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ABSTRACT

We introduce a new method for discovering matrix multiplication
schemes based on random walks in a certain graph, which we
call the flip graph. Using this method, we were able to reduce
the number of multiplications for the matrix formats (4, 4,5) and
(5,5,5), both in characteristic two and for arbitrary ground fields.
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1 INTRODUCTION

Nobody knows the computational cost of computing the product
of two matrices. Strassen’s discovery [18] that two 2 X 2-matrices
can be multiplied with only 7 multiplications in the ground field
launched intensive research on the complexity of matrix multipli-
cation during the past decades. One branch of this research aims at
finding upper (or possibly also lower) bounds on the matrix mul-
tiplication exponent w. The current world record v < 2.37188 is
held by Duan, Wu and Zhou [7] and only slightly improves the
previous record w < 2.37286 by Alman and Williams [1]. These
results concern asymptotically large matrix sizes.

Another branch of research on matrix multiplication algorithms
concerns specific small matrix sizes. For 2 X 2 matrices, it is known
that there is no way to do the job with only 6 multiplications [20],
and that Strassen’s algorithm is essentially the only way to do it
with 7 [6]. Also for multiplying a 2 X 2 matrix with a 2 X p matrix
and for multiplying a 2 X 3 matrix with a 3 X 3 matrix, optimal
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algorithms are known [11]. For all other formats, the known upper
and lower bounds do not match. For example, for the case 3 X 3
times 3 X 3, the best known upper bound is 23 [14] and the best
known lower bound is 19 [2] unless we impose restrictions on the
ground domain such as commutativity.

An upper bound for a specific matrix format can be obtained
by stating an explicit matrix multiplication scheme with as few
multiplications as possible. Such schemes can be discovered by
various techniques, including hand calculation [14, 18], numerical
methods [16, 17], SAT solving [5, 9, 10], or machine learning [8].
The latter approach, due to Fawzi et al., has received a lot of atten-
tion, even in the general public, because it led to an unexpected
improvement of the upper bound for multiplying two 4 X 4 matri-
ces from 49 to 47 multiplications in characteristic two. They also
reduced the bound for multiplying two 5 X 5 matrices from 98 to 96
in characteristic two, and found improvements for some formats
involving rectangular matrices.

In our quick response [12] to the paper of Fawzi et al., we an-
nounced that we can find further schemes for 4 X 4 matrices using
47 multiplications in characteristic two, and that we can reduce the
number of multiplications required for 5 X 5 matrices in character-
istic two to 95. In the present paper, we introduce the method by
which we found these schemes.

We define a graph whose vertices are correct matrix multipli-
cation schemes and where there is an edge from one scheme to
another if the second can be obtained from the first by some kind
of transformation. We consider two transformations. One is called
a flip and turns a given scheme to a different one with the same
number of multiplications, and the other is called a reduction and
turns a given scheme to one with a smaller number of multiplica-
tions. The precise construction of this flip graph is given in Sect. 3.
In Sect. 4, we illustrate (parts of) the flip graph for 2 X 2 and 3 x 3
matrices.

In order to find better upper bounds for a specific format, we start
from a known scheme, e.g., the standard algorithm, and perform a
random walk in the flip graph. Although reduction edges are much
more rare than flip edges, it turned out that there are enough of
them to reach interesting schemes with a reasonable amount of
computation time. In particular, we were able to match the best
known algorithms for all multiplication formats n X m times m X p
with n,m,p < 5, and found better bounds in four cases. These
results are reported in Sect. 5.

2 MATRIX MULTIPLICATION

Let K be a field, let R be a K-Algebra and let A € R"™™ B € R™*P,
Recall that the computation of the matrix product C = AB by a
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Strassen-like algorithm proceeds in two stages. In the first stage
we compute certain products my, ..., m, of linear combinations of
entries of A and linear combinations of entries of B. In the second
stage the entries of C are obtained as linear combinations of the m;.
An algorithm of this form is called a bilinear algorithm [4].

For example, in the case n = m = p = 2, if we let

A (a1,1 a1,2)’ B= (bl,l bl,z) and Co (cl,l 01,2)’
az1 a2 ba1  b2a €21 €22
then Strassen’s algorithm computes C in the following way:
my = (a1,1 +az2) (b1 + ba2)
my = (az1 +az2)(b1,1)
ms3 = (a1,1)(b1,2 — bz2)
my = (az2)(b21 = b1,1)
ms = (a1 +a1,2)(b22)
me = (az,1 — a1,1)(b1,1 + b1,2)
my = (a1,2 — az2) (b1 + ba2)

1,1 =my+myg —ms+my
C1,2 = m3 + ms
C2,1 = my + my

C2,2 =M1 —mz +m3+ M.

