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Input:

• A finite sequence of numbers, a0, a1, . . . , aN

• two numbers, r, d

Output:

• A linear recurrence equation of order ≤ r with polynomial
coefficients of degree ≤ d that matches the given sequence.
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To catch a recurrence with r = d = 2, the
classical technique needs at least 12 terms.

︷ ︸︸ ︷
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1 INTRODUCTION
A simple but powerful technique which has become an important
tool in experimental mathematics takes as input the first few terms
of an infinite sequence and returns as output a plausible hypothesis
for a recurrence equation that the sequence may satisfy, or a plausi-
ble hypothesis for a differential equation satisfied by its generating
function. The principle is known as automated guessing as it some-
how makes a guess how the infinite sequence continues beyond the
finitely many terms supplied as input. In certain situations where
sufficient additional information is available about the sequence at
hand, automated guessing can be combined with other techniques
from computer algebra that confirm that the guessed equation is
correct. One of many successful applications of this paradigm is
the proof of the qTSPP conjecture [21].

Technically, the guessing problem for linear recurrences can be
solved by linear algebra. Given a0, . . . ,aN , we choose an order
r and a degree d and make an ansatz with undetermined coeffi-
cients:

∑r
i=0

∑d
j=0 ci, jn

jan+i = 0. Using the available terms of the
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sequence, we can instantiate the ansatz for n = 0, . . . ,N − r and
get N − r + 1 linear constraints on the (r + 1)(d + 1) unknown coef-
ficients ci, j . If r and d are chosen such that (r + 1)(d + 2) ≤ N + 2,
this homogeneous linear system is not expected to have a (non-
trivial) solution. If it does have a solution, this is interpreted as
evidence in favor of the correctness of the corresponding equation.
The more the number of equations exceeds the number of variables,
the stronger is the evidence that the solution is not just noise but
means something.

The linear systems arising from guessing problems can be solved
efficiently by Hermite-Padé approximation [1, 8, 13, 15]. Modern
implementations have no trouble handling examples where N is in
the range of 10000. There are also variants for the multivariate set-
ting [2–4] as well as experiments with approaches that use machine
learning instead of linear algebra [12].

Although it rarely happens in practice, a guessed equation may
be incorrect. It is therefore important to be able to assess the quality
of a guess. The amount of overdetermination of the linear system
was already mentioned as a source of trust. Some further tests that
may help to distinguish correct equations from noise have been
proposed in [9]: a correct equation is likely to contain short integer
coefficients while a wrong guess will typically contain long inte-
gers; a correct recurrence for an integer sequence must produce
only integers when it is unrolled while a wrong guess will typically
produce rational numbers; a correct differential equation for a gen-
erating function is likely to have nice singularities while a wrong
guess will typically have awkward singularities; a correct differen-
tial equation for a generating function of an integer sequence with
moderate growth must have nilpotent p-curvature [6, 7, 24] while a
wrong guess will typically not have this property. All these tests are
extremely strong and make guessing a very reliable tool in practice.
Especially for large examples we virtually never encounter wrong
guesses.

The focus of this paper is on small examples. The assumption
is that N is small and that further terms cannot be obtained at
reasonable cost. A prominent example for such a situation is the
number of permutations avoiding the pattern 1324 for which, de-
spite tremendous efforts [11, 16], only the first 50 terms are known.
If such a sequence satisfies an equation of order r and degree d
with (r + 1)(d + 2) > N + 2, we won’t be able to find this equation
directly. In this situation, it can be exploited that an equation of
slightly higher order may have substantially lower degree, so that
we may find an equation using r + 1 and d/2, for example. This
phenomenon is well understood [14] and has been exploited by
guessing software since long. Our assumption here is that N is so
small that for every choice (r ,d) with (r + 1)(d + 2) ≤ N + 2 the
linear system has no solution, so that trading order against degree
does not help. For sequences where every other term is zero it has
been observed [19] that removing the zeros from the data can bring
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trivial) solution. If it does have a solution, this is interpreted as
evidence in favor of the correctness of the corresponding equation.
The more the number of equations exceeds the number of variables,
the stronger is the evidence that the solution is not just noise but
means something.

The linear systems arising from guessing problems can be solved
efficiently by Hermite-Padé approximation [1, 8, 13, 15]. Modern
implementations have no trouble handling examples where N is in
the range of 10000. There are also variants for the multivariate set-
ting [2–4] as well as experiments with approaches that use machine
learning instead of linear algebra [12].

