhs, = 0 for
all n.

This completes the proof.
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What about

n

2.5

k=0

n+1

(k+1)

(

n+1
k

)

n
k

)
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What about
z”: n+1 (n+l><n>_2n—|—1zn:<n>2:0
Zok+1)\ K J\k) n+2 Z\k

Closure properties algorithms are insufficient for computing
recurrences for the sums, because the summands depend on the
summation bound n.
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More advanced algorithms are needed for computing recurrences
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recurrences for the sums, because the summands depend on the
summation bound n.

More advanced algorithms are needed for computing recurrences
for the sums (— Chyzak’s talk).

But once this is done, closure properties algorithms come in handy
to complete the proof of the identity.
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What about

z”: n+1 (n+l> <n> - 2n—|—1zn:<n>2_0
k:02(l<:+1) k k n+2 — k
Closure properties algorithms are insufficient for computing

recurrences for the sums, because the summands depend on the
summation bound n.

More advanced algorithms are needed for computing recurrences
for the sums (— Chyzak’s talk).

But once this is done, closure properties algorithms come in handy
to complete the proof of the identity.

This is typical: closure properties algorithms are most useful in
combination with other tools.

25
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» Holonomic objects are defined implicitly through linear
differential /recurrence equations with polynomial coefficients.
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Holonomic objects are defined implicitly through linear
differential /recurrence equations with polynomial coefficients.

The defining equation plus some finitely many initial values
are used to store holonomic objects in a computer.

The class of holonomic objects is closed under addition,
multiplication, and various further operations.

These closure properties are constructive and are used for
proving identities for holonomic objects with the computer.
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Holonomic objects are defined implicitly through linear
differential /recurrence equations with polynomial coefficients.

The defining equation plus some finitely many initial values
are used to store holonomic objects in a computer.

The class of holonomic objects is closed under addition,
multiplication, and various further operations.

These closure properties are constructive and are used for
proving identities for holonomic objects with the computer.

Typically this happens in combination with other (less trivial)
algorithms for summation and integration.

27
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Holonomic Closure Properties
and Guessing

Manuel Kauers

Research Institute for Symbolic Computation (RISC)
Johannes Kepler University (JKU)
Linz, Austria
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Closure properties?

Example: If p(z) and ¢(x) are polynomials then also p(x) + ¢q(z),
p(z)q(z), [ p(x)dz,... are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration...".
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Closure properties?

Example: If p(z) and ¢(x) are polynomials then also p(x) + ¢q(z),
p(z)q(z), [ p(x)dz,... are polynomials.

We say that the class of polynomial “is closed under addition,
multiplication, integration...".

Guessing?
Example: 0,3,8,15,24,35,48,63, 80,99. What's next?

Interpolation of the first 5 terms gives n? — 1, which also happens
to match the next 5 terms. If the pattern continues, the next will
be 120.

30



Holonomic?
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Holonomic?

Definition (discrete case). A sequence (a,)52 in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there

exist polynomials po, ..., p,, not all zero, such that

po(n)an +p1(n)ans1 +p2(n)anie + - -+ pr(n)any, = 0.
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Holonomic?

Definition (discrete case). A sequence (a,)52 in a field K is
called holonomic (or P-finite or D-finite or P-recursive) if there
exist polynomials po, ..., p,, not all zero, such that

po(n)an + p1(n)ant1 +p2(n)ants + -+ pp(n)aniy = 0.
Definition ( “continuous” case). A function f is called holonomic

(or D-finite or P-finite) if there exist polynomials po, ..., p,, not all
zero, such that

po(@) f(@) + pr() f'(z) + p2(2) f"(x) + -+ + pr(2) fT) (2) = 0.

31
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polynomial

hyper-
geometric

holonomic




Part B Guessing
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Task: Given the first N terms ag,aq,-..,an of an infinite
sequence (a,)>2, as well as two numbers d,r € N, find all the
recurrence equations

po(n)an +pi(n)ans1 + - - + pr(n)apyr =0

with polynomial coefficients p;(n) of degree at most d, satisfied by
the sequence (ay)22, (at least) for n =0,..., N —r.
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Task: Given the first N terms ag,aq,-..,an of an infinite

sequence (a,)>2, as well as two numbers d,r € N, find all the
recurrence equations

po(n)an +pi(n)ans1 + - - + pr(n)apyr =0

with polynomial coefficients p;(n) of degree at most d, satisfied by
the sequence (ay)22, (at least) for n =0,..., N —r.

Example. (demo)
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Task: Given the first N terms ag + a1z 4+ asz® + - - + ayzy of a
power series f(x) =Y 2 apx™, as well as two numbers d,r € N,
find all the differential equations

po(@) (@) + pr(2) f' () + - + pr(2) [ (2) = O@NT)

with polynomial coefficients p;(z) of degree at most d, satisfied by
the series f(x) (at least) up to order 2™V =7,

Example. (demo)
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What's going on behind the curtain?
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What's going on behind the curtain?