It is common and convenient to express matrix multiplication in the
language of tensors. For 2 X 2 matrices, the matrix multiplication
tensor is

2
Mzoa = Z Eij®Ejr®E; € K?% @ K% @ K¥2,
ijk=1
where E,, , refers to the matrix having a 1 at position (u,v) and
zeros elsewhere. Strassen’s algorithm is based on the observation
that this tensor can also be written as the sum of only seven tensors
of the form A ® B® I'. Indeed, we have

Mz = (a11 +az2) ® (b1 +b22) ® (c1,1 +c22)

+(az1 +az2) ® (b1,1) ® (c1,2 — €22)

+(a1,1) ® (b1z — bz2) ® (co1 +c22)

+ (az2) ® (bz,1 — b1,1) ® (1,1 +c12)

+(a1,1 +a12) ® (ba2) ® (c21 —c1,1)

+(az1 —a1) ® (b1 +b12) ® (c22)

+(a12 —az2) ® (b1 +b22) ® (c1,1),
where for better readability we write a; j, b; j, c; j instead of E; ;.
Readers not comfortable with tensor products are welcome to under-
stand aj j, b; j, ci,j as polynomial variables and ® as multiplication.
Note that each row in the expression above corresponds to one of
the m;’s from before. The first two factors encode their definitions
and the third how they enter into the c; ;. Note also that the indices
in the third factor are swapped in order to be consistent with the
matrix multiplication literature, where this version is preferred

because it makes certain equations more symmetric.
The general definition is as follows.

DEFINITION 1. Let n,m, p € N. The matrix multiplication tensor
of the format (n, m, p) is defined as
n,m,p
Mump = Z aij ®bjj ®cp; € K™ @ K™P @ KP*",
i,j,k=1
where ay, o, by o, cu o refer to matrices of the respective format having
a 1 at position (u,v) and zeros in all other positions.

M. Kauers and J. Moosbauer

Rank-one tensors are non-zero tensors that can be written as A ®
B® T for certain matrices A € K"™™, B € K™*P, " € KP*". The
rank of a tensor T~ is the smallest numberr such that T~ can be written
as a sum of r rank-one tensors.

An (n, m, p)-matrix multiplication scheme is a finite set S of rank-
one tensors whose sum is My m,p. We call |S| the rank of the scheme.

The sum of k linearly independent rank-one tensors need not
necessarily have tensor rank k. Strassen’s discovery amounts pre-
cisely to the observation that Mj 3 2, which is defined as a sum of
8 linearly independent rank-one tensors, has only rank 7. A more
simple example is the equation

a1 ®b11®cy1 + a1 ®b12®c31 + a; ® (b1 +b12) ®cap
=a1,1® b1,1 ® (01’1 + 02’2) + a1 ® 51,2 ® (03’1 + 62’2).

If a matrix multiplication scheme contains the three rank-one ten-
sors in the first line, we can replace them by the two rank-one
tensors in the second line and thereby reduce the rank by one. This
observation leads to the following generalization of Pan’s concept
of uniting terms [15].

DEFINITION 2. Letn,m,p,r € N and let S = {A®) @ B() @ (D) |
ie{1,...,r}} bean (n,m,p)-matrix multiplication scheme. We call
S reducible if there is a nonempty set I C {1,...,r} such that

(1) dimg(AD);¢; = 1 and

(2) {B(i) | i € I} is linearly dependent over K,
or analogously with B,A or A,T orI', A or B,I" or I, B in place of
A, B.

ProrosITION 3. Letn, m, p,r € N andletS be areducible (n, m, p)-
matrix multiplication scheme of rank r. Then there exists an (n, m, p)-
matrix multiplication scheme of rank r — 1.

Proor. We prove the statement in the case that the conditions
in Def. 2 hold for A and B. In the other cases the proof works
analogously. Since (BW |iel}is linearly dependent, there is a
t € I such that B(Y) = Ziel\{t} ﬁiB(i) for some f; € K. Moreover,
there are a; € K such that AW = a,-A(i). Hence, we have

PEEYCENCE

i€l

- Z AD @ BD) g 4 A0 & Z ﬂiB(i) o I'®
iel\{t} iel\{t}

= Z A ®B(i) ®F(i) + Z AD ®B(i) ®aiﬁir(t)
ien it} ienit}

= Z A(i) ®B(i) ® (F(i) +aiﬁ,~F(t))
ien{t)

Therefore,

S ={AD @BD or® |ie{1,....,r}\I}
U{A® @B @ (I 4+ o irDy | i e I\ {t}}
is a multiplication scheme with rank r — 1. O

We call a scheme S’ constructed as above a reduction of S.

