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INTRODUCTION

In recent years there has arisen an interest in
algebraic systems with binary compositions of sddition
and multiplication satisfying all the fing exioms,
save poésibly,_ one of the dlstributive laws and
comrutivity of addition. Such systems are genefally
called nearuriﬁgs- This concept arises very naturally
1f we define addition and multiplication on the set R
. of identity preserving mappings of an additive (not
necessarily abelian) group G into itself. The product
¥y of two mappings is given by the rule g(x+y) = {(gx)y,
for all ge G, and the sum x+y by glx+y) = gx+ gy,
for all geG. The system (R,+,') is a near-ring,
and more often than not is called the near-ring
associated with the group G.

The study of endomorphisms of a group has been
limited to the class of abelian groups. in a
certain sense Fittihg [111% was the first mathematician
to investigéte near-rings in his study of the normal
endomorphisms of a non-abelian group.

Returiing to the near-ring R, one can consideri
the sub-near;ring R' generated by an arbitrary subset

T of R. Of perticular importsnce is the sub~near-ring

1 Numbers in the brackets refer to referencesrin the

bibliography.



generated by a set of endomorphisms of the group G.
Such neer-rings, which became known as distributively
generated near-rings, were studied in some detail by
Frohlich [12, 13, 14, 15], Deskins [9], Laxton [22, 23,
247, snd others.

We can elso consider a second slgebraic systenm
consisting of the group G, the near-ring R, and the
mapping Nt GxR —> G given by (g.r)n = gf where ge G,
reR. It is easily seen that g(r+ry) = gri+—gr2 and
(grl)r2 = g(rlre) where g€ G and ry, T, &€ Re This is
one of the mobivsting examples of the algebrsaic
systen known &s 8 near—-ring module. Of course, if 7
is restricted to GxR' where R' is the nesr—ring
generatéd by 8 set T of endomorphisms of the group G,
then we have another example of a near-ring module.

The abstract theory of near-ring modules has
been dlscussed to some extent by Betsch [1, 2],
Frohlich [12, 13, 14, 15], Laxton [22, 23, 24], Roth
[25], ernd others. It should be mentioned that '
Frohlich end Laxton were concerned with the rather
special situation of modules over distributively
generated near-rings.

It is our purpose here to consider cerbain aspects

~of the abstract theory of near-ring modules. Firstly,
we will develop the fundamental results and notions

that will be needed for.futher investigations. We



mentlon, for exsmple, the concepts of submodule and
fector module, the analogous.isomcrphism theorems,

the Jordan-Holder theorem, and the chain conditions.
Secondly, we will introduce the concept of a radical’
for near-ring modules which, in particulsar, generalizes
meny of the well known theorems of the so~called
Jacobson radicel for a ring. Thirdly, we will study
the properties of the radical to be defined and epply
the resulting theory to the particulsr case of a near-
riﬁg. Finally, after investigating a speclal class of
near-ring modules which we will term strictly semiw

- imple, we will study the théory of nesr-vector spaces.
Throughout this dissertation we will give numerous

exemples of the notlons which are encountered.



'CHAPTER I
ON THE FUNDAMENTAIL PROPERTIES OF NEAR-RINGS AND
NEAR-RING MODULES

The theory of near-rings and near-ring modules has
been discussed in some detail. Betsch [1] and
Blackett [5] studied some of the basic properties of
near-rings. Frbohlich [12, 13, 14], Laxton [22, 23, 24]
and Deskins [9] considered a special class of near-
rings lknown as disfributively generated near-rings.
Fréhlich end Laxton investigated modules over this
class of near-rings. In [25] Roth showed that meny of
the results from group theory can be carried over to
the case of near-ring modules.

It is the purpose of this chapter to provide the
basic results that will be of value for our later
pursuits. After introducing the concepts of ﬁear—ring
and near-ring module, we give some of the elementary
properties of these algebraic systems. We show that
meny of the important concepts and fesults from ring
theory and group theory cen be adjusted accordingly
to the case of near-rings and near-ring modules. For
exemple, we will establish the three basic isomorphism
theorems for nesr-ring modules. Also, the Schreier
theorem and fhe Jordan-Holder theorem for near-ring
modules ere given. Throughout this chapter we will

glve exsmples of the concepts iﬁtroduced-



Definitions and Notation
Definitfon (1.1). A near-ring 1s an algebraic system

consisting of & set R with twa binary compositions
~called addition, denoted by +, and multiplication,
denoted by °, such that
(1.1.1) R is & group under addition.
(1.1.2) R is = semi-group under multiplicetion.
(1.1.3) a(d+¢) = ab+ ac fop 2ll a, b, and ¢ contained
in R. | _
(1.1:4) 0+a = 0 where O is the additive identity of R
and a is an element of R.

