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+ (a2 +a22) @by ® (c12 —c2.2)
+ (a12 —az2) ® (b1 +by2) ®cy
+ a2 ® (b1 —b11) ® (12 +¢1,1)
+ (a1 +ai1) @ byp ® (c21 —c11)

. (az1—a1)®@(bip+b1g)® €22
[—i- (a1 +az22) ® (byg +by2) ® (c17 + Cz,z)j

Moosbauer and Poole, ISSAC'25; Ikenmeyer and Moosbauer, ArXiv:2503.05467

17



“preconditioned” \/ \
standard algorlthm

Strassen’s
\. algorithm
\ -/

Moosbauer and Poole, ISSAC'25; lkenmeyer and Moosbauer, ArXiv:2503.05467
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Kauers and Moosbauer, ISSAC'23

The Ground Ring
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+a®b®c
+a®b' ®c’

Kauers an d Moosbauer, ISSAC’'23

Flip:

+a®(b—=b)®c
+a®b'®(c"+c)

24



+a®bRC
+a®b ®c

Kauers an d Moosbauer, ISSAC'23

Flip:

+a®(b—-Ab)®c
+a®b' ®(c"+|[Ale)

24



Flip:

+a®b®c _ +a®(b—-Ab)®c
+a®b ®c’ +a®b' ®(c"+|[Ale)

How to choose [A]?

Kauers and Moosbauer, ISSAC'23 24



© There is just one choice for K = Z,.

Kauers and Moosbauer, ISSAC'23
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© There is just one choice for K = Z,.

® But schemes working for K = Q would be more interesting.

Kauers and Moosbauer, ISSAC'23
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© Hensel lifting translates schemes from Z; to Z.
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© There is just one choice for K = Z,.

® But schemes working for K = Q would be more interesting.
© Hensel lifting translates schemes from Z; to Z.

© Rational reconstruction translates schemes from Z,: to Q.

® Sometimes.

Kauers and Moosbauer, ISSAC'23 25



© There is just one choice for K = Z,.

® But schemes working for K = Q would be more interesting.
© Hensel lifting translates schemes from Z; to Zy..

© Rational reconstruction translates schemes from Z,: to Q.

® Sometimes.

Kauers and Moosbauer, ISSAC'23 25
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Kauers and Moosbauer, ISSAC'23
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Vi],iz,j],jz,k],kz 6{1,2,3}2
23

4 [4 { _ <. o )
Z Xy i, Bihjzykl ko T 611 K2 6]1,12 5kl 2
=1

Kauers and Moosbauer, ISSAC'23
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23

4 [4 { _ <. o )
Z Xy i, thizykl ko T 611 K2 6]1,12 5k1 2
=1

23-3-3- 3 variables and 3° equations

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

Kauers and Moosbauer, ISSAC'23

one variable, one equation
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502 —230t4+ 12 =0: one variable, one equation

o =Toy+ 20 +40 + 8xz + 160y + 32005 + - - -

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o=Topy+ 2001 +40y + 8z + 1604 + 3205 + - - -

———
=(mod 2)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o0 =Tog 4 200 + 4oy + 8oz + 1604 + 3205 + - - -

—_————
=(mod 22)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o0 =Tog + 200 + 4oy + 8o + 160 + 32065 + - - -

=(mod 23)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o= Tog + 200 + 4oy + 80 + 1600 + 32005 + -+

=(mod 24)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o =Tog+ 20 +40) + 83 + 1604 + 32005 + - - -

=(mod 25)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o =Txy+ 20 +40) + 8xz + 1604 + 32065 + - - -

=(mod 26)

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

a=1-142-144-148-04+16-0+32 a5+

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o« =74 325 mod 64

Kauers and Moosbauer, ISSAC'23
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502 —230c+ 12 =0: one variable, one equation

o« =74 325 mod 64

Kauers and Moosbauer, ISSAC'23
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502 —230c+ 12 =0: one variable, one equation
o« =74 325 mod 64
5(7 +3205)% — 23(7 + 320t5) + 12 = 0 mod 64

Kauers and Moosbauer, ISSAC'23
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502 —230c+ 12 =0: one variable, one equation
o« =74 325 mod 64
32+ 3205 = 0 mod 64