Symmetries of the matrix multiplication tensor My m,p give
rise to various ways to transform a given matrix multiplication
scheme into another one. For example, because of the identity
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(AB)T =BTAT, exchanging each rank-one tensor A® B® I" by
BT ®AT ® I'" maps a correct scheme to another correct scheme. A
correct scheme is also obtained if we replace every rank-one tensor
A®B®T by BRI ® A. Finally, if U € K™ ™ is invertible, then the
identity AB = AUU !B implies that also replacing every rank-one
tensor A® B® I' by AU ® U"!B ® I" maps a correct scheme to
another one. These transformations generate the symmetry group
of My, m,p. For more details on this group see [6, 13]. We can let the
symmetry group act on the set of matrix multiplication schemes
and we call two schemes equivalent if they belong to the same orbit.

Def. 2 is compatible with the action of the symmetry group. For
permutations, this is because the definition explicitly allows any
two factors to take the roles of A and B, and linear dependence
is preserved under transposition. Likewise, if some matrices B
(i € 1) are linearly dependent, then so are the matrices vBOw-1
(i € I) for any invertible matrices V, W. Therefore, we can extend
Def. 2 from individual matrix multiplication schemes to equivalence
classes.

3 THE FLIP GRAPH

As reducibility is preserved by the application of a symmetry, the
only chance to get from an irreducible to a reducible scheme is by a
transformation that, at least in general, does not preserve reducibil-
ity. Flips have this feature. The idea is to subtract something from
one rank-one tensor and add it to one of the others. This can be
done for any two rank-one tensors that share a common factor. For
example, we have

A®B®I + AQB @I
=A®(B+B)®TI' + A®B @ (I’ -T).

In contrast to a symmetry transformation, this transformation only
affects two elements of the multiplication scheme instead of all.
Therefore, we can in general expect the resulting scheme to be
non-equivalent to the original one.

DEFINITION 4. Letn,m,p,r € N and let S, S’ be (n, m, p)-matrix
multiplication schemes of rank r. We call S’ a flip of S if there are

(1) T1i=A®BQ®TI €85,

2) ,=A®B' ®I" €S and

B) Te{A®BQI",A®B &I}
such that (S\{T, LHU{T1+T,T, -T}=S5".

The definition is meant to apply analogously for any permutation
of A,BandT.

The union is always disjoint since we require S and S’ to be of the
same rank. Cases where S’ would have a smaller rank than S need
not be included because in these cases S’ is a reduction of S. Note
that flips are reversible because if S’ = (S\{T1, T }) U{T1 +T, T - T},
thenS = (S'\{L -T. 1 +THU{(T, -T)+T,(Ty +T) = T}.

Flips are well-defined for equivalence classes of matrix multi-
plication schemes in the following sense: If S’ is a flip of S and g
is an element of the symmetry group, then g(S) is a flip of g(S’).
This is the case since Def. 4 applies for arbitrary permutations of
A, B, T and because the symmetry transformations act linearly on
the individual matrices.

Def. 4 introduces flips as rather specific ways of replacing two
rank-one tensors in a given scheme by some other rank-one tensors.
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However, it turns out that if we only want to replace two rank-one
tensors at a time, then there is not much more we can do. Thm. 7
makes this more precise.

LEMMA 5. Let U,V and W be vector spaces. Fori = 1,...,4, let
AD c U BD e v,r'D ¢ W be such that

AW @ BM g (D) 4 4 g (@ g (2
_A® 0B o 1O 4 A® g 5@ o 1@ W
and
dim(A™M, A®)y = dim(BW, B@y = dim(r™V, r®y = 2.
Then
AV @BV g 1), A®) g B® o 1))
= {A® @B®) o1®, AW g B® @@},
ProoF. Let U’,V’/ and W’ be such that U = (A(), A®)) g U,
V=BYDBDYeV andw =TV, 1) e W’ Since AV and

A(z), BW and B(z), and I'D and I'® are linearly independent,
there are

a1, az, ay, oy, P, o, Brs B v v2. v, vs € K,
AA el
BB eV’
rr'ew’
such that
A® = g AW 4 AP 4 4,
B® = p,BW + ,B? + B,

AW =AW L ot AP 4 a7,
B®W = B 4+ g1B? 4+ B/,
r® =yr®W4y,r@er, 1@ =pr® 4@ oy,

After plugging these in (1) and equating coefficients we obtain the
following system of equations:

a1fryz +aifly, =0,

a1fays + ajfyys =0,

arfiyr +aifly; =1,
a1foyr +ajfay] =0,
afiyi+afiy; =0,  afiya+ayfiy; =0,
wfori +ayfoy; =0, axfaya+ayfry, = 1.