Although it rarely happens in practice, a guessed equation may
be incorrect. It is therefore important to be able to assess the quality
of a guess. The amount of overdetermination of the linear system
was already mentioned as a source of trust. Some further tests that
may help to distinguish correct equations from noise have been
proposed in [9]: a correct equation is likely to contain short integer
coefficients while a wrong guess will typically contain long inte-
gers; a correct recurrence for an integer sequence must produce
only integers when it is unrolled while a wrong guess will typically
produce rational numbers; a correct differential equation for a gen-
erating function is likely to have nice singularities while a wrong
guess will typically have awkward singularities; a correct differen-
tial equation for a generating function of an integer sequence with
moderate growth must have nilpotent p-curvature [6, 7, 24] while a
wrong guess will typically not have this property. All these tests are
extremely strong and make guessing a very reliable tool in practice.
Especially for large examples we virtually never encounter wrong
guesses.

The focus of this paper is on small examples. The assumption
is that N is small and that further terms cannot be obtained at
reasonable cost. A prominent example for such a situation is the
number of permutations avoiding the pattern 1324 for which, de-
spite tremendous efforts [11, 16], only the first 50 terms are known.
If such a sequence satisfies an equation of order r and degree d
with (r + 1)(d + 2) > N + 2, we won’t be able to find this equation
directly. In this situation, it can be exploited that an equation of
slightly higher order may have substantially lower degree, so that
we may find an equation using r + 1 and d/2, for example. This
phenomenon is well understood [14] and has been exploited by
guessing software since long. Our assumption here is that N is so
small that for every choice (r ,d) with (r + 1)(d + 2) ≤ N + 2 the
linear system has no solution, so that trading order against degree
does not help. For sequences where every other term is zero it has
been observed [19] that removing the zeros from the data can bring
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1 INTRODUCTION
A simple but powerful technique which has become an important
tool in experimental mathematics takes as input the first few terms
of an infinite sequence and returns as output a plausible hypothesis
for a recurrence equation that the sequence may satisfy, or a plausi-
ble hypothesis for a differential equation satisfied by its generating
function. The principle is known as automated guessing as it some-
how makes a guess how the infinite sequence continues beyond the
finitely many terms supplied as input. In certain situations where
sufficient additional information is available about the sequence at
hand, automated guessing can be combined with other techniques
from computer algebra that confirm that the guessed equation is
correct. One of many successful applications of this paradigm is
the proof of the qTSPP conjecture [21].

Technically, the guessing problem for linear recurrences can be
solved by linear algebra. Given a0, . . . ,aN , we choose an order
r and a degree d and make an ansatz with undetermined coeffi-
cients:

∑r
i=0

∑d
j=0 ci, jn

jan+i = 0. Using the available terms of the
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sequence, we can instantiate the ansatz for n = 0, . . . ,N − r and
get N − r + 1 linear constraints on the (r + 1)(d + 1) unknown coef-
ficients ci, j . If r and d are chosen such that (r + 1)(d + 2) ≤ N + 2,
this homogeneous linear system is not expected to have a (non-
trivial) solution. If it does have a solution, this is interpreted as
evidence in favor of the correctness of the corresponding equation.
The more the number of equations exceeds the number of variables,
the stronger is the evidence that the solution is not just noise but
means something.

The linear systems arising from guessing problems can be solved
efficiently by Hermite-Padé approximation [1, 8, 13, 15]. Modern
implementations have no trouble handling examples where N is in
the range of 10000. There are also variants for the multivariate set-
ting [2–4] as well as experiments with approaches that use machine
learning instead of linear algebra [12].

Although it rarely happens in practice, a guessed equation may
be incorrect. It is therefore important to be able to assess the quality
of a guess. The amount of overdetermination of the linear system
was already mentioned as a source of trust. Some further tests that
may help to distinguish correct equations from noise have been
proposed in [9]: a correct equation is likely to contain short integer
coefficients while a wrong guess will typically contain long inte-
gers; a correct recurrence for an integer sequence must produce
only integers when it is unrolled while a wrong guess will typically
produce rational numbers; a correct differential equation for a gen-
erating function is likely to have nice singularities while a wrong
guess will typically have awkward singularities; a correct differen-
tial equation for a generating function of an integer sequence with
moderate growth must have nilpotent p-curvature [6, 7, 24] while a
wrong guess will typically not have this property. All these tests are
extremely strong and make guessing a very reliable tool in practice.
Especially for large examples we virtually never encounter wrong
guesses.

