Quadrant Walks Starting
Outside the Quadrant
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Let Fi(y,t) = x°F(x,y,t) and Fy(x,t) = [YOIF(x,y, t).
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Famous theorem:

If the orbit sum is zero, the generating function is algebraic.

More or less.
The theorem requires F(x,y,t) to be analytic at x =y = 0.

In fact, our F(x,y,t) is not algebraic.
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Using computer algebra, we can derive from these expressions that
the sequence a; defined by
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4n

Its only asymptotic solutions are and 3 , so F(1,1,t) cannot

be algebraic.
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Dear Manuel,

i believe that you unattended MBM's wonderful talk this morning
(very early morning for me, but it was worth it)

Can you get her results for the two other walks that she mentioned
(reverse Krewaras and Kreveras in the 3/4 plane?)
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pdf
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P(n,S,) +1Q(n,1,j, Sn, Si, Sj) +jR(N, 1,7, Sn,y Si, S5)

of Aijn with P 75 0.
Then P(n, S,) annihilates agpn and we are done.

This worked well in 2011 for the quarter plane, but the 3/4 plane is
too hard even in 2021.

We have no doubt that such an operator exists, but it is so big
that we were not able to find it.

Any other ideas?
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Y(x,t)

22



Quarter plane:

1 1 t t
(1 _t(Xy + -+ *))F(X)yat) = 1 - *F(O)y)t) - *F(X)O>t)
X Yy X Yy

x —t — Vit — 2tx + x2 — 412x3
2tx?

y=Y(x,t):=

Yt Yt
t

F(X)O)t) = (0>Y(X)t))t)

22



Quarter plane:

1 1 t t
(1 _t(Xy + -+ *))F(X)yat) = 1 - *F(O)y)t) - *F(X)O>t)
X Yy X Yy

x —t — Vit — 2tx + x2 — 412x3
2tx?

y=Y(x,t):=

Y(x,t)  Y(x,t)
-

F(X)O)t) = F(Y(X)t))ov t)

22



Quarter plane:

1 1 t t
(1 _t(Xy + -+ *))F(X)yat) = 1 - *F(O)y)t) - *F(X)O>t)
X Yy X Yy

x —t — Vit — 2tx + x2 — 412x3
2tx?

y=Y(x,t):=

Y(x,t)  Y(x,t)
-

F(X)O)t) = F(Y(X)t))ov t)

Guess and check!
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Three quarter plane:
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Three quarter plane:

Fi(x,y,t) =0

Fa(x,y, t) = S0CIFa(x,y, 1) + (xy + 1 + $)tFa(x,y, 1)
— Ly (xy,t) — yth T TRa(x,y, 1)

F3(x,y,t) = Fa(y, x, t)

Fa(x,u,t) = 14+ ythx TR (x,y, 1) + xtly 'IF3(x,y, 1)
+(y + 1+ IRy, t)
— IRy, 1) — £ XTFa(x, Y, 1)
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Three quarter plane:

=0
Fa(x,y, t) = EBFa(x,y, 1) + (xy + 1 + $)tF2(x,y, 1)
- ﬁ[yO]Fz(x,y, t) —ytlx R (x,y, t)
F3(x,y,t) = Fa(y,x, )
Fa(x,y,t) = T+ ythx TR (x,y, t) + xtly " IF3 0y, )
+ (Y + 1 + IRy, t)
— LT (x,y, t) — L0, y, )
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(1 —thxy + 5 + g%y, )

= 1Ry, t) = E0IFa(x, y, 1) =yt TR (x, s )
(1 =ty + 3 + y)Falxy, 1)

=1+ ytl Fa(x,y, 1) + xtly TR (y, x, 1)

— 1%y, t) — ETFa (%, Y, 1)

23



Three quarter plane:

[yO]Fz(X>U>t) =
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(x,1)
X

=<

([XO] Fa(x, Y, t) ) y=Y(x,t)

y:Y(th)
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Three quarter plane:

WIFa(x,y,t) = x Tt +x 22+ x 383 4+ (x4 + 7x ")t
+ (X HF T2 + (x O+ 16x3)t8 + - -
x Fa(x,y, 1) =t + 3ytd + 7t4 + 10y2t5 + 44yt®

+(90 + 35y3)t” + 255y%t8 + (743y + 126yt + - -

[WOTF4(x,y, 1) = 1 + 2xt2 + 43 + 6x2t* + 23xt° + (46 + 20x3)t°

115x2t7 + (353x + 70x*")t8 + (706 + 539x3)t7 + - - -
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Three quarter plane:

guess and check!
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t-degree 174 and x-degree 119 involving integers with up to
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Total file size: 8.3Mb (= 66000 postcards)

e [x7'|F2(x,y,t) appears to satisfy an equation of order 13 with
t-degree 172 and y-degree 118 involving integers with up to
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o [yOIF2(x,y,t) appears to satisfy an equation of order 13 with
t-degree 174 and x-degree 119 involving integers with up to
127 decimal digits.

Total file size: 8.3Mb (= 66000 postcards)

[x""F2(x,y, t) appears to satisfy an equation of order 13 with
t-degree 172 and y-degree 118 involving integers with up to
127 decimal digits.

Total file size: 8.3Mb

[y°IF4(x,y,t) appears to satisfy an equation of order 25 with
t-degree 633 and x-degree 434 involving integers with up to
477 decimal digits.

Total file size: 694Mb (=2 34m3 of postcards)
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Unfortunately, this is not quite enough to complete the job.
So far we only have differential equations with respect to t

The system of functional equations involves substitutions with
respect to x and y

For executing the “check” part, we therefore also need differential
equations w.r.t. x and y.

We will try to have them ready before Doron's 80th birthday.

In any case, | am looking forward to the next ten years of guessing
and checking!
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