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Given an ideal I C K[x,y], find TN K[x].
This is an ideal of K[x]. It can be computed by Grdébner bases.
Given an ideal I C K[x,y], find I N K[x] 4+ Kly].

This is an algebra. Want: generators!
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Why?
Because it's useful for intersecting algebras.

Kix 4y, xy] NKKX2 +y3,x —yl =7
Consider the ideal

I= (1 — (x +y), 1 —xy,vi — (x* +y%),vo — (x —y))
A K, 1y v, Vo).

Then compute generators of the algebra
TN Ky o] + Ky, vl

Generators of this algebra translate to generators of the intersection.
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Definition. Let
I CKXpy.uuyXn, 1.
Let
A ={(") € Klx1,...,xn] x K[ l:p—qel}

We call A(I) the algebra of separated polynomials for 1.
This is an algebra.

Task.
Given ideal generators of I, compute algebra generators of A(I).
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For all
pelInKlx] and qelInKyl

we have
() e AN and ($) € A(D.

For all u,v € K[x,y] we have

(M) eAl) & (amur) e Al

rem(v,

It therefore suffices to search for u € K[x] with deg(u) < deg(p)
and v € Kly] with deg(v) < deg(q).
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Ansatz
U=1Uy+ WX+ +up g x™
V=vo+WyY+ -t v y™
with undetermined coefficients.

(M) €Al) &= u—vel & redlu—v,Gb(I)) =0

This leads to a K-linear system of equations for the undetermined
coefficients of u and v.
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Theorem. If INK[x] = (p) # {0} and INK[y] = (q) # {0} then
A(I) is generated by

« (8). () (757). (where n = deg(p))

. (2) (yoq), . (ym(l]q), (where m = deg(q))

e and basis vectors of the solution space of the above linear
system.

In particular, A(I) is finitely generated.

Moreover, codimy A(I) < oo and we can find a W with
W e A(l) = Klx] x Klyl.

The theorem extends naturally to the case of more variables.
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In a sense, that's all that can happen.
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By homogeneous, we mean that there is an w > 0 such that i+ wj
has the same value for all i,j such that p contains a term x'y’.
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e p must be square free.

e p must contain a term in x only and a term in y only.

e p|x™—oay™ for some n,m € N and some x € K.

e In fact, we must have n/m = deg, (p)/ deg, (p).

e Setting y to 1 must yield a univariate
polynomial in x for which the quotient
of any two roots is a root of unity.

e A generator of A((p)) is obtained
from the smallest n such that every

quotient is an nth root of unity.
e Such an n can be found algorithmically.




Conclusion.

e For homogeneous polynomials p, we can decide if A({p)) is
nontrivial.

e In this case, we can compute a generator. In particular,
A((p)) is simple.
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X

Note: If A((p)) is nontrivial, then so is A((Ip(p))).
Clearly, this condition is not sufficient. leading

homogeneous
A degree bound would be good. part
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Given p € K[x,y] and d € N, we can easily find all elements of
(p) N K] + Ky
whose (weighted) degree is at most
Ansatz
(o0 + qrox + qogy +---) x p € KIx] + K[y]

with undetermined coefficients.
Force the coefficient of all unwanted terms to zero.
Solve the resulting K-linear system.

How to choose d if we don’t want to miss anything?
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Theorem. Let p € K[x,y] be such that A({p)) is nontrivial.
Let d be such that A({Ip(p))) has a generator of degree
Then A((p)) also has a generator of degree

Conclusion.

e For arbitrary polynomials p € K[x,y], we can decide if A((p))
is nontrivial.

e In this case, we can compute a generator. In particular,
A((p)) is simple (unless p is univariate).
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Examples.
e A((X*+xy+y?)) = K[(;i)]
o Al 4Py +y2) = KI()]

6

o A((x*+5x%y +25y%)) = K[(12X5y3)]
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Examples.
e A((X*+xy+y?)) = K[(;i)]
AL +x2y +y2) = KIS
AL + 52y +2542)) = KI(15,5)]
Al

6
X+ 1)+ 5(x+ 1)2y 4+ 25y2)) = K[((;‘;LL )]

14



Principal ideals in two variables

15



Arbitrary ideals in two variables

15



I C K[x,y]

16



16



I C K[x,y]

16



Ion; =1IC K[X,y]

16



Al

N1 =1CKxy]

Nlh)=A(

)N A(L)

16



N1 =1CKlx,y]
AllonT) =A(lo) MA(L)

Recall:

e A(l;) =Kla] for some a € K[x] x K[y] that we can compute.

16



N1 =1CKlx,y]
AllonT) =A(lo) MA(L)

Recall:
e A(l;) =Kla] for some a € K[x] x K[y] that we can compute.

e codimg A(ly) < oo.
We can find a subspace W of K[x] x K[y] such that

A(ly) ® W =KI[x] x Klyl.
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Elements of A(Iy) NA(I;) are
e polynomials in the generator a of A(I;)
e whose W-component is zero.
Let ¢: K[x] x Kly] — K[x] x K[y] be the projection on W.
Ansatz: p =po+pra+---+pgad
Forcing ¢(p) = 0 gives dim W linear equations.
We will find a nontrivial solution if d > dim W.
Then p(a) € A(ly) NA(L).
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If p(a)isin A(1)) NA(L;), then so are p(a)?, p(a)®, p(a)?,...

To find another element, we won't need terms a' with degp | i.
Suppose we find another polynomial q with q(a) € A(ly) NA(L;).
We can then exclude all terms a* with i € Ndegp + Ndeggq.