The focus of this paper is on small examples. The assumption
is that N is small and that further terms cannot be obtained at
reasonable cost. A prominent example for such a situation is the
number of permutations avoiding the pattern 1324 for which, de-
spite tremendous efforts [11, 16], only the first 50 terms are known.
If such a sequence satisfies an equation of order r and degree d
with (r + 1)(d + 2) > N + 2, we won’t be able to find this equation
directly. In this situation, it can be exploited that an equation of
slightly higher order may have substantially lower degree, so that
we may find an equation using r + 1 and d/2, for example. This
phenomenon is well understood [14] and has been exploited by
guessing software since long. Our assumption here is that N is so
small that for every choice (r ,d) with (r + 1)(d + 2) ≤ N + 2 the
linear system has no solution, so that trading order against degree
does not help. For sequences where every other term is zero it has
been observed [19] that removing the zeros from the data can bring
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function. The principle is known as automated guessing as it some-
how makes a guess how the infinite sequence continues beyond the
finitely many terms supplied as input. In certain situations where
sufficient additional information is available about the sequence at
hand, automated guessing can be combined with other techniques
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correct. One of many successful applications of this paradigm is
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sequence, we can instantiate the ansatz for n = 0, . . . ,N − r and
get N − r + 1 linear constraints on the (r + 1)(d + 1) unknown coef-
ficients ci, j . If r and d are chosen such that (r + 1)(d + 2) ≤ N + 2,
this homogeneous linear system is not expected to have a (non-
trivial) solution. If it does have a solution, this is interpreted as
evidence in favor of the correctness of the corresponding equation.
The more the number of equations exceeds the number of variables,
the stronger is the evidence that the solution is not just noise but
means something.

The linear systems arising from guessing problems can be solved
efficiently by Hermite-Padé approximation [1, 8, 13, 15]. Modern
implementations have no trouble handling examples where N is in
the range of 10000. There are also variants for the multivariate set-
ting [2–4] as well as experiments with approaches that use machine
learning instead of linear algebra [12].

Although it rarely happens in practice, a guessed equation may
be incorrect. It is therefore important to be able to assess the quality
of a guess. The amount of overdetermination of the linear system
was already mentioned as a source of trust. Some further tests that
may help to distinguish correct equations from noise have been
proposed in [9]: a correct equation is likely to contain short integer
coefficients while a wrong guess will typically contain long inte-
gers; a correct recurrence for an integer sequence must produce
only integers when it is unrolled while a wrong guess will typically
produce rational numbers; a correct differential equation for a gen-
erating function is likely to have nice singularities while a wrong
guess will typically have awkward singularities; a correct differen-
tial equation for a generating function of an integer sequence with
moderate growth must have nilpotent p-curvature [6, 7, 24] while a
wrong guess will typically not have this property. All these tests are
extremely strong and make guessing a very reliable tool in practice.
Especially for large examples we virtually never encounter wrong
guesses.

The focus of this paper is on small examples. The assumption
is that N is small and that further terms cannot be obtained at
reasonable cost. A prominent example for such a situation is the
number of permutations avoiding the pattern 1324 for which, de-
spite tremendous efforts [11, 16], only the first 50 terms are known.
If such a sequence satisfies an equation of order r and degree d
with (r + 1)(d + 2) > N + 2, we won’t be able to find this equation
directly. In this situation, it can be exploited that an equation of
slightly higher order may have substantially lower degree, so that
we may find an equation using r + 1 and d/2, for example. This
phenomenon is well understood [14] and has been exploited by
guessing software since long. Our assumption here is that N is so
small that for every choice (r ,d) with (r + 1)(d + 2) ≤ N + 2 the
linear system has no solution, so that trading order against degree
does not help. For sequences where every other term is zero it has
been observed [19] that removing the zeros from the data can bring
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Entry First terms Noeis Nlinalg NLLL r d