Further, if R contains an element 1 such that
Tl = 1*'r = v for all reR, then the element 1 1s
called an identity for R. Throughout this thesis wie
will assume that if a near~ring hss an ldentity, then
14 0.

It follows from this definition that any ring is
8 near-ring. However, we do not assume the additive_
group of & near-ring is abelian. The most natural
examplé of a near-ring is the set of all meppings of
en additive group (not necessarily abelian) G into G
thet mep the additive iderntity of G onto itselr. Let
this set of meppings be denoted 5(G). If addition is
defined pointwise i.e. g(f+h) = gf + gh where ge G,
£+he 8(G) and 1if multiplication is defined by
g{f*h) = (gf)h where ge G, f1h e 8(G), then the
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systen (S{(G),+,*) becomes =z neér~ring- The near—ring
S(G) 418 called the near-ring associated with the group
Ge |

We now glve some essy consequences of the

definition above.

Proposition {1.2). Let R be & near-ring. Then r-0 = O
‘end r{-s) = -re where r,seR.

Eroof: Tet r and s be elements of R. Then r:0 = r(0+0)=
= 10 + r-0 so that r-0 = 0. We also see that

0 = r{e+(~8)) = rs + r(~s) and so r(-s) =-*rs. This

establishes the proposition.

Let R be a near-ring. A subset R' of R is
called a éub—near—ring of R Af 1t 1s a subgroup of the
additive group of R and if it is closed under muiti-
plicsztion. As in the case of rings, -the intersection
of en arbitrary/pumber of sub-near~rings of R is a
sub~zear-ring. If A is a subset of R, then the
Intersection of all sub-near—rings that conbain 4 is
called the sub-near-ring generated by A.

The endomorphisms of an additive group G form =
subset of the near-ring S(G) given above. As might be
expected, we are interested in sub*hearnrings generated
by suvsets of the set of endomorphisms. Before .
pursﬁing these sub-near-rings of S(G) in'further'detail

we give
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Definition (1.%). An element r of an arbitrary near-

ring R is called right distributive.if, and only if,

(xy + ry)r = Tyx + Tpr for sll elements ry,r, of R.

We now show an element s of 8(G) is right
distributive if, and only if, s is an endomorphism of
G. BSuppose s is an endomorphism and let slgsees((})-
If ge G, then
g(sl+52)°s = (gsl + gs, 8= (gsl)s + (gsyls = g(sls-a- 5585)
so that s is right distributive. Conversely, assume.

8 is right distributive and let 818> be non-zero
elements of G. Then there exists elements Sq185 & s(@)
such that 8151 ¥ 81 and E180 = Boe Hence,

(gl +‘g2)s " gl(sl+52)s = (glsl)s+ (8152)5 = g8+ g8
80 that 8 Is an endomorphism of G. From this result,
it 1s clear that S(G) 1s not a ring.

Let E be a multiplicative semi~group of
endomorphisms of G and let E(G) denote the subgroup
of the edditive group of S(G) that is generated by E.
Then E(G) is the near-ring generated by E. For if
x,y€E(G), then we have representations
x = mlrl + eee + g,y = nlsl F aes + nksk where
ri,sieE and oy sn, 8Te Integers toking on values 0, 1
or ~1. 'Since the elements of E are right distributive
X'y = (mlrl+ ceedmTy )(nlsl+ v +nksk‘)

- nl(mlx'ls1 LRERIE TE sl) oo 4 nk(mlrlsk+. <o tm Ty sk)
8o thet x:yeE(G). This shows that E(G) is a sub-near—
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ring.of 5(G) end 1% is easy to see that it is the sub-
.yMesr-ring generated by E.

The preceeding example helps motlivate the following
Definition (1.4). [12] A near-ring R is sald to be
distributively. generated, denoted d.g. nesr-ring, if,
sand only if, R contains a multiplicative group E of
right distributive elements that generates the
additive group of R.