Suppose we are given the following data:

ag =1,
ar = 2,
ag = 14,
as = 106,
aq = 838,

as = 6802,

ag = 56190,
a7 = 470010,
as = 3968310,

ag = 33747490.
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What's going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.

36



What's going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.

We want the recurrence to be true for n =0,...,7 (at least).

36
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Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.

We want the recurrence to be true for n =0,...,7 (at least).

n:0 . ((1(),() + C()’lO)l —+ ((',1_() —+ cl,l())Q -+ ((12"() —+ (12_10)14 = 0
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What's going on behind the curtain?
Let’s search for recurrences of order r = 2 and degree d =1,
(Co,o + Co,m)an + (61,0 + (31,1n)an+1 + (62,0 + (32,1n)an+2 =0

for constants ¢; ; yet to be determined.

We want the recurrence to be true for n =0,...,7 (at least).

n:0 . (C()’() -+ co,10)1 —+ (Cl.() —+ cl,l())Q -+ ((12"() —+ (12_10)14 = 0
n:l N (C‘0,0 —|— (?0‘11)2 + (6110 + (11311)14 + (CQ_’O + (12,11)106 = O
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What's going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.

We want the recurrence to be true for n =0,...,7 (at least).

n:O . (C()’() -+ C()’lo)l + (Cl.() —+ C1,10)2 -+ ((12"() —+ (i2_10)14 = 0
n:l N ((,‘030 —|— (?0‘11)2 + (CI,O + (11311)14 + (CQ_’O + (12,11)106 = O
n=2: (CO,O + 00712>14 + ((,’,1,0 + C'1712)106 + (0270 +212)838 =0
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What's going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.
We want the recurrence to be true for n =0,...,7 (at least).

n:O . (C()’() -+ C()’lo)l + (Cl.() —+ C1,10)2 -+ ((12"() —+ (i2_10)14 = 0
n:l N ((,‘030 —|— (?0‘11)2 + (CI,O + (11311)14 + (CQ_’O + (12,11)106 = O
n=2: (CO,O + 00712>14 + ((,’,1,0 + C'1712)106 + (0270 +212)838 =0

n=T7: (o0 + co17)470010 + (1 o + c1.17)3968310
+ (Co.0 + €2.17)33747490 = 0
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What's going on behind the curtain?
Let’s search for recurrences of order r = 2 and degree d =1,

(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.
We want the recurrence to be true for n =0,...,7 (at least).
0

1 0 2 0 14

2 2 14 14 106 106 0.0 0

14 28 106 212 838 1676 0,1 0

106 318 838 2514 6802 20406 ciof|l_ o

838 3352 6802 27208 56190 224760 i |~ o

6802 34010 56190 280950 470010 2350050 2.0 0
337140 470010 2820060 3968310 23809860 co1 0

3968310 27778170 33747490 236232430

56190
470010 3290070
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What's going on behind the curtain?
Let’s search for recurrences of order r = 2 and degree d =1,

(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.
We want the recurrence to be true for n =0,...,7 (at least).
0
€0,0

1 0 2 0 14

2 2 14 14 106 106 0
14 28 106 212 838 1676 €o,1 0
318 838 2514 6802 20406 cto|l _ |0

6802 27208 56190 224760 ci,1| |0
280950 470010 2350050 c2.0 0
3968310 23809860 c2.1 0

236232430

106
838 3352

6802 34010 56190

56190 337140 470010 2820060

470010 3290070 3968310 27778170 33747490

We have 8 equations but only 6 variables.
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What's going on behind the curtain?
Let’s search for recurrences of order r = 2 and degree d =1,

(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.
We want the recurrence to be true for n =0,...,7 (at least).
1 0 2 0 14 0
2 2 14 14 106 106 0.0
14 28 106 212 838 1676 co,1
318 838 2514 6802 20406 cr0| _
6802 27208 56190 224760 ci,1 |
280950 470010 2350050 c2.0
3968310 23809860 c2 1
236232430

106
838 3352
6802 34010 56190
56190 337140 470010 2820060
470010 3290070 3968310 27778170 33747490
We have 8 equations but only 6 variables.

= There ought to be no solution.

oo ocooo
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What's going on behind the curtain?
Let’s search for recurrences of order r = 2 and degree d =1,

(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.
We want the recurrence to be true for n =0,...,7 (at least).
0

1 0 2 0 14
2 2 14 14 106 106 0.0 0
14 28 106 212 838 1676 0,1 0
106 318 838 2514 6802 20406 ciof|l_ o
838 3352 6802 27208 56190 224760 i |~ o
56190 280950 470010 2350050 2.0 0
2820060 3968310 23809860 co1 0
236232430

6802 34010
56190 337140 470010
470010 3290070 3968310 27778170 33747490

Unexpected solution: (0,9, —14,—-10,2,1)
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What's going on behind the curtain?

Let’s search for recurrences of order r = 2 and degree d =1,
(co0+ coan)an + (c10+ c1an)ans1 + (20 + c211n)ap42 =0

for constants ¢; ; yet to be determined.