A177317 1, 2, 48, 2288, 135040 29 60 22 3 14

✓

A199250 1, 1, 14, 21, 424, 571 56 98 56 8 18

✓

A250556 8, 60, 302, 1516, 7126 47 58 47 9 8

✓

A265234 1, 43, 2592, 184740 31 56 27 6 6

✓

A172572 90, 67950, 90291600 33 44 17 3 9

✓

A172671 90, 202410, 747558000 33 75 25 4 13

✓

A188818 2, 9, 48, 256, 1360 32 55 26 5 10

✓

A306322 1, 0, 0, 25, 386, 4657 41 63 30 4 14

✓

A195806 16, 105, 496, 1759, 5052 32 41 30 4 10

✓

A216940 260, 27768, 1664244 37 44 29 1 23

✓

A194478 0, 0, 0, 1, 337, 8733 32 35 19 2 12

✓

A215570 1, 35, 18720, 19369350 48 68 27 3 15

?

A339987 1, 4, 90, 8400, 1426950 40 70 24 5 10

✓

A269021 1, 2, 23, 588, 24553 42 108 28 4 21

?

A181198 1, 1, 8, 169, 6392 27 33 14 2 9

?

A181199 1, 1, 16, 985, 141696 26 103 34 3 24

?

A181280 0, 0, 0, 58, 1629, 28924 27 32 26 10 1

✓

A253217 0, 0, 1, 19, 268, 3568 37 53 27 5 9

✓

A098926 0, 2, 12, 90, 556, 5242 34 55 26 8 7

✓

A164735 0, 0, 0, 0, 0, 0, 0, 1, 0, 4 70 80 66 15 4

?
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an =
Number of labeled graphs with 2n vertices that
share the same degree sequence as any unrooted
binary tree on 2n vertices.

=
Number of labeled graphs with 2n vertices with
n+ 1 vertices of degree 1 and n− 1 vertices of
degree 3.

=
Number of labeled graphs with 2n vertices and
2n− 1 edges and all vertex degrees in {1, 3}.
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5400 labelings 3360 labelings

⇒ a4 = 5400+ 3360 = 8400
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Conjecture 16: If (an) denotes the sequence A339987, then

32(328n3 + 3300n2 + 10844n+ 11589)

× (n+ 1)(n+ 2)(2n+ 1)(2n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an

− 8(2624n4 + 30664n3 + 129460n2 + 232328n+ 148119)

× (n+ 2)(2n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an+1

− 16(2952n5 + 40852n4 + 219308n3 + 569267n2 + 712135n+ 341634)

× (n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an+2

+ 8(3936n5 + 55672n4 + 306380n3 + 818282n2 + 1057879n+ 527520)

× (n+ 4)(2n+ 7)(2n+ 9)an+3

− 2(2624n5 + 42472n4 + 264028n3 + 786236n2 + 1117119n+ 601452)

× (n+ 5)(2n+ 9)an+4

+ 3(328n3 + 2316n2 + 5228n+ 3717)(n+ 4)(n+ 6)an+5 = 0.
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p1h1 = h1= p1:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2h2 = h2

1 + 2h2= 1
2p

2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1h1 = h1= p1:=

x1 + x2 + x3

+ x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2h2 = h2

1 + 2h2= 1
2p

2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1h1 = h1= p1:=

x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1 = h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1 = h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2

h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1 = h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2

h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3

h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·

:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·
p4

h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·

:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·
...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1 = h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2

h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3

h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·

:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·
p4

h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·

:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·
...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1 = h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2

h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3

h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·

:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·
p4

h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·

:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·
...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1

= h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2h2 = h2
1 + 2h2= 1

2p
2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3h3 = h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1

= h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2

h2

= h2
1 + 2h2= 1

2p
2
1 +

1
2p2

:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3h3 = h3

1 − 3h1h2 + 3h3= 1
6p

3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4h4 = −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1