This cannot continue forever.
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Fact: If dy,...,d, € N are such that ged(dy,...,dn) =1, then

N\ (Ndj + - - + Ndy) N
is finite.
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Fact: If dy,...,d, € N are such that ged(dy,...,dn) =1, then

N\ (Ndj + - - + Ndy) W
is finite. .

Its maximal element is called the Frobenius number of di,...,dn.

There are ways to compute this number.
Therefore:
e A(I) is finitely generated for every ideal I C K[x,y]

e We can compute a finite list of generators
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Arbitrary ideals in two variables
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More than two variables
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In general, A(I) may not be finitely generated.
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In general, A(I) may not be finitely generated.

Example. For
I = (x1 —y1, X3Yy1 —x2 — Y1y, X% — Y1 —2x3y2 +y§>
C Clx1,x2,%3,Y1, Y2l
we have A(I) = C[t?, 13, t2] N C[t3, t, — t1] C Clty, tal.

It is known (though not obvious) that this algebra is not finitely
generated.

Consequently, there is no algorithm which for arbitrary I computes
a finite set of generators.

21



In general, A(I) may not be finitely generated.

Another example. Consider I = (x1x2) C Klx7,x2,yl.

21



In general, A(I) may not be finitely generated.
Another example. Consider I = (x1x2) C Klx7,x2,yl.

Clearly, A(I) = x1x2K[x1,x2].

21



In general, A(I) may not be finitely generated.
Another example. Consider I = (x1x2) C Klx7,x2,yl.
Clearly, A(I) = x1x2K[x1,x2].

Exercise: show that this is not a finitely generated algebra.
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22



What can we say about ideals of dimension zero?

This works in the same way as described earlier.

22



What can we say about ideals of dimension zero?
This works in the same way as described earlier.

In particular, A(I) is finitely generated in this case.

22



What can we say about ideals of dimension zero?
This works in the same way as described earlier.
In particular, A(I) is finitely generated in this case.

What can we say about principal ideals?

22



What can we say about ideals of dimension zero?

This works in the same way as described earlier.

In particular, A(I) is finitely generated in this case.
What can we say about principal ideals?

Perhaps it is possible to generalize the arguments from before.

22



What can we say about ideals of dimension zero?
This works in the same way as described earlier.
In particular, A(I) is finitely generated in this case.
What can we say about principal ideals?
Perhaps it is possible to generalize the arguments from before.

Alternatively, we can use the earlier results as a lemma.
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Idea: Translate the multivariate problem to a bivariate problem.
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Idea: Translate the multivariate problem to a bivariate problem.

Writing X for x1,...,%xn and Y for yi,...,Ym, consider the map
¢ KX Y] = KOG Y)[s 0]

which maps every x; to sx; and every y; to ty;.

Given an ideal I C K[X, Y], how is
A(I) C K[X] x K[Y]
related with

Ald(D) € KOG V)] x KOS 2
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Let P = ¢(p) and I = (P) C K(X,Y)[s, tl.

Suppose that p(0) = 0.

Suppose that A(I) is nontrivial and let ( ) be a generator.
Suppose that F, G have no denominator in K[X, Y].
Suppose that F — G has no factor in K[X,Y].
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Theorem.

Let p € KX, YT\ (K[IX]UK[Y]) and I = (p) C K[X,Y].
Let P = ¢(p) and I = (P) C K(X,Y)[s, tl.

Suppose that p(0) = 0.

Suppose that A(I) is nontrivial and let ( ) be a generator.
Suppose that F, G have no denominator in K[X, Y].
Suppose that F — G has no factor in K[X,Y].

Suppose that Fls—g = Gli—o.

Then A(I) is nontrivial if and only if F € K[X][s] and G € K[Y][t].

In this case, (Fls=1, Gli=1) is a generator of A(I).

24



Conclusion.

e A((p)) is simple for every p € K[X, Y]\ (K[X] UKI[Y]).

e Given p, we can compute a generator for A((p)).
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Conclusion.
e A((p)) is simple for every p € K[X, Y]\ (K[X] UKI[Y]).
e Given p, we can compute a generator for A((p)).

Moreover:
e If I C K[X,Y] can be written as I = Iy N I; for some
Iy € K[X, Y] of dimension zero and some principal ideal
I; € K[X,Y], then A(I) is finitely generated and we can
compute a list of generators.
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What can we do with arbitrary ideals I of K[X,Y]?

Note:
A(I) may not be finitely generated, but A(¢$p(I)) always is.
e We can compute some generators By,..., By of A(¢(I)).

e & maps every element of A(I) to an element of A(d(I)).

Every such element is a polynomial in By,..., Bx.

Therefore, it suffices to find elements of K(X,Y)[By,..., Byl
that become elements of A(I) after setting s =t =1.
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Fact: Given a basis of I and some elements U;,..., U, of
A(d(I)), we can compute a basis of the K-vector space of all the
elements of A(I) that are obtained from a K(X, Y)-linear
combination of Uy,..., U, by setting s=t=1.
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Fact: Given a basis of I and some elements U;,..., U, of
A(d(I)), we can compute a basis of the K-vector space of all the
elements of A(I) that are obtained from a K(X, Y)-linear
combination of Uy,..., U, by setting s=t=1.

For d =1,2,... in turn, apply this algorithm to all power products
of By,..., By of degree at most d.

This will enumerate a set of generators of A(I).
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I am looking for new Ph.D. students. If you know anybody who
might be interested, please point them to me. Thank you.




