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) and any product of hypergeometric terms



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.

We consider linear difference operators p(n,m, N, M).



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.
We consider linear difference operators p(n,m, N, M).

If fnm is hypergeometric, then
p(nu m, Na M) : fn,’m = rat(n, m)fn,m

for a certain rational function rat(n,m).



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.
We consider linear difference operators p(n,m, N, M).

If fnm is hypergeometric, then
p(nu m, Na M) : fn,’m = rat(n, m)fn,m

for a certain rational function rat(n,m).

Example: We have

((n+1)N = (m —1)M?) - (m>

n



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.
We consider linear difference operators p(n,m, N, M).

If fnm is hypergeometric, then
p(nu m, Na M) : fn,’m = rat(n, m)fn,m

for a certain rational function rat(n,m).

Example: We have



Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.
We consider linear difference operators p(n,m, N, M).

If fnm is hypergeometric, then
p(nu m, Na M) : fn,’m = rat(n, m)fn,m

for a certain rational function rat(n,m).

Example: We have

((n+1)N = (m —1)M?) - (m>

n

—n (T 1 2 (™M
=yt () - - e ()




Zeilberger’s Algorithm

Let N and M be the shift operators wrt. n and m, resp.
We consider linear difference operators p(n,m, N, M).

If fnm is hypergeometric, then
p(nu m, Na M) : fn,’m = rat(n, m)fn,m

for a certain rational function rat(n,m).

Example: We have

n

((n+1)N = (m —1)M?) - (m>

_ 2m3—3nm24+5m2+3n’m—6nm+m—n3+3n2—2n—2 m
- (m—n+1)(m—n+2) n
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Theorem (Zb): If fy, n is hypergeometric and (...) then there
exist linear difference operators P and @), free of n, with

(N - ]-)Q ' fn,m =P fn,m

Consequence: If fp,  is sufficiently well-behaved, then
(N —1)Q - fnm collapses to 0 upon summing over all n, therefore

0="P-3 fom.

This gives a recurrence for > f. The operator Q) is its certificate.

Zeilberger's Algorithm computes () and P for given f, ,,.
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{™} = # partitions of {1,...,m} of size n.
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Problem: Stirling numbers are not hypergeometric.
(And they don't belong to any other reasonable class studied so
far.)

Def: fp km is called Stirling-like, if

(u+vNTK” +wN K") - fpim =0,
(SM + t) . fn,k:,m =0

for some rational functions s, t,u, v, w and vy, vy, w1, wy € Z with

v w1 — 41
U2 w2
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Examples: ], {7}, (). ((})) (Eulerian numbers)

Further Examples: {Z} {"‘gk‘} {321?; ,

In general, if f,, 1. m is Stirling-like, then so is fon4 bk cnt-dk,m. for
specific a, b, ¢, d € 7Z satisfying the determinant condition.

Further Examples: 2% (), (™) [}], G25(7) (%) {15}, ...

n n.
In general, if f,, ., is Stirling-like, then so is Ay, k. frkm for any
hypergeometric term h.
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Theorem: If fy, 1. m is Stirling-like and (...) then there exist linear
difference operators P and Q, free of k, with

(K - 1)@ : fn,k,m =P fn,k,m

Consequence: If f,, 1. m is sufficiently well-behaved, then
(K —1)Q - fnkm collapses to 0 upon summing over all k, therefore

0=P- Z fn,k,m-
k

This gives a recurrence for > f. The operator @ is its certificate.

We can compute such operators ) and P efficiently.
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Back to

Let's prove this. ..

Step 1: Determine () and P.
Our summation algorithm delivers

_ k
Q= sV

P=1+(n+2)N - NM.
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Step 2 (optional): Check recurrence.
Indeed:

(K -1)Q-P)- (M) {5
=0
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Step 3: Conclude recurrence for the sum.
We have:

Let's prove this. ..

(L+(+2N = NM) -3 (7) {3} =0
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Back to N Y o (1
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Step 4: Does the RHS satisfy this recurrence?
yes:

Let's prove this. ..

(1+(n+2)N—-NM)-{7F]

= W+ e+ (TR - {05
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Back to

Let's prove this. ..

Step 5: Check initial values.
LHS and RHS agree for m = 0 and all n:

2 () £} = don = {0}
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Back to

Z m\ [k _ [m+1
E)\nf] \n+1]"

Let's prove this. ..

Step 6: Conclusion.
The identity is true.
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1
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k
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(

m

k
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Stirling Number Identities
A bigger example: Let

hn =S EL

k

The algorithm delivers the recurrence

0= (m + 1)(m + 2) fom — (m +2)(3m +7) frmss
+ (m +3)3Bm +8) fomiz — (m + 3)(m + 4) frm+3
= 3(m +2) fag1mt+1 + 2(m + 2) far1m2 + (M +4) fos1,m+3

This may be used, e.g., to evaluate f, ,,, for big n, m.
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Further examples:

o i li]at =nl()
« LD CED G N = 1
o p(=0" R G R =G
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o ZC-DPCED) G M = [
o (-1 G = ()

o SHCDRCTED M =)
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Stirling Number Identities

Further examples:

o >y [i]at =nt()

o ZC-DPCED) G M = [
o Sp(=D)mR ) T =G

o D DRI =)

o 2k () (1) ="

Many additional examples and their combinatorial interpretations:
Google — “Stirling numbers”
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How does this work?

Exploit non-holonomicity of Stirling-like terms!
Ik fo+ik: fnt2k ... are linearly independent over C(n, k).
i.e., 1, N,N2 N3, ... are linearly independent over C(n, k).

We can make an ansatz

Q=bo+b1N+bN>+--.
P = €0,0 +Cl,ON+ ClleM-i- C2,0N2 +6271N2M + -

Plug this ansatz into the requirement
(K-1)Q-PLo,

reduce this to “normal form” and compare coefficients with respect
to N°.
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How does this work?

This leads to a sequence of parameterized linear difference
equations of the form

ao(k)g(k) + a1(k)g(k + 1) = coofool(k) + -~ +crrfr.i(k)
which have to be solved for g(k) € C(n, k,m) and ¢; ; € C(n,m)
given ag(k), a1(k), fi ;(k) € C(n, k,m).

This can be done with the extended Gosper algorithm (also used in
Zeilberger's algorithm).

The solutions to these equations give rise to the coefficients of P

and Q.

The construction is terminated as soon as a coefficient of @) is
turned to 0.

The existence theorem guarantees that this will happen eventually.