We have found that the recurrence
Ina, + (=14 —10n) apt1 + (2n + 1)ap42 = 0,

holds for n =0,...,7.
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Why should this recurrence hold forn > 7 7
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Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have
a nonzero solution.
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Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have

a nonzero solution.

An underdetermined system
is certain to have solutions.
But these are just “noise.”
To get an overdetermined
system, choose r and d such
that N > (r +1)(d + 2).
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Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have
a nonzero solution.

» If it happens to have one, its coefficients are very unlikely to
have only a few digits.
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Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have
a nonzero solution.

» If it happens to have one, its coefficients are very unlikely to
have only a few digits.

(569882602384811268121321180079n —
530901107616794661282411766441) a,, +
(—575908347105430339890032818242n —
649120614815912027225868406121) an 41 +
(—695342431056845112278690590743n —
761582488475444696796352219546)a,, 42

looks suspicious.




Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have
a nonzero solution.

» If it happens to have one, its coefficients are very unlikely to
have only a few digits.

» The recurrence enjoys some arithmetic properties which are
very unlikely to be observed for artefacts.
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> A dense overdetermined linear system is very unlikely to have
a nonzero solution.

» If it happens to have one, its coefficients are very unlikely to
have only a few digits.

» The recurrence enjoys some arithmetic properties which are
very unlikely to be observed for artefacts.

If we have some further terms, say a9, a11, a12, we can check
whether they match the recurrence to gain further confidence.
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Why should this recurrence hold forn > 7 7

> A dense overdetermined linear system is very unlikely to have
a nonzero solution.

» If it happens to have one, its coefficients are very unlikely to
have only a few digits.

» The recurrence enjoys some arithmetic properties which are
very unlikely to be observed for artefacts.

If we have some further terms, say a9, a11, a12, we can check
whether they match the recurrence to gain further confidence.

However: Without further knowledge about the origin of the
sequence, no finite amount of data will suffice to prove the
correctness of the guess.

37



... no finite amount of data will suffice to prove the correctness of
the guess.
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... no finite amount of data will suffice to prove the correctness of
the guess.

Then what's the point?
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... no finite amount of data will suffice to prove the correctness of
the guess.

Then what's the point?

Guessing is much faster than proving, and practically as reliable.
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Example. A problem by A. Rechnitzer.

Let F'(z,q) be a solution of the algebraic equation

(¢® +1)(¢*2 — 2qz — q + 2)(¢°2 + 29z — ¢ + 2)2 F(2,q)*
—q(¢*2? +6¢°2% — ¢* + 2°)F (2, q)?
—3(*+1)¢*2 F(z,q) — ¢* = 0.
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Example. A problem by A. Rechnitzer.

Let F'(z,q) be a solution of the algebraic equation

(¢® +1)(¢*2 — 2qz — q + 2)(¢°2 + 29z — ¢ + 2)2 F(2,q)*
—q(¢*2? +6¢°2% — ¢* + 2°)F (2, q)?
—3(*+1)¢*2 F(z,q) — ¢* = 0.
We have
F(z,q) =1+ (¢ ' +q)z+ (g2 +4+ )"
+ (g2 + 7+ 79+ )P
+ (g 1272 + 28 4 12¢° + ¢t + - -
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Example. A problem by A. Rechnitzer.
Let F'(z,q) be a solution of the algebraic equation
(@® + 1)(¢*2 = 2¢2 — g + 2)(¢*2 + 202 — ¢ + 2)2 F(2,9)°
—q(¢*2® + 6¢°2> — ¢* + 2*)F(2,q)°
—3(¢* +1)¢°2 F(2,9) — ¢* = 0.
We have
F(z,q) =1+ (@ "+ @2+ (g2 +4+¢)7

+ (g2 + 7+ 79+ )P
+ (g 1272 + 28 4 12¢° + ¢t + - -

Task: find a differential equation for f(z) := [¢°]F(z, q).
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Let F'(z,q) be a solution of the algebraic equation
(@® + 1)(¢*2 = 2¢2 — g + 2)(¢*2 + 202 — ¢ + 2)2 F(2,9)°
—q(¢*2® + 6¢°2> — ¢* + 2*)F(2,q)°
—3(¢* +1)¢°2 F(2,9) — ¢* = 0.
We have
Flz,q) =14+ "+q)z+ (¢ *+4+ (]2),22
+ (@ P+ 7 P+ 70+ ¢4)23
+ (¢ 120 P+ 28+ 1247 + N2t + -

Task: find a differential equation for f(z) := [¢°]F (2, q).
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Rigorous approach: Use Chyzak's algorithm to compute a
differential equation for
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Rigorous approach: Use Chyzak's algorithm to compute a
differential equation for

Good luck. ..

Experimental approach: Calculate the first few hundred terms in
the expansion of f(z), and use them to determine the differential
equation by guessing.

This needs 30sec, including the generation of data.
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Feature: The efficiency of scales well to larger problems, at least if
done properly.
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If a sequence (ay)22, is holonomic, it satisfies not only one
recurrence equation, but infinitely many.

Some are easier to find than others.

Mark a point (r,d) € N? if there is a
recurrence of order r and degree d.