= h1= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2

h2

= h2
1 + 2h2= 1

2p
2
1 +

1
2p2

:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·

:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3

h3

= h3
1 − 3h1h2 + 3h3= 1

6p
3
1 +

1
2p1 p2 +

1
3p3

:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·

:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·
p4

h4

= −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4= 1

24p
4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4

:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·

:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1

= h1

= p1

:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·
p2

h2

= h2
1 + 2h2

= 1
2p

2
1 +

1
2p2

:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·
p3

h3

= h3
1 − 3h1h2 + 3h3

= 1
6p

3
1 +

1
2p1 p2 +

1
3p3

:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·
p4

h4

= −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4

= 1
24p

4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4

:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



p1

h1

= h1

= p1:= x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + · · ·

p2

h2

= h2
1 + 2h2

= 1
2p

2
1 +

1
2p2:= x1 x2 + x1 x3 + x2 x3 + · · ·+ x37 x57 + · · ·:= x21 + x22 + x23 + x24 + x25 + x26 + x27 + · · ·

p3

h3

= h3
1 − 3h1h2 + 3h3

= 1
6p

3
1 +

1
2p1 p2 +

1
3p3:= x1 x2 x3 + x1 x2 x4 + · · ·+ x74 x93 x136 + · · ·:= x31 + x32 + x33 + x34 + x35 + x36 + x37 + · · ·

p4

h4

= −h4
1 + 4h2

1h2 − 2h2
2 − 4h1h3 + 4h4

= 1
24p

4
1 +

1
4p

2
1p2 +

1
3p1 p3 +

1
8p

2
2 +

1
4p4:= x1 x2 x3 x4 + x1 x2 x3 x5 + · · ·+ x19 x63 x87 x174 + · · ·:= x41 + x42 + x43 + x44 + x45 + x46 + x47 + · · ·

...

Fact: C[[x1, x2, x3, . . . ]]sym = C[[p1, p2, p3, . . . ]]

= C[[h1, h2, h3, . . . ]]

A339987 10



[xλ11 · · · xλnn ][x31 · · · x3n]
∑

(λ1,...,λn)∈{1,3}n
[xλ11 · · · xλnn ]

∏
i<j

(
1

no edge

+ xixj

edge

)

=
Number of graphs with vertices 1, . . . , n and λi
the degree of vertex i (i = 1, . . . , n).

=
Number of graphs with vertices 1, . . . , n and all
vertex degrees equal to 3.

=
Number of graphs with vertices 1, . . . , n and all
vertex degrees in {1, 3}.
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For λ1 ≥ · · · ≥ λn ≥ 1, let mλ1,...,λn be the sum of all distinct

monomials xλ1i1 · · · xλnin where i1, . . . , in are pairwise distinct.

There is a scalar product

⟨·|·⟩ : C[[x1, x2, . . . ]]sym × C[[x1, x2, . . . ]]sym → C

with

⟨mλ1,...,λn | hµ1
· · ·hµk

⟩ :=
{

1 if (λ1, . . . , λn) = (µ1, . . . , µk)
0 else
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⟨

∑
(λ1,...,λn)∈{1,3}n

[xλ11 · · · xλnn ]
∏
i<j

(1+ xixj)

⟨
∏
i<j

(1+ qxixj)f(q, t) := ⟨
∏
i<j

(1+ qxixj) |

∞∑
n=0

(h1 + h3)
ntn⟩|

1

1− (h1 + h3)t
⟩| (h1 + h3)

n⟩

=

=

∞∑
n=0

Number of labeled graphs with n vertices,
k edges, and all degrees in {1, 3}

Number of labeled graphs with n vertices
and all vertex degrees in {1, 3}

tnqk
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Fact:

⟨ps1
1 · · ·psℓ

ℓ | pr1
1 · · ·prm

m ⟩

=

{
1r1r1!2

r2r2! · · ·mrmrm! if (s1, . . . , sℓ) = (r1, . . . , rm)
0 else

Hence:

⟨f | g⟩ =
[
f ⊙p1,p2,... g ⊙p1,p2,...

∞∏
r=0

( ∞∑
n=0

rnn!pn
r

) ]

p1=p2=···=1
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j + p2n
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⟨exp log
∏
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∑
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n=1

(−1)n

n
(qxixj)

n⟨exp
∞

3

∑
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(−1)n

n
qn

p2
n − p2n
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∑
i<j

(xixj)
n⟨exp

(
1
2q(p

2
1 − p2) −

1
4q

2p2
2 +

1
6q

3p2
3

)

|
1

1− (h1 + h3)t
⟩

1

1− (p1 +
1
6p

3
1 +

1
2p1p2 +

1
3p3)t
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1. INTRODUCTION 

Many enumeration problems, such as that of counting nonnegative 
integer matrices with given row and column sums, have solutions which 
can be expressed as coefficients of symmetric functions. We show here how 
useful formulas can be obtained from these symmetric function generating 
functions. In some cases, the symmetric functions yield reasonably simple 
explicit formulas or generating functions for the coefficients. In other cases, 
such as in counting several types of regular graphs, explicit formulas that 
are too unwieldy to be useful in computation can still be used to show that 
a sequence of coefficients is P-recursive; that is, it satisfies a linear 
homogeneous recurrence with polynomial coefficients. 

