THE FBHHRBNRSSSHK-ALGORITHM FOR MULTIPLICATION IN Z3*° IS STILL
NOT THE END OF THE STORY

MANUEL KAUERS * AND JAKOB MOOSBAUER '

ABSTRACT. In response to a recent Nature article which announced an algorithm for multiplying 5 x 5-
matrices over Z with only 96 multiplications, two fewer than the previous record, we present an algo-
rithm that does the job with only 95 multiplications.

1. INTRODUCTION

Ever since Strassen [8] discovered that 2 x 2-matrices can be multiplied with only 7 multiplications in
the coefficient domain, there is a mystery around the complexity of matrix multiplication. For asymptot-
ically large n, the best we know at the moment is a multiplication algorithm that requires O(n2-3728596)
operations [1], slightly improving upon the previous record O(n?3728639) [5]. For n = 3, it is known
that 23 multiplications suffice in a non-commutative setting [4]. For n = 4, we can solve the problem
with 49 multiplications by applying Strassen’s algorithm recursively. In a recent article that received
considerable media attention, Fawzi et al. [2] used a machine learning approach to find a multiplication
scheme with 47 multiplications, applicable to coefficient domains of characteristic 2. Under the same
restriction on the coefficient domain, they also improved the best known bound for n = 5 from 98 [7]
to 96. See [2, 6] for current records for other formats and further references on the matter.

In this short note, we present another non-equivalent solution for 4 x 4-matrices requiring 47 multiplica-
tions, as well as a first solution for 5 x 5-matrices requiring 95 multiplications. This solution was obtained
from the scheme of Fawzi et al. by applying a sequence of transformations leading to a scheme from which
one multiplication could be eliminated. Our new scheme for 4 x 4-matrices was obtained by the same
technique, taking the standard multiplication algorithm (with 64 multiplications) as starting point. We
will explain our search technique in further detail in a forthcoming paper [3].

2. MULTIPLICATION OF 4 X 4 MATRICES

Let
a1 ai2 1,3 a4 b1,1 bl,2 b1,3 b1,4
_ |21 a22 a23 das4 _ b2,1 b2,2 52,3 b2,4
A= and B = ,
aszi as2 asz3 34 b3,1 bs,2 b3,3 b3,4
41 Q42 Q43 Q44 baqi bao bas baa
and

C1q1 C12 €13 Ci4
C = C21 C22 C23 C24 — AB
3,1 €32 €33 C34
C41 C42 C43 Cad
be matrices with coefficients in a ring R of characteristic 2.
We can then compute the entries of C' from the entries of A and B by first setting

4 4 4 4
my = (Z Z agZ)ai7j> (Z Z,B,L(E)bZJ)

i=1 j=1 i=1 j=1
for k=1,...,47 and then

47
Ci i = (k)m
i, — Yi,j Mk
k=1

(k) ﬁ(k) ) are as follows:

fori,j =1,...,4, where the ;7 Bii Vi
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0 0 01 00 01 0 0 0 O
43 1 01 1 1 011 0 01O
1 01 1 1 011 0 0 0O
0 0 0 O 00 00 0 010
1.0 01 10 01 01 00
A4 0 0 00 0 0 00 0 0 00
10 0 0 1 000 0 0 0O
10 0 0 10 0 0 0 0 0 O
11 11 1111 110 0
45 0 0 0O 0 0 00 1 0 0 O
01 01 01 01 0 0 0O
01 01 01 01 0 010
1 1 1 1 1 111 00 11
46 01 01 01 01 10 0 0
01 01 01 01 0 0 0O
0 0 0O 00 0 0 0 010
1 1 1 1 1 111 00 0O
A7 1 01 1 1 011 10 0 0
01 01 01 01 0 0 0 O
1110 1110 0 010

An electronic version of this multiplication scheme is available at http://www.algebra.uni-1linz.ac.
at/people/mkauers/matrix-mult/s47.exp

3. MULTIPLICATION OF 5 X 5 MATRICES

Let
a1 Q12 Q13 G14 Q15 bii bia bis bia bis
a2,1 G22 G23 G24 G25 bai bao bas baa bogs
A=|as1 a3z az3 asas aszs | and B=|bs1 b3a2 b33z b3sa b3s
A41 Q42 Q43 Q44 0Aa45 b4,1 b4,2 b4,3 b4,4 b4,5
as,1 Gs2 G653 as4 G55 bsi bso bsz bsa bss
and
Ci1 G2 €3 Ci4 C5
€21 C22 C23 C24 C25
C=|c31 c32 c33 c34 c35|:=AB
C41 C42 Ca3 Ca4 C45
€51 C52 C53 C54 Cs55

be matrices with coefficients in a ring R of characteristic 2.
We can then compute the entries of C' from the entries of A and B by first setting

for k=1,...,95 and then

-

i=1 j=1

95
C; i = (k)m
i, = Yi,j Mk
k=1

(k)

5 5
; am‘) (Z Z ﬂi(’kj)bi,j

2,J

i=1

J=1

)

fori,5 =1,...,5, where the ag;), ﬂi(?, flj) are as follows:
k k k

Bl (@f)im (87 s ()31
00 0 0O 0 0 0 0O 00 0 0O
01 0 0O 01 0 00 10 01 0

1 00 0 0O 00 0 0O 0 0 0 0O
00 0 0O 00 0 0O 00 0 10
00 0 0O 00 0 0O 00 0 0O
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100 00 100 00 00 0 0O
00 0 0O 00 0 0O 00 0 0O
90 10 0 0 O 10 0 0 O 00 0 00
100 00 100 00 00 0 00
10 0 0 0 10 0 0 O 00 0 01
00 0 0O 00 0 0O 1 0 0 0 O
00 0 0O 00 0 0O 10 0 0 O
91 00 010 00 010 00 0 0O
00 0 0O 00 0 0O 100 00
00 0 10 00 0 10 100 0 0
00 0 0O 00 0 0O 11010
00 0 0O 00 0 0O 100 00
92 01 0 01 01 0 01 110 00
00 0 0O 00 0 0O 00 0 0O
00 0 0O 00 0 0O 110 10
00 010 00 010 100 00
00 0 0O 00 0 0O 00 0 0O
93 00010 00 010 00 0 0O
00 010 00 010 00 0 0O
00 0 00 00 0 00 00 0 00
00 0 0O 00 00O 00 00O
00 0 0O 00 0 0O 00 0 0O
94 10 0 0 O 10 0 0 O 00 0 11
00 0 0O 00 0 0O 00 0 0O
00 0 00 00 0 00 00 0 01
1 01 00 1 01 00 00 0 0O
00 0 0O 00 0 00 00 0 0O
95 101 00 101 00 00 0 0O
10100 101 00 001 11
101 00 101 00 00 0 00O

An electronic version of this multiplication scheme is available at http://www.algebra.uni-linz.ac.
at/people/mkauers/matrix-mult/s95.exp
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