We can reasonably search for equations
with N > (r+1)(d + 2).

Experience: equations with r =~ d tend to
require the least number N of terms.

The interesting minimal order operator can (with high probability)
be obtained from two different nonminimal operators by taking
their greatest common right divisor as operators.
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Guessing requires solving large dense linear systems.
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Guessing requires solving large dense linear systems.

If this is done naively, it will produce extremely large intermediate
expressions.

A proper implementation will work with homomorphic images:

slow
@ PPN AP Q
: A
mod p CRA & RR
I; fast F
p p
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Example: Continuing on the technique described before, ...

Compute the nonminimal operators only
modulo some primes.

1 short integers |:

long integers

Compute from them the minimal order
operator, also modulo prime.

Do Chinese remaindering only for the
minimal order operators.

This needs much fewer primes than re-
constructing the nonminimal operators.

Modern guessing programs do this automatically for you. (Demo.)

But also the user can sometimes take advantage of modular
computations.
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0

170

57125

48268101

34260690332

28950283288564

24602777889341700

21958748103044947821

19982460773770890734814

18589778412414172744395308

17556405435959384905586216420

16804193264871415986848637912866

16258906633984352510780895055898688

15878645003134966488517342432611820340

15631047178991661938104976711572278528840
15494275516175484896146558165069374931768650
15452119731275448721521690374123048169473745090
15492944429910290948927453354128640277129701928270
15608195638318139575397871729737310479957231181434400
15791696434663015062086294548870131152897244600962599710
16039042304161558566190267565720083550110055872936313121300
16347221676787084843566201114528305144441011394615536628043480
16714327636344626391862041955812314792830121148741093212135914440
17139356963672793388669217006249699836555901801582671305065963412450
17622061542861347959625369356680682135593177881983900768539311826713472
18162841216793283422562091421291078521630723657702122424507756283808698700
18762665614999822007839830386311098144372506555360938018652662698220539694616
19423018217659251266276892430699632002229719351100435132025989366139940897600008
20145857126504814155109603745644558012097546254998545662831506345299150654223844360
20933588899934099785719806412698545336726130412328111385454392939736508704575356754888
21789052707980917749010589339181187870108450716708413481060716254608148803460083665644160

46



mod  18446744073709551557
0
170
57125
48268101
34260690332
28950283288564
24602777889341700
21958748103044947821
19982460773770890734814
18589778412414172744395308
17556405435959384905586216420
16804193264871415986848637912866
16258906633984352510780895055898688
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15791696434663015062086294548870131152897244600962599710
16039042304161558566190267565720083550110055872936313121300
16347221676787084843566201114528305144441011394615536628043480
16714327636344626391862041955812314792830121148741093212135914440
17139356963672793388669217006249699836555901801582671305065963412450
17622061542861347959625369356680682135593177881983900768539311826713472
18162841216793283422562091421291078521630723657702122424507756283808698700
18762665614999822007839830386311098144372506555360938018652662698220539694616
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20933588899934099785719806412698545336726130412328111385454392939736508704575356754888
21789052707980917749010589339181187870108450716708413481060716254608148803460083665644160

46



mod  18446744073709551557

0

170

57125

48268101

34260690332
28950283288564
24602777889341700
3512004029335396264
4636941943446398583
16731901151034173887
13561571021375624155
18327681355361409199
14135275161253345008
5637819232275028612
6637602357189385604
12482169677218181673
13064253343726879423
14625225362239686504
10738834608406986658
961106949064586405
2211804365157896289
8829591048746708080
15009988290858134393
7627367407386026140
14734287943773226198
15483359934879899009
899837740350271794
6952192533371026338
17697300886138518812
14174304902082598370
9566720042687775664
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mod  18446744073709551557 18446744073709551533

0 0

170 170

57125 57125

48268101 48268101
34260690332 34260690332
28950283288564 28950283288564

24602777889341700  24602777889341700
3512004029335396264 3512004029335396288
4636941943446398583 4636941943446424575
16731901151034173887 16731901151058359959
1356157102137562415513561571044217255635
18327681355361409199 18327703218332822743
14135275161253345008 14156428691527110768
5637819232275028612 7849868848795513175
6637602357189385604 14984004752674089390
12482169677218181673 12488827142696955539
13064253343726879423 15658485480684595156
14625225362239686504 10758223940600306782
10738834608406986658 788602827186764443
961106949064586405 12251039281660517429
2211804365157896289 15185001070958618575
8829591048746708080 10856515003962139665
15009988290858134393 12838284889333222403
7627367407386026140 8420246272424470758
14734287943773226198 16693159135573847818
15483359934879899009 16119877770365982383
899837740350271794 11946950024840031118
6952192533371026338 13765592352507043696
176973008861385188127652266267821078126
1417430490208259837011862232204708398073
9566720042687775664 6633630390749590552
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mod  18446744073709551557 18446744073709551533 18446744073709551521

0 0 0

170 170 170

57125 57125 57125

48268101 48268101 48268101
34260690332 34260690332 34260690332
28950283288564 28950283288564 28950283288564