Fréhlich [12, 13, 14] was the first mathematician
to study &.g. near-rings in detail. Deskins [9] sand
Lexton [22, 23, 241 also have investigated d.g.
near-rings.

We now turn dur attention to a more general
aelgebraic system which we formulate in the next

£ i +2). By a near-ring nodule M over a
nesr-ringR ismeant a gystem consisting of an additive _
group M, 8 near-ring R, and a mapping 7:(m,r)eMxR —> m’ =
= (@,r)ne¥ such that
(1.5.1 mir; + 1,0 = WPy + mIps TyrTp€R, mel
(1.5.2) m(rl- ry) = (mrl)re, r{sTpER, mel.

If M is & near-ring module over R, then we denote
this by MR end M 1s said to be an R-module. Moreover,
1f R contrins an identity 1 end x-1 = x for 21l xeM,
then MR is called unitary.

Unless otherwise stated, we will assume that the

napping 1 is not the zero mepping.
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Fronlieh [13] considered nesr-ring modules Mp
where R 13 a d.g. near-ring, and he cazlled them R~
groups. If E is the multiplicative semi-group that
generatea the additive group of R, then Frohlich
required the additional axiom (m14-m2)r * DT+ BT
where m,,m, €M, reE. Iaxton [22, 23] also investi-
gated near-ring modules over & d.g. near-ring. - When=-
ever we speak of a near-ring module over a d.g. near-
ring, we will mean it in the sense of Frohlich [13].

In [1] Betsch used the concept of R-group for an
arbltrary nesr~-ring module MR’ whereas Blackett [5]
.called 1t a right R-space.
‘Any nesr-ring R can be considered as a near-ring
‘module over Ltself. In particular, the near-rings S(G)
and E(G) determined by ean additlve group G sre near-
ring modules over themselves. Moreover, G can be
regarded es an 5(G)-module es well as en E(G)-module.
It is interesting to note that every additive
group G ls the additive groﬁp of some nesr-ring. Let

g€ G and define cps“s 8(G) as follows

gilif h £ 0
hwg *Yoirpwo* LetKs= (mglgazG} ard we observe

that ¢_ ¢ = P and ¢+ for all

B, B2 & 61" %e T ertep
gl,gaesG- Moreover, if 1s clear that the mapping
Tt ge G —=—> wse X 1s 2 group isomorphism of G onto
the additive group of the sub-near-ring X of S(G).
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The near-ring X is called the near-ring of constant
mappings of the group G. We also notice that G is a
E-module and G—K is not & unitary near-ring module. ‘.
Since the proof of the following Proposition is
similar to that of Proposition (1.2) we will omit it.

Eroposition (1:6). Let My be an Re-module with addi-
tive 1dentity OM' Then

(1.6:1) 0y°0 = Oy -

(1:6.2) m-0 = Oy for all meM.

(1.6.3) Oy'r = OM for all reR.

(1.6.4) m(~r) = -mr for all reR, meM.

it tﬁefe is no confusion, from now on we will
denote the additive identity of My by O.
IWe next give some notation thet will be used
throughout this dissertation. |
Definition (1.7). TLet T be & mepping of the sdditive

group G into the additive group @. If A is & non-
empty subset of G and B s non-empty subset of Gf, then
(1.7.1) a7 = {aT1a e 4} is called the image of & in G
(1.7.2) Re(T) = {gs Gigl = OEZG'} is called the kernel
of T. _

(1.7.3) 71(z) - {ge:GlgTe:B} is celled the pre-image
of B in G. |

We now generslize the concept of ring homomorphism.

Definition (1.8). A mapping T of & neer-ring R into &
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near—ring R' isg called a near-ring homomorphism if,
and only 1f, (x+y)T = xT+yT and (x-y)T = (xT)-(3T)
~where X,y ER- | '

Thus & near—ring homomorphism is a homomorphism
of the additive group of R into the additive group of
R* that preserves multiplicationo If © is a one~to—-one
mapping, then T is called a near—-ring isomorphism. Also,
the near-rings R and R‘ are said to be isomorphic,
denoted by R & R', if there is an isomorphism of R onfto
RY.

As in the csse of rings, we have

Proposition (1.9). If T is a near-ring homomorphism

of R into R', then RT is a submear-ring of R'.