A straightforward computation confirms that these equations imply
that either a1 f1y1 = ajf,y; = 1 and all other variables are 0
or azfay2 = ajfiy; = 1 and all other variables are 0. It follows
further that A, A, B, B/, C, C’ need to be zero, which completes the
proof. O

LEmMMA 6. Let U,V be vector spaces. LetB(l),B(z),B(S),B(4) eU
andI’'W 1@ 176 1 ¢ V be such that
B o1 4 B2 o2 = g6 g ) 4 g4 g F(4),
dim(BM,B@) = dim(rV, r@) =2, and7®, 1@ % 0.
Then (B, B2y = (B®) By gnd (r™W, 1@y = (r® @y,

Proor. Since F(l), F(2),F(3),F(4) # 0 the equality implies that
B(l), B(z), B (3), B@ are linearly dependent. Therefore, there exist
1, v, A € K such that BW = ,uB(Z) +vB® + 1B 1t follows

B®@g(r® +ﬂF(l)) =B® o(® —yrM)+BW g r® _ar),
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Since ') and I'?) are linearly independent this implies B ¢
(B(3), B(4)>. For the same reason we have B(1) ¢ (B(S), B(4)) and
since B(Y) and B® are linearly independent it follows (B(1), B(2)y =
(B®,B™). The equality (r®,r@y = (r® r4yis shown by
the same argument. O

THEOREM 7. Let U,V and W be vector spaces. Fori =1,...,4, let
AD e U\ {0},BD e v\ {0},7D € W\ {0} be such that
A ® B ®[‘(1) +4A® ®B(2) ® @
2
=A® eB® or® 4 AW g W g, @
dim(B1W, B®)) = dim(r'V, 1@y = 2, and
{A(l) @BV orM A® gp@ g F(Z)}
#{A® @B® gr®, AW gp® gr@}.
Then the following hold:
(1) dim(AM, A ABG) AWy =1
(2) (BWW,B@y = (B(® B
(3) (rW, r@y = (r® r)
Proor. We start by showing the first claim. If AW and A@ are
linearly independent, then it follows from Lemma 5 that

{A(l) ® B ®F(1), A g B®2) ®1"(2)}
- {A(3) ®B® ®F(3), AW g @ ®F(4)}.

Thus, A() and A® must be linearly dependent. So there exists
@ € K such that A®) = gA(D Tt follows

AW @ (BW @r® +(B? o r?))
=A® @B® @r® +A® gp® gr®,

This can only be the case if A®) and A® or B®) @ r® and
BYW o™ are linearly dependent. 1f B® @ r'® and B® @ ¥
are linearly dependent, then the right side of (2) has rank one,
so the left side also has rank one. This would imply that either
dim(BM,B®)Y = 1 or dim(I'V,r®) = 1. Therefore A® and
AM are linearly dependent and so dim(A(V, A(D A Ay = 1.

Using that the AW are constant multiples of each other and that
(MA)®B®T = A® (AB) ® I for all A € K, we may as well assume
AW =A@ = AG) = A4 The equality (2) then reduces to

BW oW 4 B2 (2 = gB) o 4+ g4 g @,
The remaining claims follow directly from Lemma 6. O
Informally, Thm. 7 says that if we want to replace two rank-one
tensors nontrivially by two others, then they must agree in one of
the factors and this factor cannot change. Additionally, the vector

spaces generated by the other factors must stay the same.
We now introduce the main concept of this paper.

DEFINITION 8. Let n,m, p € N and let V be the set of all orbits of
(n, m, p)-matrix multiplication schemes under the symmetry group
and define

E1={(5,8) | S is aflip of S},
Ey ={(5,5) | §" is a reduction of S}.

M. Kauers and J. Moosbauer

(1) The graph G = (V,Eq U Ey) is called the (n, m, p)-lip graph.
The edges in E1 are called flips and the edges in E are called
reductions.

(2) Fora givenr € N, the subgraph of G consisting of all vertices
of rank at most r is called the (m, n, p)-flip graph of rank at
most r.

(3) Foragivenr € N, the set {S € V : rank(S) = r} is called the
rthlevel of G.