24602777889341700  24602777889341700  24602777889341700
3512004029335396264 3512004029335396288 3512004029335396300
4636941943446398583 4636941943446424575 4636941943446437571
16731901151034173887 16731901151058359959 16731901151070452995
135615710213756241551356157104421725563513561571055638071375
18327681355361409199 1832770321833282274318327714149818529515
14135275161253345008 14156428691527110768 14167005456663993648
5637819232275028612 7849868848795513175 18179265693910531235
6637602357189385604 14984004752674089390710461876706909598
12482169677218181673 12488827142696955539 12492155875456012980
13064253343726879423 15658485480684595156 7732229531925667068
14625225362239686504 10758223940600306782 8824742898598764285
10738834608406986658 788602827186764443  5056674106894750910
961106949064586405 122510392816605174291050611245293959755
2211804365157896289 15185001070958618575127308807730230649
8829591048746708080 1085651500396213966511318493766728410726
15009988290858134393 12838284889333222403 8119518874668080973
7627367407386026140 8420246272424470758 13169248223630974435
14734287943773226198 16693159135573847818 2788562657830915054
15483359934879899009 16119877770365982383 2471600991651671889
899837740350271794  1194695002484003111814756123186994554460
6952192533371026338 13765592352507043696 11362094742791890224
176973008861385188127652266267821078126 16010169456545623593
1417430490208259837011862232204708398073 1837996549587781514
9566720042687775664 6633630390749590552 1873712421652022656
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mod  18446744073709551557 18446744073709551533 18446744073709551521 18446744073709551437

0 0 0 0

170 170 170 170

57125 57125 57125 57125

48268101 48268101 48268101 48268101
34260690332 34260690332 34260690332 34260690332
28950283288564 28950283288564 28950283288564 28950283288564

24602777889341700  24602777889341700  24602777889341700  24602777889341700
3512004029335396264 3512004029335396288 3512004029335396300 3512004029335396384
4636941943446398583 4636941943446424575 4636941943446437571 4636941943446528543
16731901151034173887 167319011510583599591673190115107045299516731901151155104247
13561571021375624155135615710442172556351356157105563807137513561571135583781555
18327681355361409199 1832770321833282274318327714149818529515 18327790670218476919
14135275161253345008 14156428691527110768 14167005456663993648 14241042812622173808
5637819232275028612 7849868848795513175 1817926569391053123516698067314877451907
6637602357189385604 14984004752674089390710461876706909598 11476126187194330620
12482169677218181673 12488827142696955539 12492155875456012980 12515457005136597883
13064253343726879423 15658485480684595156 7732229531925667068 7588670477925634811
14625225362239686504 10758223940600306782 8824742898598764285 13737486829569602371
10738834608406986658 788602827186764443 5056674106894750910 16856311482456444934
961106949064586405 122510392816605174291050611245293959755 1730796780127391701
2211804365157896289 15185001070958618575127308807730230649 2923290836694930836
8829591048746708080 1085651500396213966511318493766728410726 16555821147378467083
15009988290858134393 128382848893332224038119518874668080973 11805308573535485946
7627367407386026140 8420246272424470758 1316924822363097443516982273330702579648
14734287943773226198 16693159135573847818 2788562657830915054 17719370099115195915
15483359934879899009 16119877770365982383 2471600991651671889 5095243575810575316
899837740350271794 119469500248400311181475612318699455446011226634917845487051
6952192533371026338 13765592352507043696 11362094742791890224 6644727374610071491
176973008861385188127652266267821078126 16010169456545623593 5224069660619876239
1417430490208259837011862232204708398073 1837996549587781514 1149810384458158270
9566720042687775664 6633630390749590552 1873712421652022656 15580979477818358327
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mod  18446744073709551557 18446744073709551533 18446744073709551521 18446744073709551437 18446744073709551427

0 0 0 0 0

170 170 170 170 170

57125 57125 57125 57125 57125

48268101 48268101 48268101 48268101 48268101
34260690332 34260690332 34260690332 34260690332 34260690332
28950283288564 28950283288564 28950283288564 28950283288564 28950283288564