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o« =74 325 mod 64
1+ a5 =0 mod 2

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o« =74 325 mod 64

o5 =1 mod 2

Kauers and Moosbauer, ISSAC'23

26



502 —230t4+ 12 =0: one variable, one equation

o = 39 mod 64

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o =103 mod 128

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o = 103 mod 256

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o =103 mod 512

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation

o =615 mod 1024

Kauers and Moosbauer, ISSAC'23
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5062 — 230+ 12 =0:

one variable, one equation

o = 1639 mod 2048

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation
o = 1639 mod 2048
qx = 16399 mod 2048

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation
o = 1639 mod 2048
5x¢ =3 mod 2048

Kauers and Moosbauer, ISSAC'23
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502 —230t4+ 12 =0: one variable, one equation
o = 1639 mod 2048
S50 =3

Kauers and Moosbauer, ISSAC'23
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Kauers and Moosbauer, ISSAC'23

solution in Z;

solution in Zye

solution in Q
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Flip graphs

r g s

Hensel
lifting

Rational
reconstruction
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Flip graphs

r g s

Hensel
lifting

Rational
reconstruction
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solution in Zye
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format best rank best ground domain

source

7 7 Strassen
47 Z; AlphaTensor
63 z(}, 3,1 Flip graphs

Kauers and Moosbauer, ISSAC'23 28



format best rank best ground domain

source

7 Z Strassen
47 Z; AlphaTensor
63 z(}, 3,1 Flip graphs
40 Z[%] Smirnov

Kauers and Moosbauer, ISSAC'23 28



Wood, SYNASC'25

Other Tensors
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Wood, SYNASC'25

ain
azn
as;

a2
az»
as»

as
azs
ass

[
by
b3

b1, bigs
by bas
b3, b33
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Wood, SYNASC'25

a1 @by ®ecrg
+a1p2®by1®cyp
+ai3®b3i1®cy;
+a1®by;®ci
+a;®byy®ci
+a3®b3;®ci
+a31®bri®ci3
+a32®by1®c13
+a33®b31®ci3
+a11®bio®ca;
+ a2 ® bz’z X €21
+a13®b3o®ca
I

31



Wood, SYNASC'25

a1 ®bir®ecrg
+a12®by®cyp
+ai3®b31®cy
+a1®b11®ci
+a,®by1®ci2
+a3®b3;®c
+a31®b1;®c13
+az32®by1®c13
+a33®b3;1®c13
+a;;1®bio®cz
+a1,®byr®ca
+a13®b3r®ca
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Wood, SYNASC'25

a1 @by ®ecrg
+a12®by®cyp
+ai3®b31®cy
+a1®bri®ci
+a,®by1®ci2
+a3®b3;®c
+a31®b11®ci3
+az32®by1®c13
+a33®b3;1®c13
+a1;1®@b1p®cy;
+a1,®byr®ca
+a13®b3r®ca

31



Wood, SYNASC'25

b1 ®a®cip
+a12®by®cyp
+ai3®b31®cy
+b1®ay ®cy2
+a,®by1®ci2
+a3®b3;®c
+b1®az®ci3
+az32®by1®c13
+a33®b3;1®c13
+b1,®a; ®c
+a1,®byr®ca
+a13®b3r®ca

31



Wood, SYNASC'25

+a®b®c
+ad @b ®c

+ (ac—d)®b®c
+ad ®Mb+b)®c
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+a® (b=b)®c
+ (a+ad)®b' ®c

Wood, SYNASC'25

+a®b®c
+ad®b®c

+ (a—d)®b®c
+ad @ Mb+bh)®c

32



+a®(b—b)®c = +a®b®c  +(a—d)®bec
+ (a+d)®@b'®c = +d®b®c @ 4+d®((b+b)®c

+bh®a®c
+ad®b®c

Wood, SYNASC'25 32



+a® (b=b)®c
+ (a+ad)®b' ®c

+b®(a—b)®c
+ (b+a)@b' ®c

Wood, SYNASC'25

+a®b®c
+ad®b'®c

+bh®a®c
+ad®b®c

+ (a—d)®b®c
+ad @ Mb+bh)®c

+ (b—d)®a®c
+ad®(a+b)®@c

32



Theorem (Rosowski, JSC’23). Multiplying an n x m matrix
with an m X p matrix over a commutative ground ring costs no
more than

(mnp+n+p—1)+ min(n,p) —1)/2
if m is odd and n,p are even
mnp+n+p—1)/2 otherwise

multiplications in that ring.