Flips always connect vertices belonging to the same level and a
reduction always leads to a vertex belonging to a lower level. Also
keep in mind that if there is a flip from S to S’, then there is one
from S’ to S. The flip graph may have loops, these correspond to
flips that accidentally turn a certain scheme into an equivalent one.

Since we are interested in schemes of low rank, we are interested
in paths containing reductions, because these lead us into lower
levels. We have not introduced any edges leading to higher levels,
although that would be an easy thing to do. For example, given a
scheme S containing a rank-one tensor A ® B ® I', we can replace
this tensor by the two tensors AQ B® (I' - I'") and AQ B® I'/, for
arbitrary I'" € KP*" The result is a scheme that admits a reduction
to S. We could call this step a split of I'. A split produces a correct
matrix multiplication scheme as long as the original scheme does
not already contain any of the newly added elements. With this
observation, we can show that the flip graph is connected.

THEOREM 9. For every n,m,p € N, the (n,m,p)-flip graph is
weakly connected, i.e., the undirected graph obtained from it by re-
placing every reduction by a bidirectional edge, is connected.

Proor. For any given scheme Sj, we construct a path to the
standard algorithm in the undirected graph. The first part of the
path consists of reductions to an irreducible scheme S;. Then any
two elements AQ B I', A’ ® B’ ® I'’ € S; are such that A ® B and
A’ ® B’ are linearly independent. This ensures that splits of I' lead
to pairwise distinct rank-one tensors. Next we repeatedly split I"
for every element to construct a scheme Sy such that every element
of Sz can be written as A ® B ® ¢; j for some i, j € N.

For any two elements AQ B® I, A’ ® B" ® I’ € S, where A
and A’ are linearly dependent and I" and I'’ are linearly dependent
there is a reduction that combines these two elements. We follow
such reductions until we get a scheme S3 where any two elements
A®BQ®TI,A’® B ® " € S3 have the property that A ® I" and
A’ ® I'” are linearly independent. Then we can repeatedly split B
for every element to construct a scheme S4 where every element
has the form A ® b;,j ® ¢ ;. We then use reductions to combine all
elements of S4 with matching b; ; and ci ;. This way we get matrix
multiplication scheme S5 which for all i, j, k,I € N contains at most
one element of the form A ® b; j ® ¢y ;. Therefore, S5 must be the
standard algorithm. O

We are interested in paths in the flip graph that lead to schemes
of low rank. Such paths are more likely to exist if there are many
flips. Therefore, we select a ground field K for which we can expect
the number of flips to be large. As specified in Def. 4 and justified
in Thm. 7, a flip is possible whenever a scheme contains two rank-
one tensors sharing a common factor. The chances for a common
factor are higher if the field K is small, because the smaller the
field, the smaller the number of possible factors. For this reason,
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we consider the ground field K = Z in the following experiments.
For this ground field Thm. 7 implies that the only way to replace
two rank-one tensors in a scheme is a flip.

CoRroLLARY 10. Let r € N and let S and S’ be two irreducible
matrix multiplication schemes of rank r over Zy that differ in exactly
two elements. Then S’ is a flip of S.

Proor. Let AV @ B @), A@ @B g1 e sand A® @
BB g F(3),A(4) ® B@W ® ' ¢ §’ be those elements. Then we
have

AW o B o (1) 4 A?) ¢ B g (2
—A® B® o1r® 4 AW g B4 g 4
and
{A(l) oBW or®, A® gp®@ g F(2)}
+ {A(3) 2B® ® F(S), AW o BW & F(4)}.

Since S is not reducible at least two of (A(l),A<2)),(B(1), B(z)) and
(F(l), F(2)> have dimension two, say

Then from Theorem 7 follows that dim(A(l),A(z),A(3),A(4)> =1
and therefore we also have A = A(2) = AB) = A9 Moreover,
(BW, B@Y = (B®) BWY and (rM, r@y = (r® r®), Because
of K = Zj, this can only be if B® = B 4+B®@ orr®) = (4@
and likewise for B and ' Thus, 5" is a flip of S. o

4 2 x2MATRICES AND 3 x 3 MATRICES

The (2,2, 2)-flip graph of rank at most 8 for K = Z; is not too big.
Fig. 1 shows the connected component containing the standard
algorithm. It has 272 vertices, each representing the orbit of one
scheme, and 1183 edges, 7 of which are reductions (shown by green
arrows). The component also contains Strassen’s algorithm. The
distance between the standard algorithm and Strassen’s algorithm
is 8, a path is highlighted in the figure. Although the standard
algorithm allows many flips, it only has one neighbor, because any
two schemes obtained by a flip from the standard algorithm are
equivalent. The diameter of the component is 12.