24602777889341700  24602777889341700  24602777889341700  24602777889341700  24602777889341700
3512004029335396264 3512004029335396288 3512004029335396300 3512004029335396384 3512004029335396394
4636941943446398583 4636941943446424575 4636941943446437571 4636941943446528543 4636941943446539373
16731901151034173887 16731901151058359959167319011510704529951673190115115510424716731901151165181777
1356157102137562415513561571044217255635 13561571055638071375 13561571135583781555 13561571145101128005
18327681355361409199 1832770321833282274318327714149818529515 18327790670218476919 18327799779789899229
14135275161253345008 14156428691527110768 14167005456663993648 14241042812622173808 14249856783569576208
5637819232275028612 7849868848795513175 1817926569391053123516698067314877451907 6859153945430415570
6637602357189385604 14984004752674089390710461876706909598 1147612618719433062018028251197597986227
12482169677218181673 12488827142696955539 12492155875456012980 12515457005136597883 9443773603570734321
13064253343726879423 15658485480684595156 7732229531925667068 7588670477925634811 13281286656044656459
14625225362239686504 10758223940600306782 8824742898598764285 1373748682956960237115200796479896019943
10738834608406986658 788602827186764443  5056674106894750910 16856311482456444934 17425730095808525587
961106949064586405 122510392816605174291050611245293959755 1730796780127391701 635703020769662299
2211804365157896289 15185001070958618575127308807730230649 2923290836694930836 5446680587098832013
8829591048746708080 1085651500396213966511318493766728410726 165558211473784670832644477152643434420
15009988290858134393 128382848893332224038119518874668080973 11805308573535485946 12562094561654048160
7627367407386026140 8420246272424470758 1316924822363097443516982273330702579648 6264853543132966636
14734287943773226198 16693159135573847818 2788562657830915054 1771937009911519591514351987686736218119
15483359934879899009 16119877770365982383 2471600991651671889 5095243575810575316 12472610336651567052
899837740350271794  1194695002484003111814756123186994554460 11226634917845487051 13567859892950511514
6952192533371026338 13765592352507043696 11362094742791890224 6644727374610071491 3992711139584800062
176973008861385188127652266267821078126 16010169456545623593 5224069660619876239 13020528712638715163
1417430490208259837011862232204708398073 1837996549587781514 1149810384458158270 6569058788386309488
9566720042687775664 6633630390749590552 1873712421652022656 15580979477818358327 7459210887944253892
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mod  340282366920938460843936948965011886881

0

170

57125

48268101

34260690332

28950283288564

24602777889341700

21958748103044947821
19982460773770890734814
18589778412414172744395308
17556405435959384905586216420
16804193264871415986848637912866
16258906633984352510780895055898688
15878645003134966488517342432611820340
318340667549431200127814008146743619195
198503164393958539577067845488686416077
214670443338013688390580445819797373152
138812086818822165420022065635983834073
34887405067523117228515541823719337570
8677603847870660183707228009978911587
151755704527465931623446269946736011627
157520674316210552357179003218400644894
83401389361404009186691170000994753262
199107465433248163983566865568541300580
171646799941657083902142563883114122236
255701011924435651472375478434132710558
65204696697886220698264621831639730752
147021196331035236134827717045673809472
304204745393541316784616770985857479782
69115067553184129907739559131736482619
338027952164498897207398828653950753404

18446744073709551521 18446744073709551437 18446744073709551427

0 0 0

170 170 170

57125 57125 57125

48268101 48268101 48268101
34260690332 34260690332 34260690332
28950283288564 28950283288564 28950283288564

24602777889341700  24602777889341700  24602777889341700
3512004029335396300 3512004029335396384 3512004029335396394
4636941943446437571 4636941943446528543 4636941943446539373
167319011510704529951673190115115510424716731901151165181777
135615710556380713751356157113558378155513561571145101128005
18327714149818529515 18327790670218476919 18327799779789899229
14167005456663993648 14241042812622173808 14249856783569576208
18179265693910531235 16698067314877451907 6859153945430415570
710461876706909598 1147612618719433062018028251197597986227
12492155875456012980 12515457005136597883 9443773603570734321
7732229531925667068 7588670477925634811 13281286656044656459
8824742898598764285 1373748682956960237115200796479896019943
5056674106894750910 1685631148245644493417425730095808525587
1050611245293959755 1730796780127391701 635703020769662299
127308807730230649 2923290836694930836 5446680587098832013
11318493766728410726 16555821147378467083 2644477152643434420
8119518874668080973 11805308573535485946 12562094561654048160
13169248223630974435 16982273330702579648 6264853543132966636
2788562657830915054 1771937009911519591514351987686736218119
2471600991651671889 5095243575810575316 12472610336651567052
14756123186994554460 11226634917845487051 13567859892950511514
11362094742791890224 6644727374610071491 3992711139584800062
16010169456545623593 5224069660619876239 13020528712638715163
1837996549587781514 1149810384458158270 6569058788386309488
1873712421652022656 15580979477818358327 7459210887944253892
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mod  6277101735386680683188868462945250914462856766432493496001

0

170

57125

48268101

34260690332

28950283288564

24602777889341700

21958748103044947821

19982460773770890734814

18589778412414172744395308

17556405435959384905586216420
16804193264871415986848637912866
16258906633984352510780895055898688
15878645003134966488517342432611820340
15631047178991661938104976711572278528840
15494275516175484896146558165069374931768650
15452119731275448721521690374123048169473745090
15492944429910290948927453354128640277129701928270
15608195638318139575397871729737310479957231181434400
15791696434663015062086294548870131152897244600962599710
3484838833388197199812530639829581721184342340071326129298
1648757840168344542387637018871763179732374825323564456876
98850683949423615211578699701347807145350036885633235694
526520284143404569767963343550807344171168366801172331356
424185829625587809592566352271431402775173490353367407331
4536991382758228630399221995435899884055743908863240725052
3136412773560944376264550097061623603163416527516137221129
5967388207129134077295313527201750659161648724805358750622
853298661596862590652819419782007714434001836607900281638
58401078608611669601836308424511522173492016757242657971
1566681274568203485091061424628061282383374029659900022897