In Sections 2 and 3 we review the basic facts about symmetric functions 
and introduce the method we use (due to Read [35]) for coefficient extrac- 
tion: The coefficient of .x;;xf; ... .Y:; in the symmetric function f is the 
scalar product (f, h,, . . h,,), where h, is the complete symmetric function. 
To evaluate this scalar product, we expand f and the h,, in power sum sym- 
metric functions and use the orthogonality of the power sum symmetric 
functions. We give examples of explicit formulas and generating functions 
obtained by this method for problems of counting permutations, trees, and 
partitions. 

In Sections 4 and 5 we introduce the basic facts about P-recursive func- 
tions and D-finite power series. We define D-finite symmetric functions and 
show that their coefficients give rise to P-recursive sequences, proving a 
conjecture of Gouden and Jackson [lS] that the counting sequence for 
k-regular graphs is P-recursive for all k. In Section 6, we apply the theory 
to Schur functions and use some formulas of Gordon and Houten [ 151, 

* Partially supported by NSF Grant DMS-8703600. 
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Conjecture 16: If (an) denotes the sequence A339987, then

32(328n3 + 3300n2 + 10844n+ 11589)

× (n+ 1)(n+ 2)(2n+ 1)(2n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an

− 8(2624n4 + 30664n3 + 129460n2 + 232328n+ 148119)

× (n+ 2)(2n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an+1

− 16(2952n5 + 40852n4 + 219308n3 + 569267n2 + 712135n+ 341634)

× (n+ 3)(2n+ 5)(2n+ 7)(2n+ 9)an+2

+ 8(3936n5 + 55672n4 + 306380n3 + 818282n2 + 1057879n+ 527520)

× (n+ 4)(2n+ 7)(2n+ 9)an+3

− 2(2624n5 + 42472n4 + 264028n3 + 786236n2 + 1117119n+ 601452)

× (n+ 5)(2n+ 9)an+4

+ 3(328n3 + 2316n2 + 5228n+ 3717)(n+ 4)(n+ 6)an+5 = 0.
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an =
∑
u,v,w

(−1)u+v+w+1

2n−1−u+w32u+w−n

× (2n)!(2w)!

(n+ 1)!(u+w− n)!u!v!w!(2n− 1− 3u− 2v−w)!
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HolonomicFunctions

(User’s Guide)

Christoph Koutschan∗

Research Institute for Symbolic Computation (RISC)
Johannes Kepler University, A-4040 Linz, Austria

June 17, 2013

This manual describes the functionality of the Mathematica package Holo-
nomicFunctions. It is a very powerful tool for the work with special functions,
it can assist in solving summation and integration problems, it can automati-
cally prove special function identities, and much more. The package has been
developed in the frame of the PhD thesis [9]. The whole theory and the al-
gorithms are described there, and it contains also many references for further
reading as well as some more advanced examples; the examples in this manual
are mostly of a very simple nature in order to illustrate clearly the use of the soft-
ware. HolonomicFunctions is freely available from the RISC combinatorics
software webpage

www.risc.uni-linz.ac.at/research/combinat/software/HolonomicFunctions/

Short references
Annihilator

[
expr, ops

]
computes annihilating operators for the expression expr

with respect to the Ore operators ops (p. 5).

AnnihilatorDimension
[
ann

]
gives the dimension of the annihilating left ideal

ann (p. 8).

AnnihilatorSingularities
[
ann, start

]
computes the set of singular points for

a system ann of multivariate recurrences (p. 9).

ApplyOreOperator
[
opoly, expr

]
applies the operator given by the Ore poly-

nomial opoly to expr (p. 11).

ChangeMonomialOrder
[
opoly, ord

]
changes the monomial order of the Ore

polynomial opoly to ord (p. 12).

ChangeOreAlgebra
[
opoly, alg

]
translates the Ore polynomial opoly into the

new Ore algebra alg (p. 13).