Proof: Since T is a group homomorphism of the sdditive
group of R into the additive group of R', it follows
that RT is a subgroup of the additive group of R'. If
X,y € R, then xT+yT = (x+y)TeRT and so RT is a sub-near-

ring of R'.

As in the cese of ring modules, we.introduce the
notion of near-ring module homomorphiém-
Definition (1.10). A mapping T of an R-module M, into
an R-module Mé 1is called an R-homomorphism if
(x+3)T = xP+y? end {(xT)r = (xr)T where x,yeT, r¢&BR.
If T is one-to-one, then T 1s czlled an R-isomor—

phism. Moreover, the R-modules MR and Mﬁ are sald to
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) !
be R-isomorphic¢, denoted by M(Z)M', if there is an
R

Rwisomqrphism of M onto M'.

et T be an R*homomorphism of the near-ring
module MR into the near-ring module Mﬁ- We are
interested in MT. Before. we determine the structure
of MT, we give _
Definition (1.11). A subset A of & near-ring module
MR is called an R-subgroup if, and only if,
(1.11.1) A is & subgroup of the sdditive group M.
(1.11.2) AR = {a-rlaeA, rsR} C A

Now consider MT. Since T is & group homomor—
phism, MT is a subgroup of the additive group M'. If
meM, reR, then (wT)r = (mr)? e MI. Hence, we have

proved

Proposition (1.12). MT is an R-subgroup of the near—
ring module Mﬁo .

The concept of an R~subgroup A of MR has appeared
in the literature under seversl different nsmes. TFor
example, Frohlich [13] uses the notion of right R-
ﬁodulé whenever R is a d.g. near—riﬁg» If M=R, then
Blackett [5] also referred to A as a right R-module.
Roth [25] cslled A4 a submodule of Mp. We remsrk that
the concept of submodule of MR is reserved for the next
section (see defn (1.14)). Roth called 2 submodule,

In our sense of the word, an ideal of MR‘
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We will say that a submodule (resp. R=subgroup)
A of M, is said to be proper if A £ M and A 4 {O}.
We conclude this section with

Proposition (3.1%). Let Mﬁ be an R-module gnd T a

group isomerphism of the additive group M onto the
additive group A. Then '

(1.13.1) A can be regarded as en R-module

(1.13.2) T is an R~isomorphism

(1.1%.3) 771 i5 an R-isomorphism.

Proof: If a is an element of A and r is an element of
R, then we define a+r = (mr)T where mT = a. Since T
is a group isomorphism, it is easy to verify that the
mepping N1 AxR ——> A given by the above 1s single-
velued and A is an R-module. If meM, reR, then
(0T)r = aer = (wr)T where wl = a. Similerly, T+ is

an R-lsomorphism, and the proof is complete.

Fundamental Theorem of R-Homomorphisms
In the present section we develop the snalogue
concepts of submodule end factor module of a ring
module. Since we do not assume that the additive
group of & nesr-ring module is abelisn, these concepts
will be given in terms of normal'subgfoups. A
necessery and sufficient condition for a subset A of

8 nearQring nodule MR to be & submodule is presented.
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Finally., we state and prove the fundamental theoren.

We start with
Definition (1.14). A subset A of an R-module My is
called a submodule if, and only if.
(1.14.1) A is 2 normal subgroup of the additive group M.
(1+14.2) (m+a)r — mre A where meMy, a€h, end re -

Let A& be a subﬁodule of the R-module Mﬁ-, As
 stated in the last section, Roth [25] referred to A as
an ideal. TFrohlich [13] called A a normal right R~
module. Throughout the literature A is called a right
ideal in the special case when M = R.

Once again, assume A is a submodule of the R-module
MR' Tet a be an element of A and r an element of R.
Then since A is a submodule a<r = (0+a).r ~ O E A.

Hence, we have proved

Proposition (1.15). 4 is an R-subgroup of Mp.

We now present an example which shows that the
converse of Proposition (1.15) is not true in general.