18446744073709551437 18446744073709551427

0 0

170 170

57125 57125

48268101 48268101
34260690332 34260690332
28950283288564 28950283288564

24602777889341700  24602777889341700
3512004029335396384 3512004029335396394
4636941943446528543 4636941943446539373
1673190115115510424716731901151165181777
1356157113558378155513561571145101128005
18327790670218476919 18327799779789899229
14241042812622173808 14249856783569576208
16698067314877451907 6859153945430415570
11476126187194330620 18028251197597986227
12515457005136597883 9443773603570734321
7588670477925634811 13281286656044656459
13737486829569602371 15200796479896019943
16856311482456444934 17425730095808525587
1730796780127391701 635703020769662299
2923290836694930836 5446680587098832013
16555821147378467083 2644477152643434420
11805308573535485946 12562094561654048160
16982273330702579648 6264853543132966636
17719370099115195915 14351987686736218119
5095243575810575316 12472610336651567052
11226634917845487051 13567859892950511514
6644727374610071491 3992711139584800062
5224069660619876239 13020528712638715163
1149810384458158270 6569058788386309488
15580979477818358327 7459210887944253892
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mod  115792089237316192812296663087828730790152317073519228853714845075653663303437

0

170

57125

48268101

34260690332

28950283288564

24602777889341700

21958748103044947821

19982460773770890734814

18589778412414172744395308

17556405435959384905586216420

16804193264871415986848637912866

16258906633984352510780895055898688

15878645003134966488517342432611820340
15631047178991661938104976711572278528840
15494275516175484896146558165069374931768650
15452119731275448721521690374123048169473745090
15492944429910290948927453354128640277129701928270
15608195638318139575397871729737310479957231181434400
15791696434663015062086294548870131152897244600962599710
16039042304161558566190267565720083550110055872936313121300
16347221676787084843566201114528305144441011394615536628043480
16714327636344626391862041955812314792830121148741093212135914440
17139356963672793388669217006249699836555901801582671305065963412450
17622061542861347959625369356680682135593177881983900768539311826713472
18162841216793283422562091421291078521630723657702122424507756283808698700
18762665614999822007839830386311098144372506555360938018652662698220539694616
85739315027447066623349695032233960274282399822723913455610238505779125926029
2064728830981047793411634851943034475673596449669175636454501699351701964789
23492476077323556255109014236440192037570229930868243250459695379292868666014
111190808983862952620363685720790529707785524738898437692221876477166726606643

18446744073709551427
0

170

57125

48268101

34260690332
28950283288564
24602777889341700
3512004029335396394
4636941943446539373
16731901151165181777
13561571145101128005
18327799779789899229
14249856783569576208
6859153945430415570
18028251197597986227
9443773603570734321
13281286656044656459
15200796479896019943
17425730095808525587
635703020769662299
5446680587098832013
2644477152643434420
12562094561654048160
6264853543132966636
14351987686736218119
12472610336651567052
13567859892950511514
3992711139584800062
13020528712638715163
6569058788386309488
7459210887944253892
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mod  2135987035920910012340807717593254758583661964006908954235666935176520392717928060033632257354599
0
170
57125
48268101
34260690332
28950283288564
24602777889341700
21958748103044947821
19982460773770890734814
18589778412414172744395308
17556405435959384905586216420
16804193264871415986848637912866
16258906633984352510780895055898688
15878645003134966488517342432611820340
15631047178991661938104976711572278528840
15494275516175484896146558165069374931768650
15452119731275448721521690374123048169473745090
15492944429910290948927453354128640277129701928270
15608195638318139575397871729737310479957231181434400
15791696434663015062086294548870131152897244600962599710
16039042304161558566190267565720083550110055872936313121300
16347221676787084843566201114528305144441011394615536628043480
16714327636344626391862041955812314792830121148741093212135914440
17139356963672793388669217006249699836555901801582671305065963412450
17622061542861347959625369356680682135593177881983900768539311826713472
18162841216793283422562091421291078521630723657702122424507756283808698700
18762665614999822007839830386311098144372506555360938018652662698220539694616
19423018217659251266276892430699632002229719351100435132025989366139940897600008
20145857126504814155109603745644558012097546254998545662831506345299150654223844360
20933588899934099785719806412698545336726130412328111385454392939736508704575356754888
21789052707980917749010589339181187870108450716708413481060716254608148803460083665644160
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For computing data using modular computations and Chinese
Remaindering, the number of primes you need is determined by the
longest number in the sample.
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much shorter.

Idea: Compute your data only modulo a few primes, then guess a
“modular recurrence” for each prime, and then do Chinese
remaindering on the coefficients of the recurrence rather than on
the data sample.
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“modular recurrence” for each prime, and then do Chinese
remaindering on the coefficients of the recurrence rather than on
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For computing data using modular computations and Chinese
Remaindering, the number of primes you need is determined by the
longest number in the sample.

These may be many.

The longest number in the guessed recurrence is typically
much shorter.

