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exist linear difference operators P and Q, free of n, with

(N − 1)Q · fn,m = P · fn,m

Consequence: If fm,n is sufficiently well-behaved, then
(N − 1)Q · fn,m collapses to 0 upon summing over all n, therefore

0 = P ·
∑

n

fn,m.

This gives a recurrence for
∑

f . The operator Q is its certificate.

Zeilberger’s Algorithm computes Q and P for given fn,m.
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Consequence: If fn,k,m is sufficiently well-behaved, then
(K − 1)Q · fn,k,m collapses to 0 upon summing over all k, therefore

0 = P ·
∑

k

fn,k,m.

This gives a recurrence for
∑

f . The operator Q is its certificate.

We can compute such operators Q and P efficiently.
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Let’s prove this. . .

Step 1: Determine Q and P .
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Q = k
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P = 1 + (n+ 2)N −NM.
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Step 6: Conclusion.
The identity is true.
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The algorithm delivers the recurrence

0 = (m+ 1)(m+ 2)fn,m − (m+ 2)(3m+ 7)fn,m+1

+ (m+ 3)(3m+ 8)fn,m+2 − (m+ 3)(m+ 4)fn,m+3

− 3(m+ 2)fn+1,m+1 + 2(m+ 2)fn+1,m+2 + (m+ 4)fn+1,m+3

This may be used, e.g., to evaluate fn,m for big n,m.
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Many additional examples and their combinatorial interpretations:
Google → “Stirling numbers”
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How does this work?

Exploit non-holonomicity of Stirling-like terms!

fn,k, fn+1,k, fn+2,k, . . . are linearly independent over
�
(n, k).

i.e., 1, N,N2, N3, . . . are linearly independent over
�
(n, k).

We can make an ansatz

Q = b0 + b1N + b2N
2 + · · ·

P = c0,0 + c1,0N + c1,1NM + c2,0N
2 + c2,1N

2M + · · ·

Plug this ansatz into the requirement

(K − 1)Q− P
!
= 0,

reduce this to “normal form” and compare coefficients with respect
to N i.
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turned to 0.



How does this work?

This leads to a sequence of parameterized linear difference
equations of the form

a0(k)g(k) + a1(k)g(k + 1) = c0,0f0,0(k) + · · ·+ cI,JfI,J(k)

which have to be solved for g(k) ∈
�
(n, k,m) and ci,j ∈

�
(n,m)

given a0(k), a1(k), fi,j(k) ∈
�
(n, k,m).

This can be done with the extended Gosper algorithm (also used in
Zeilberger’s algorithm).

The solutions to these equations give rise to the coefficients of P
and Q.

The construction is terminated as soon as a coefficient of Q is
turned to 0.

The existence theorem guarantees that this will happen eventually.