Using SAT solvers as in [9, 10], we have tried to find out whether
there are other matrix multiplication schemes of rank at most 8.
For 2 X 2 matrices, modern SAT solvers have no trouble generating
many multiplication schemes in a short time. Strangely enough,
while we found many solutions belonging to the connected com-
ponent shown in Fig. 1, we only found exactly one solution (up to
symmetries) that does not belong to this component:

Mz = (a11 +az2) ® (b1 +b22) ® (c21)
+(az2) ® (b1,1 +b21) ® (c12 + 2,1 +¢22)
+(az1 +az2) ® (b1,1) ® (c12 +c22)
+(a1,1) ® (b12 +b22) ® (c1,1)
+(a12) ® (b1,1 +b12+b21 +b22) ® (c1,1 + 2,1 +¢2,2)
+ (a2 +az1) ® (b1,1 +b12) ® (c22)
+ (a2 +az2) ® (ba1 +b22) ® (2,1 +¢22)
+(a1,1 +a12) ® (1,1 +b12 +b22) ® (1,1 +c21).
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This scheme has no neighbors and thus forms a connected compo-
nent of its own. We do not know whether the (2, 2, 2)-flip graph of
rank at most 8 has any further components.

For 3 X 3-matrices and K = Z3, the flip graph is so large that
it is no longer possible to determine the entire component of the
standard algorithm in the (3,3, 3)-flip graph of rank at most 27.
Again, and for the same reason as before, the standard algorithm
itself has only one neighbor. At distance 2, we found 600 vertices,
at distance 3 there are about 20000, and at distance 4 nearly 600000.
None of them is reducible. Computing the whole neighborhood of
distance 5 is infeasible.

With long random walks however, it is quite likely to encounter
reducible vertices. We employ the following simple procedure to
search for reductions.

ALGORITHM 1. Input: A matrix multiplication scheme S and a
limit ¢ for the path length.
Output: A matrix multiplication scheme with rank decreased by one
or L.

1 if'S has no neighbors, return L

2 fori=1,...,¢ do:

3 if S is reducible, then return a reduction of S.

4 if one of the neighbors of S is reducible, then return a reduc-
tion of it.

Set S to a randomly selected neighbor of S.

W

6 return L

An implementation of this procedure in C can explore paths of
lengths 103 within minutes and needs almost no memory.

Starting from the standard algorithm we easily find schemes of
rank 23, matching the record set by Laderman in 1976 [14], but we
found no scheme of rank 22. Restricting the lengths of the random
walks to 107, more than 95% of the walks reach a scheme of rank 23,
and almost all a scheme of rank 24. Recall that along a random
walk, the rank can only decrease but not increase. In Fig. 2, we
show for 10000 random walks after how many steps they reach a
scheme of a specific rank. Specifically searching for short paths, we
found a path of length 13 from the standard algorithm to a scheme
of rank 23. Such short paths are very rare, longer ones are much
easier to find.

If we now focus on the flip graph of rank at most 23, it is feasible
to determine for a given vertex the entire connected component to
which it belongs. The schemes we reached by random walks from
the standard algorithm turned out to belong to 584 different con-
nected components with altogether 64061 vertices. The components
are quite diverse with respect to size and symmetry; Fig. 3 shows
three examples. The component on the top has 681 vertices and has
no automorphisms. Some connected components are isomorphic to
each other, typically such components enjoy nontrivial symmetries.
For example, the component shown at the bottom right of Fig. 3
has an automorphism group of order 576 and appears 32 times.

The small component shown on the left appears 39 times and has
an automorphism group of order 8. The triangular structure in this
component appears often in the flip graph. It originates from the
two possibilities to choose T for a flip. Two flips of a scheme that
use the same rank-one tensors in the flip always are adjacent. The
square structure in the middle appears whenever there is an element
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Figure 1: In the (2, 2, 2)-flip graph of rank at most 8, this figure shows the component containing the standard algorithm. Flips
are depicted by undirected edges and reductions by directed edges.
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Figure 2: Sparsity of reduction steps. If a point (x, y) belongs
to a region labeled r, then for x random paths starting from
the standard algorithms, the yth vertex has rank r.

that shares a different factor with each of two other elements of a
scheme.

There are also components consisting of a single vertex. Lader-
man’s scheme is such an example.