Let G be an additive group.of order greater than
two. Then the near-ring K of constant mappings of G is
an 8(G)~subgroup of S(G) but ¥ is not & submodule of
the near-ring module S(G). Let mge:K, re 83{&). Then
for every he G h((pg-'r) = gr if h#0 and h((pg'r) =0
if h = 0. This shows wg-r = ¢grE:K and so K is an

8(@)-subgroup. Assume K is a submodule arnd let g be
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J'an element of order grester than two. We define r & S(G).
gs follows: gr = g and hr = O for all ne G with h # g.
Since K is a submodﬁle, there exists an element g' €G
such that (r4—wg)mg - rwg = wg.. We observe thaf
B = 0 and so g' = 0. If h # g is a non-zero
element of G, then O = h{(r+¢ e, =793 =

= (hra-hwg)wg - (hr)wg = g. This shows K is not a

submodule of 8(G).

Lemma (1.16). [25] Let A be a submodule of the neer-
ring module MR snd 1 the natursl group homomoxrphisun
@f M‘onto the factor group M' = M/A. Then Mn = M' can
be regarded as an R-module and 1 an R-homomorphism.
Proof: TLet meM , and define (m+A)r = mr+A. Assume
m1+A = m2+'A where ml,m2 g€M. Then there is an
element a € 4 such that my o= myta. Since A is a sub-
module, myT = myr = (my+a)r ~ myr € A for all TeR.
This shows that the above definition is well defined,
and it is now evident that the factor group M' can be

regarded as an R-module and N an R-homomorphism of MR

L
onto MR'

The near-ring module M' is often ckdlled & factor

module and 7 is ssid to be the natural R~homomorphism

]
of MR cnto MR.

Theorern (1.17). [25) A subset 4 of sn R-module MR is
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g submodule if, and only if, 4 is the kernel of an R-
homomorphism. _
Eroof: Assume A is a submodule. Then A = Ke(n) where
n 18 the natural R-homomorphism of MR onto the factor-
module M/A.

Conversely, iet A = Ke(T) where T is an R~
.homomorphism of Mp into the near-ring module Mﬁ. Since
T is & group isomorphism, Ke(T) is a normal subgroup-

Tet meM, scA and reR. Then [{(n+a)r - nrlT = (m+a)T«r-

- (mT)r = (@P)r - (wP)r = OeMy. Hence, A = Ke(T)

is a submodule of MR'

Finally, we state the fundamental theorem of R-

homomorphisms.

- Iheorem (1.18). [25] LILet MR and Mﬁ be R~modules and

T an R-homomorphism of Np onto Mp with kernel Ke(T).
If n is the natursl R-homomorphism of My onto the
factor-module M/Ke(T), then T induces an R~isomorphism
7t of ¥/ Ke(D) onto Mp such thet the disgrem is

commutative.

=

M
/Ke(T)
Proofi It is well known fronm group theory that T

‘induces a group lsomorphism T' of the sdditive group

M/xe(T) onto the sdditive group M' such that T = n7'.
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If meM, reR, then [m+Ke(T)]T'+r = (uT)r = (mr)T =
= [mr+Ke(T)IT' = [(m+ Ke(T)Ir<T' and so T' is an

_R-isdmorphism.

First Isomorphism Theorem for Negr-Ring Modules
In this section we will prove'thé first isomorphism
theorem for near-ring modules. As in the case of
operator groups, this theorem is of fundamental
importance in the theory of nesr-rings and near-ring

modules. We state this theorem as follows

Theorem (1.19). Let T be an R-homomorphism of the

near-ring module Mp onto the near-ring module Mé with
kernel Ke(T). Then

(1.19.1) If H is & submodule of My that contains Ke(T),
then M/H (;) M'/HT .

(1.19.2) The mepping f:H —> ET is a one~to-one onto
mapping between the R~subgroups H of Mp thet contain

. Ke(T) and the R-subgroups of M-

Before proving Theorem (1.19) we first give two
lommas that will be useful for later considerstions

end will ensble us to simplify the procf of the theorem.

Lemma (1.20). Let MR and Mﬁ be two R-modules and T an
R-homomorphism of M, onto M} with kernel Xe(T). Then
, R R
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(1.20.1) If H is an R-subgroup of My, then HT is an
R-subgroup of Mg - '

(1.20.2) If H' is an R-subgroup df M', then T™1(H")

is an R-subgroup of My that contains Ke(T).

(1.20.3) If H is an R-subgroup of Mp that contains
Ke(T), then 7"1(i1) = m.