Wood, SYNASC'25
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Theorem (Rosowski, JSC’23). Multiplying an n x m matrix
with an m X p matrix over a commutative ground ring costs no
more than

(mnp+n+p—1)+ min(n,p) —1)/2
if m is odd and n,p are even
mnp+n+p—1)/2 otherwise

multiplications in that ring.

Flip graph searches match this bound for all n,m,p <5.
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Theorem (Rosowski, JSC’23). Multiplying an n x m matrix
with an m X p matrix over a commutative ground ring costs no
more than

(mnp+n+p—1)+ min(n,p) —1)/2
if m is odd and n,p are even
mnp+n+p—1)/2 otherwise

multiplications in that ring.

Flip graph searches match this bound for all n,m,p <5.

No better multiplication scheme was found in this range.

Wood, SYNASC'25 33



(agp + arx)(bg 4+ bix) =co+ c1x + C2X2

ap ® by ® ¢y
ay ® b1 ® ¢y
a1 ® by ® ¢y
a1 ®br®cy

Standard
algorithm

ap ® bp @ (co — c1)
ap ® (b1 +bp) ® ¢y
a1 ® (b1 +by) ® ¢y
a1 ®b1 ® (c2—c1)

Chen and Kauers, ArXiv:2502.06264

ap @by ® (co—c1)
(ap+a1) ® (by 4+ by) ® ¢y
a1 ®b1®(c2—cq)

Karatsuba's
algorithm

34



(ap + a;x)(by + bix) = co+ c1x + cax?

\

Chen and Kauers, ArXiv:2502.06264
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(ap + a;x)(by + bix) = co+ c1x + cax?

Dyl

& &2 &3

Chen and Kauers, ArXiv:2502.06264 34



(ap + a;x)(by + bix) = co+ c1x + cax?

1

& &2 &3

Chen and Kauers, ArXiv:2502.06264



(ap + a;x)(by + bx) = co + c1x + cax?

/

&1 & &3

Chen and Kauers, ArXiv:2502.06264



(ap + a;x)(by + bx) = co + c1x + cax?

Erbzco+ (Lo +E3)er 42
(L1 — &) —&3)
Erézco+ (L1 +E3)er 42
(Eo—&)(E —&5)
1o+ (&1 +E2)er +c2
(&5 — &) — &)

(a0 +&rar +E2a2) ® (bo + &by + £2b5) ®

+ (ap+ &rar +E3a2) ® (bo + &by + E3b2) ®

+ (a0 +&3a1 +E2a2) ® (bo + é3by +E2b2) ®

Chen and Kauers, ArXiv:2502.06264 34



(ag + arx)( ) =co+ c1x + X2

Fact: If the ground field is not too small, multiplication of a degree
n polynomial with a degree m polynomial has tensor rank n+m-1.

Chen and Kauers, ArXiv:2502.06264

34



((lo-’-(lﬁ()( ) :C0+C1X+C2X2

Fact: If the ground field is not too small, multiplication of a degree
n polynomial with a degree m polynomial has tensor rank n+m-1.

Question: Is this scheme reachable from the standard algorithm in
the flip graph (without “going up”)?

Chen and Kauers, ArXiv:2502.06264
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((lo-’-(lﬁ()( ) :C0+C1X+C2X2

Fact: If the ground field is not too small, multiplication of a degree
n polynomial with a degree m polynomial has tensor rank n+m-1.

Question: Is this scheme reachable from the standard algorithm in
the flip graph (without “going up”)?

Answer: Yes.

Chen and Kauers, ArXiv:2502.06264
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< optimal-algorithm
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Is this also true for matrices?
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Is this also true for matrices?

Can we traverse the flip graph more systematically?
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Is this also true for matrices?
Can we traverse the flip graph more systematically?

Which other tensors should we consider?

36
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