It seems that not all schemes of rank 23 can be reached from the
standard algorithm, because the 64000 solutions we were able to
obtain by random paths starting from the standard algorithm do
not include all the 17000 solutions found in [10] using SAT solving.
Of course, given the size of the graph and the lengths of the paths,
it is virtually impossible to check whether there really is no path
or we were just not lucky enough to find it.

5 OTHER FORMATS

For larger matrix formats, it becomes harder to find random paths
starting from the standard algorithm that go all the way down to
a scheme of low rank. An adjusted search strategy that simulta-
neously considers many partial random paths was found to work
more efficiently. In this variant, we maintain a pool of schemes of
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Figure 3: Three example components of the (3, 3, 3)-flip graph
of rank at most 23.

a certain rank r from which we randomly choose starting points,
then do random walks starting from there until either a length limit
or a scheme of rank r — 1 is encountered. In the latter case, the
new scheme is saved. The procedure is repeated until a prescribed
number of schemes of rank r — 1 is reached. Then these schemes
form the new pool of starting points and the method is repeated
until the desired target rank is reached.

ALGORITHM 2. Input: A set P of schemes of a certain rank, a path
length limit ¢, a pool size limit s, and a target rank r
Output: A set Q of s schemes of rank r
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1 if P consists of schemes of rank r, return P.

2 Q=0

3 while |Q| < s do:

4 apply Alg. 1 to a random element of P and ¢.

5 if Alg. 1 returns a scheme, add it to Q.

6  call the algorithm recursively with Q in place of P.

For our experiments, we used as P the set containing only the
standard algorithm, ¢ = 10° and s = 20000. With these settings, we
were able to find schemes matching the best known rank bounds
for all (n,m, p) with 2 < n,m, p < 5, except for (n,m, p) = (5,5,5).
For the latter case, starting from the standard algorithm we only
get down to rank 97 while Fawzi et al. [8] discovered a scheme of
rank 96 (valid mod 2). However, taking their scheme as starting
point of a random walk, we discovered schemes of rank 95 within
seconds. The typical length of such a random walk is between 10°
and 10° steps. By specifically searching for a short path we found
one of length 9, but finding such a short path takes much more
time. One of our schemes of rank 95 we announced in [12]. For
(n,m, p) = (4,4,5), Fawzi et al. give a scheme of rank 63, improving
the previous record by one, while we were able to find a scheme of
rank 60 starting from the standard algorithm. Also this scheme is
only valid mod 2.

One of the remarkable outcomes of the recent work of Fawzi
et al. [8] is an apparent discrepancy of the rank depending on
the characteristic of the ground field. Their scheme for (n, m, p) =
(4,4,4) of rank 47 as well as their scheme for (n,m,p) = (5,5,5)
of rank 96 are only valid in characteristic two and can be shown
not to be the homomorphic image of a scheme for K = Q. As our
search in the flip graph uses K = Zj, the question is whether our
schemes are also restricted to ground fields of characteristic two.
To answer this question, we have applied Hensel lifting [19] to the
schemes we discovered.

AsetS= {((al.(j))) ® ((ﬁ](»i))) ® ((Y,ifi))) :¢=1,...,r} of rank-
one tensors is a matrix mult’iplication scheme if and only if the
cubic equations

r

0 () (O _
Z ail,i2ﬁj1,j2yk1,kz = Oy 5j2’k1 5k2’i1

are satisfied for all iy, io, j1, j2, k1, k2, where § is the Kronecker delta
function. These equations are known as the Brent equations [3],
and finding a matrix multiplication scheme is equivalent to solving
these equations.

Knowing a solution valid mod 2° for some s € N, we can view
it as an approximation to order s of a solution valid in the 2-adic
integers, make an ansatz with undetermined coefficients for a re-
finement of this approximation to order s + 1, plug this ansatz into
the Brent equations, reduce mod 25*1 and divide by 2. This leads
to a linear system over Z; for the undetermined coefficients in the
ansatz, which can be solved with linear algebra. If it has no solution,
this proves that the approximation does not admit any refinement
to order s + 1. If it does have a solution, we pick one and proceed
to refine. Once a decent approximation order is reached (we gener-
ously used s = 100 although much less would have been sufficient
in most cases), we can apply rational reconstruction [19] to find a
candidate solution with coefficients in Q or even Z. Whether the
reconstruction was successful, i.e., whether the candidate solution
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(n,m,p) | K | previously best | our rank
known rank
(2,2,2) | any 7 [18] 7
(2,2,3) | any 11 [11] 11
(2,2,4) | any 14 [11] 14
(2,3,3) | any 15 [11] 15
(2,2,5) | any 18 [11] 18
(2,3,4) | any 20 [11] 20
(3,3,3) | any 23 [14] 23
(2,3,5) | any 25 [11] 25
(2,4,4) | any 26 [11] 26
(3,3,4) | any 29 [17] 29
(2,4,5) | any 33 [11] 33
(3.3,5) | any 36 [17] 36
(3,4,4) | any 38 [17] 38
(2,5,5) | any 40 [11] 40
(3,4,5) | any 47 [8] 47
(4,4,4) | Z, 47 [8] 47
(44,4) | any 49 [18] 49
(3,5,5) | any 58 [16] 58
(4,4,5) | Z, 63 [8] 60
(4,4,5) | any 63 [8] 62
(4,5,5) | any 76 [8] 76
(5,5,5) | Zs 96 [8] 95
(5,5,5) | any 98 [16] 97