Progf: Let H be an R=subgroup of M,. Since T induces
an R~homomorphism of HR inte MR‘ HT is an R-subgroup
of Mp by Proposition (1.12). '

Let H' be an R-subgroup of M- Since T is a group
homomorphism, T L(H') is a subgroup of the sdditive
_Broup M that contains Ke(T). If heT  (H'), reR,
then there is an element h' ¢ H' such thst h' = hT and
80 h'r = (hT)r = (hr)T € B'. This shows T Y(H') is an
R-subgroup of MR“

Let H be an R-subgroup of MR.that contains Ke(T).
Then by (1.20.1) and (1.20.2) it suffices to show .
rTHED) € B If met7M(HT), then mT = BT for some
for some heH. Hence, m-heXe(T) and so m-h+h = me H.

Therefore, the proof of the lemma is complete.

Lemma (1.21). et MR and Mﬁ be R-modules and T.an R~
homomorphism of Mp onéq M3 with kernel Ke(T)-. Then
(1.21.1) If A is a submodule of Mp, then AT is a
submodule of Mﬁ. _

.€1.21.2) If A' is & submodule of Mp» then Th(A') is
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a submodule of M.
(1.21.3) If A is a submodule of M, that contains Ke(T),
then T7H(AT) = A.
2reofr Let A be & submodule of M- Since T iz &n
onto mapping, it follows that AT is 8 normal subgroup
of the additive group M'. If m'eM', a' e AT and rcR,
then there exists elements me M, a;.& guch that mT = m',
a' = aT and so (m'"+8')r ~ n'r = (nT + al)r - (ul)r =
= (m+8)r-T - (ur)T = [(m+a)r ~ mp}T. Since A is &
submodule of My (m+a)r -~ mred end so (m* +a')r~m'r e AT.
Therefore, (1.21.1) follows. | '

Let A’ be a submodule of Mée Sinée T is & group
homomorphisn of the additive group M onto the edditive
group M', it follows that T 1(A') is a normal subgroup
of M and EKe(T) ¢ r7l(at), Let me M, ae:T;l(A') and
reR. Then since A' :flea submodule {{m+a)r - mrlT =
« (T +8T)r ~ (al)r € A' end 5o (m+e)r ~ mr € T S(A').
From this (1.21.2) is proved. |

Bince every submodule of MR is an R-subgroup
(1.21.3) follows from Lemma (1.20).

At this point, we are ready to prove Theorem (1-19).

- Brogf: Let E be & submodule of Mp that conteins Ke(T).
Frou Lempe (1.21) HT is & submodule of M' snd since T
is & group homomorphism of M onto M', it is well known
thet T induces & group isomorphism T' of the factor



20

group M/H onto the factor group M'/HT where (m+ H)T' =
= n® + HT. Tt is‘sufficient to show T' is an R-
isomorphism. If meM, reR, then (m+H)T' r =
. fmT-+HT)r = {mP)r + H? = (mr)}T + HT = (mr+ H)T* =
= [{m+H)-2]T' so that the first part of the theorem
is proved. '

The second part of the theorem is an immediate

consequence of Lemma (1.20).

The next result follows easily from the preceeding

theoren.

rolls :22}. Let H be a submodule of the near-
ring module Mp. If L is a submodule of My that con-
tains H, then O
(1.22.1) IJ/H is & submodule of the factor module M/H-

M, .. M/H
(1.22.2) /L {m I/

R)

On Subgroupé Generated by Subsets of a Nesr-Ring Module
It is evident from the definition of R-subgroup
(resp. submodule) of = near-ring module Mp that the
intersection of an arbitrary collection of RQSubgroups
(resp- submodules) is again an R-subgroup (resp-
submodule). IfAA is a subset of MR‘ then the inter-
section of all R-subgroups (resp. submodules) of My
that contein A is cslled the R~subgroup (resp. submodule)
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of MR,éenerated by the set A. As in the case of ring
‘modules, the concept of finitely generated is very

importent. Therefore, we introduce’

Definition (1.2%). ITet Mp be an R—module;_Then
(1.23.1) M, is said to be finit ceners d _8s an
Bosubgroup of itself if, and only if, there exists a
finite. subset A of MR such that the R—subg:oup of
MR generated by A is MR-

(1.23.2) MR is called a finitely generated near—riﬁg

module if, snd only if, there is a finite subset A of

MR such that the submodule of MR:genersted by A is M.
In this section we present two propositions

that will be useful throughout the rest of this

chapter. The first of which is

Propesition (1.24). Tet MR be an R-module, M' an R~

subgroup of MR’ end E 8 submodule of Mp. Then the
subgroup L of the additive group M thet is generated

by M'UH is an R-subgroup and L = H+M' = M' +H.