∗partially supported by the Austrian Science Fund (FWF): P20162-N18, and by the US
National Science Foundation: NSF-DMS 0070567.
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• Creative telescoping can derive a recurrence for this sum.

• The recurrence matches the conjectured recurrence.

• Boundary conditions and singularities can be checked by hand.

• The computation provides a rigorous proof of the conjecture.

• We can instead apply creative telescoping on the series level.

• This spares the need to check boundary conditions.

• This computation provides a second rigorous proof.

• Meanwhile we also have a third (computer-free) proof based
on a combinatorial argument.
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Entry First terms Noeis Nlinalg NLLL r d

A177317 1, 2, 48, 2288, 135040 29 60 22 3 14 ✓
A199250 1, 1, 14, 21, 424, 571 56 98 56 8 18 ✓
A250556 8, 60, 302, 1516, 7126 47 58 47 9 8 ✓
A265234 1, 43, 2592, 184740 31 56 27 6 6 ✓
A172572 90, 67950, 90291600 33 44 17 3 9 ✓
A172671 90, 202410, 747558000 33 75 25 4 13 ✓
A188818 2, 9, 48, 256, 1360 32 55 26 5 10 ✓
A306322 1, 0, 0, 25, 386, 4657 41 63 30 4 14 ✓
A195806 16, 105, 496, 1759, 5052 32 41 30 4 10 ✓
A216940 260, 27768, 1664244 37 44 29 1 23 ✓
A194478 0, 0, 0, 1, 337, 8733 32 35 19 2 12 ✓
A215570 1, 35, 18720, 19369350 48 68 27 3 15 ?
A339987 1, 4, 90, 8400, 1426950 40 70 24 5 10 ✓
A269021 1, 2, 23, 588, 24553 42 108 28 4 21 ?
A181198 1, 1, 8, 169, 6392 27 33 14 2 9 ?
A181199 1, 1, 16, 985, 141696 26 103 34 3 24 ?
A181280 0, 0, 0, 58, 1629, 28924 27 32 26 10 1 ✓
A253217 0, 0, 1, 19, 268, 3568 37 53 27 5 9 ✓
A098926 0, 2, 12, 90, 556, 5242 34 55 26 8 7 ✓
A164735 0, 0, 0, 0, 0, 0, 0, 1, 0, 4 70 80 66 15 4 ?
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3 4 2 7 9 1 5 6 8

2 7 5 8

1 3 2 4

3 4 7 8

1 2 3 4

How many permutations contain the pattern

12. . . k?1234?

1324?

Let an be the number of such permutations in Sn

Famous open problem: is an D-finite?Well-known fact: an is D-finite.Well-known fact: an is D-finite for every fixed k.
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A269021: an = number of permutations of length 2n, containing
the pattern 12. . .n.

Conjecture: This sequence is D-finite.

−64(n + 1)2(n + 2)2(n + 3)(2n + 1)2(2n + 3)2(2n + 5)2(64n10 + 1968n9 +
26156n8 + 198469n7 + 952323n6 + 3012795n5 + 6333869n4 + 8663374n3 +

7264534n2+3266000n+549760)an+16(n+2)2(n+3)(2n+3)2(2n+5)2(64n13+
2672n12 + 49788n11 + 545913n10 + 3917758n9 + 19359535n8 + 67385886n7 +
165789363n6 + 284054698n5 + 325846005n4 + 229526554n3 + 78563984n2 −
487964n−5543040)an+1−4(n+3)(2n+5)2(512n15+21568n14+419248n13+
4969164n12 + 39928763n11 + 228837227n10 + 959068672n9 + 2966908118n8 +

6753094929n7 + 11118771121n6 + 12741784568n5 + 9313604242n4 +
3271711596n3 − 562569136n2 − 946158512n − 250467360)an+2 + 2(512n16 +

26752n15 + 624800n14 + 8677944n13 + 80260596n12 + 523718876n11 +
2488583381n10 + 8747566435n9 + 22820793074n8 + 43766004538n7 +
60004107039n6 + 55047935941n5 + 27672902302n4 − 778719870n3 −

10812498240n2 − 6360099840n − 1300242000)an+3 − 3(n + 4)(3n + 8)(3n +
10)(64n10 + 1328n9 + 11324n8 + 52389n7 + 143536n6 + 233810n5 +

204716n4 + 48699n3 − 68928n2 − 61278n − 15900)an+4 = 0
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