Idea: Compute your data only modulo a few primes, then guess a
“modular recurrence” for each prime, and then do Chinese
remaindering on the coefficients of the recurrence rather than on
the data sample.

This will typically require much fewer primes in total. (Demo.)
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Feature: The efficiency of scales well to larger problems, at least if
done properly.
The following tricks can sometimes be used to get a speed-up:

» Trade order against degree

» Use modular arithmetic

» Boot strapping
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In many cases, the computation time for guessing is negligible
compared to the cost for generating enough data.
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On the other hand, once we have a recurrence, generating data
(almost) for free.

Chicken-egg-problem: In order to find a recurrence, we sometimes
seem to already need to know it.
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In many cases, the computation time for guessing is negligible
compared to the cost for generating enough data.

On the other hand, once we have a recurrence, generating data
(almost) for free.

Chicken-egg-problem: In order to find a recurrence, we sometimes
seem to already need to know it.

Boot-strapping sometimes helps to resolve this conflict.

49



Example 1: Consider a sequence in four indices, a i m.n-

50



Example 1: Consider a sequence in four indices, a i m.n-

Suppose . m,n is hypergeometric in all four indices, so that we
know four first order recurrence equations

Alt1,0,m,n = rat(k,l,m,n)ag i mn
)
)
)

Ak lmmn+l = rat k7 l7 m,n)akimmn

ak.lm,n

Ak lm+ln = rat k? la m,n

(

Ak l+1,mmn = rat(k, lu m,n
( Qk.l.m,n
(



Example 1: Consider a sequence in four indices, a i m.n-

Suppose we want to find a recurrence for the diagonal a5 nn-
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Example 1: Consider a sequence in four indices, a i m.n-
Suppose we want to find a recurrence for the diagonal a5 nn-

Calculating annn,n recursively with the given equations requires
O(n*) time and space. We won't be able to get 1000 terms in

this way.
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Suppose we want to find a recurrence for the diagonal a5 nn-

Boot-strapping is more promising:
» First compute ay, m,m for 0 < n,m < 25, say.
» Use this data to guess bivariate recurrence equations for

bn,m = Gnn,m,m
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Example 1: Consider a sequence in four indices, a i m.n-
Suppose we want to find a recurrence for the diagonal a5 nn-
Boot-strapping is more promising:
» First compute ay, m,m for 0 < n,m < 25, say.
» Use this data to guess bivariate recurrence equations for
bnm = Gnnmm

» Use these guessed equations to compute ay, 1,1, for
n=20,...,1000.
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Example 1: Consider a sequence in four indices, a i m.n-
Suppose we want to find a recurrence for the diagonal a5 nn-
Boot-strapping is more promising:
» First compute ay, m,m for 0 < n,m < 25, say.
» Use this data to guess bivariate recurrence equations for
bnm = Gnnmm

» Use these guessed equations to compute ay, 1,1, for
n=20,...,1000.

> Use this data to guess the recurrence for ay n nn-

50



Example 2: Another problem from A. Rechnitzer’s collection.

Let F'(z,q) be a solution of the algebraic equation
POLY(F(Z, q), 2, q) =0

(where POLY is now too large to fit on this slide.)
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We have
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Example 2: Another problem from A. Rechnitzer’s collection.

Let F'(z,q) be a solution of the algebraic equation
POLY(F(Z, q), 2, q) =0

(where POLY is now too large to fit on this slide.)
We have

Flz,q) =1+ (¢ " +q@)z+ (¢ 2 +4+ ¢+

Task: find a differential equation for f(z) := [¢°]F (2, q).
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Example 2: Another problem from A. Rechnitzer’s collection.

Computing enough terms in the expansion of F'(z,q) with Puiseux’
algorithm is too expensive when ¢ is symbolic.
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» Use this recurrence to generate many more terms.
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Example 2: Another problem from A. Rechnitzer’s collection.

Computing enough terms in the expansion of F'(z,q) with Puiseux’
algorithm is too expensive when ¢ is symbolic.
Boot-Strapping is more promising:

» Compute many terms for ¢ = 1,2,3,...,30, say.

» For each ¢, guess a recurrence for the expansion of F(z,q).

» Reconstruct from these a recurrence for symbolic ¢.

» Use this recurrence to generate many more terms.

Pick the ¢°-coefficient of all of them.

v

v

Use this data for guessing the differential equation.
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Feature: The efficiency of scales well to larger problems, at least if
done properly.
The following tricks can sometimes be used to get a speed-up:

» Trade order against degree

> Use modular arithmetic

» Boot strapping



Summary
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» Computer algebra can produce rigorous proofs.
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» Computer algebra can produce rigorous proofs.

» Computer algebra can also produce conjectures.
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» Computer algebra can produce rigorous proofs.
» Computer algebra can also produce conjectures.

» Conjectures are typically much cheaper than proofs.
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v

v

v

Computer algebra can produce rigorous proofs.
Computer algebra can also produce conjectures.
Conjectures are typically much cheaper than proofs.

Computer generated conjectures are almost always true.
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