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Let I ⊆ K[x, y] be an ideal of dimension zero.

Usually, such an ideal has a basis of the form{
p(x), y− q(x)

}
.

Incidentally, this is a Gröbner basis for a lex order with y > x.

What is an unusual situation?
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Let I ⊆ K[x, y] be a radical ideal of dimension zero.
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Let I ⊆ K[x, y] be a radical ideal of dimension zero.

Let p ∈ K[x] be such that ⟨p⟩ = I ∩ K[x, y].

I is said to be in normal position (w.r.t. x) if

∀ (x1, y1), (x2, y2) ∈ V(I) : x1 = x2 ⇒ y1 = y2.

Equivalently, dimK K[x, y]/I = deg p.

Equivalently, K[x, y]/I ∼= K[x]/⟨p⟩ as K-algebras.

Equivalently, ∃ q ∈ K[x] : I = ⟨p, y− q⟩.

“shape lemma”
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Let I ⊆ K[x, y] be a radical ideal of dimension zero.

Fact: Unless the field K is very small, there is always a c ∈ K such
that the linear transformation(

x ′

y ′

)
=

(
1 c

0 1

)(
x

y

)
brings I into normal position.
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Now let K = C(x, y) and consider K[Dx, Dy].

Let F be a K[Dx, Dy]-module.

For f ∈ F, consider ann(f) =
{
L ∈ K[Dx, Dy] : L · f = 0

}
.

This is a left ideal of K[Dx, Dy].

f is called D-finite if ann(f) has dimension zero.

This means that dimK K[Dx, Dy]/ ann(f) < ∞.

For I ⊆ K[Dx, Dy], consider V(I) =
{
f ∈ F : L · f = 0

}
.

This is a C-vector space.

If F is sufficiently large, dimK K[Dx, Dy]/I = dimC V(I).
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Dictionary

K[x, y] K[Dx, Dy]

polynomials operators

points ∈ K̄2 functions ∈ F

ideal left ideal

zero set V(I) ⊆ K̄2 solution set V(I) ⊆ F

dimension zero dimension zero

radical ???

normal position ???

shape lemma ???
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Let I ⊆ K[Dx, Dy] be a left ideal of dimension zero.
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Let I ⊆ K[Dx, Dy] be a left ideal of dimension zero.

Usually, such an ideal has a basis of the form{
P(Dx), Dy −Q(Dx) }.

Incidentally, this is a Gröbner basis for a lex order with Dy > Dx.

Such bases are needed by modern creative telescoping algorithms.

What is an unusual situation?
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Let I ⊆ K[Dx, Dy] be a left ideal of dimension zero.

Let {b1, . . . , br} be a C-vector space basis of V(I) ⊆ F.

We say that I is in normal position (w.r.t. x) if

{b1, . . . , br} is linearly independent over C((y)).

Equivalently, dimC V(I) = dimC((y))C((y))⊗C V(I)

Equivalently,

wr(b1, . . . , br) :=

∣∣∣∣∣∣∣∣∣
b1 b2 · · · br

Dx · b1 Dx · b2 · · · Dx · br
...

...
. . .

...
Dr−1

x · b1 Dr−1
x · b2 · · · Dr−1

x · br

∣∣∣∣∣∣∣∣∣ ̸= 0
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Let I ⊆ K[Dx, Dy] be a left ideal of dimension zero.

Let {b1, . . . , br} be a C-vector space basis of V(I) ⊆ F.

Let P ∈ K[Dx] be such that ⟨P⟩ = I ∩ K[Dx].

I is in normal position (w.r.t. x) . . .⇐⇒ dimK K[Dx, Dy]/I = ordP⇐⇒ K[Dx, Dy]/I ∼= K[Dx]/⟨P⟩ as K[Dx]-modules.⇐⇒ ∃ Q ∈ K[Dx] : I = ⟨P,Dy −Q⟩.

“shape lemma”
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Example.

I = ⟨(Dx − 1)(Dx − 2), (Dx − 1)(Dy − 1), (Dx − 2)(Dy − 1)⟩
is not in normal position.

is in normal position.
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Example.

I = ⟨(x− 1)(x− 2), (x− 1)(y− 1), (x− 2)(y− 1)⟩
is not in normal position.

V(I) = {(1, 1), (2, 1), (1, 2)}

• •

•

I = ⟨(y− 1)(y− 2), (x− 3)(y− 1), x2 − 3x− 2y+ 4⟩
is in normal position.

V(I) = {(1, 1), (2, 1), (3, 2)}

• •

•
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Dictionary

K[x, y] K[Dx, Dy]

polynomials operators

points ∈ K̄2 functions ∈ F

ideal left ideal

zero set V(I) ⊆ K̄2 solution set V(I) ⊆ F

dimension zero dimension zero

radical ???

normal position ???

shape lemma ???

normal position ✓

shape lemma ✓
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How does a linear transformation act on an ideal of operators?

Dx ·(Dx − cDy) · f(x, y+ cx) = f1(x, y+ cx) + cf2(x, y+ cx)

Dy · f(x, y+ cx) = f2(x, y+ cx)

Question: Can every ideal I ⊆ C(x, y)[Dx, Dy] of dimension zero
be brought into normal position by a linear change of variables
Dnew

x = Dold
x + cDold

y with some c ∈ C?

Answer: No.

Example: V(I) = spanC(e
x, xex, yex)

= spanC(e
x, xex, (y+ cx)ex)
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Let I ⊆ C(x, y)[Dx, Dy] be a left ideal of dimension zero.
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Let I ⊆ C(x, y)[Dx, Dy] be a left ideal of dimension zero.

Let {b1, . . . , br} be a C-vector space basis of V(I) ⊆ F.

We say that I is a radical ideal if b1, . . . , br are linearly independent
over C(x, y).

Recall: I is in normal position if b1, . . . , br are linearly independent
over C((y)).

V(I) radical? normal position?

ex, xex, yex no no

ex, xex no yes

ex, eyex yes no

ex, ey yes yes
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Let I ⊆ C(x, y)[Dx, Dy] be a left ideal of dimension zero.

Fact: If I is radical, then there is always a c ∈ C such that the linear
transformation (x ′, y ′) = (x, y+ cx) brings I into normal position.
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Dictionary

K[x, y] K[Dx, Dy]

polynomials operators

points ∈ K̄2 functions ∈ F

ideal left ideal

zero set V(I) ⊆ K̄2 solution set V(I) ⊆ F

dimension zero dimension zero

radical ???

radical ✓

normal position ✓

shape lemma ✓
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