Table 1: Comparison between best known rank and the rank
we found

over Q or Z is indeed a solution, can be checked easily by plugging
it into the Brent equations.

Proceeding as described above, we can confirm the mismatch
for (n,m,p) = (4,4,4) and (n,m, p) = (5,5,5) observed by Fawzi
et al. [8]: none of our more than 100000 schemes of rank 47 for
(n,m, p) = (4,4,4) and none of our more than 30000 schemes of
rank 95 for (n, m, p) = (5,5, 5) can be lifted from Z; to Z4. However,
we were able to lift a scheme of rank 97 for (n,m,p) = (5,5,5)
from Z; to Z, thereby breaking the record set by Smirnov and
Sedoglavic [16] for this size. Moreover, while none of our schemes
of rank 60 for (n,m, p) = (4,4,5) could be lifted, we were able to
lift some of the schemes of rank 62, thereby breaking the record set
by Fawzi et al. [8] for this size. For all other formats, we found no
improvements but were able to match the best known bounds on
the rank. An overview over the current state of affairs is given in
Table 1.

One scheme for each format and the implementation of the
search procedure are available at

https://github.com/jakobmoosbauer/flips.git.

The other schemes are available upon request.

6 OPEN QUESTIONS

The flip graph provides a new explanation for the existence of
Strassen’s algorithm and has led us to improved matrix multipli-
cation schemes for some formats. We believe that the flip graph is
interesting in its own right and deserves to be better understood.


https://github.com/jakobmoosbauer/flips.git
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For example, is not clear how well-suited the standard algorithm
is as starting point for the search procedure. Thm. 9 states that
if we allow to use reductions backwards, then every algorithm
is reachable from the standard algorithm. However, we found a
(2,2, 2)-matrix multiplication scheme of rank 8 that is not connected
to the standard algorithm by a path that uses only vertices of rank 8.

QUESTION 1. Forn,m,p € N, is there a rank r such that all vertices
in level r of the (n, m, p)-flip graph are reachable from the standard
algorithm?

If there are schemes of low rank which can not be reached from
the standard algorithm, they might become reachable if we add
additional edges to the graph. In Corollary 10 we show that, at least
over Zy, the only way to replace exactly two rank-one tensors in
one step is a flip.

QUESTION 2. Under which condition can we replace more than
two rows of a matrix multiplication scheme at the same time, such
that the resulting scheme is not necessarily reachable by a sequence
of flips?

Another way to add edges to the graph would be to add for every
reduction also the reverse edge. However, this would create a lot of
additional edges to higher levels. It is not clear at which points in
the search procedure one should go to a higher level and which of
these edges to use.

QUESTION 3. How can we utilize edges leading to a higher level in
the search procedure?

The search procedure would also benefit if we could determine
whether two vertices belong to the same connected component
in the current level. This would allow us to restrict the pool of
schemes in Algorithm 2 such that there are not too many vertices
in the same component and thus the search potentially covers a
larger part of the graph.

QUESTION 4. Given two matrix multiplication schemes of the same
format and rank, is there an efficient way to determine whether they
are connected within one level of the flip graph?

More generally, in order to search for matrix multiplication
schemes of low rank, there might be a better way than follow-
ing random paths in the graph, considering that there seem to be
paths much shorter than those we typically find.

QUESTION 5. Given a matrix multiplication scheme S, is there a
systematic way to find reduction edges that can be reached from S?

Finally, we observed that many of the connected components
in the (3,3, 3)-flip graph of rank at most 23 are highly symmet-
ric. Understanding these symmetries would help understanding
the structure of the flip graph and might be useful in the search
procedure.

QUESTION 6. What is the significance of the high symmetry in
some of the large components in the (3,3,3)-flip graph of rank at
most 237
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