Proof: Since H is a normai subgroup of M, it follbws
thet L = M'+H = H+M'. Iet ' eM', heH and reR.

Then since M' is a submodule, (m' +h)r -~ u'r ¢ H

end so ( m'+h)r = (m' +h)r - m'r + m'r € L. Therefore$

L is an R-subgroup.

Proposition (1-25). ILet Mp be an R-module end
{m, 1250} & collection of submodules of M. If L
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is the subgroup of the additive group M generated by

U = M', then L is a submodule of My and L = J, M,
AR Aefd

where EMA is the set of"all finite sums of elements
hef i

from M'.

Proof: It is well known that L is a normal subgroup

of the additive group M and T, = 2. M,. Let meM,

AceR .
TeR and bfbkl+ + b}‘n € L where bi\j = ij- Then

(m+b)r - or =
¥ 5 5
=|lm+ b j+b T - |m+ b r+(m+ by |
[ 71N "nj 12 aé'l A
Since M)\ is a submodule it is clear that
n
n-1

[(er:‘Zibh'}*’ bJ\ Jr - o+ Zlbh'
; pos d n 3= d

in this way, we finally prove that (m+d)r ~ mr is an

r - mr.

re M‘)\ . Proceeding
n

element of L and so I is a2 submodule of MR'

Zassenhaus Theorem for Near-Ring Modules
Before proving this fémous theorem for the case of
nearéring modules, we will establish three lemmss and
& theorem which are important for future considerations.

We atart with
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Lemma 51-262-[25]7 Let T be an R-homﬁmorphism of Mp onto
Mp with kerrel Ke(T). 'If L is an R-subgroup of M , |
then L+ Ke(T) = T"I(LT). )

Eroof: Iet L be'an R-subgroup of MR' Then since

- Ke(T) is & submodule of Mp, L+ Ke(T) and LT are R-
subgroups by Propositions (1.24) and (1.12). It suffices
to show T 2(IT) S L+Ke(T). Let x be an element of
T-l(LT)- Then there is an element y € L such that

xT = yT and so x-& € Ke(T). From this x-y+y = x ¢

€ L+Ke(T). Therefore, L+Ke(T) = T"3(11).

Lemms (1.27). [25] Iet T be an R-homomorphism of My
into Mp. If L is an R-subgroup of Mp end H is 8
submodule of Lps then HT is a submodule of the R-
module LT, - ‘
Froofs Since T induces an R-homomorphism of LR inte
Mﬁ, it follows that IT is & near-ring module over R.
Referring to Lemma (1.21) we see that HT is a submodule
of the R-module I7.

An important theorem of this section is the
analogue to the second isomorphism theorem for

operator groups which we formulste as

en -28). [25] ©Let H be a submodule and L an
R-subgroup of the near-ring module MR” If 0 is the
netural R-hcmomorphism of MR onto the factor module



Mf = %ﬁ, then L'NH is a submodule of LR and

- Wy g
%iﬁH ) o M

Emi:’&emumMgn§:ysL—mﬁy+HsHﬂ%isan
Rehomomorpnism of LR onto the R-module L+%ﬁ with
kernel Ke(n®) = IMH. From Theorems (1.17) and (1.18)

"LNH is s submodule of Ly snd %iﬂH (g) L*%%,
R

If ® 1s the restriction of n to LR’ then T is
an R-homémorphism of LR onto the R-module LT = In
with Ke(T) = LNH. By Theorem (1.18) it follows that

; ~r ~ LH
mo¥ Y = /e
(R) LNy (R) H
The latter theorem in conjunction with the two

-1emmaspresented;n this section sllows us to conclude

Lemma (1.29). [25] Let T be an R-homomorphism of Mp
into Mé.with kernel Ke(T). If L is an R-subgroup of
MR and H is s submoduie of Lp» then

(1.29.1) H+Xe(T) is a submodule of the R-module
L+Ke(T), H+ (Xe(T)NL) 15 a submodule of Ips end
HT 18 a submodule of the near-ring module ILT.

' y L+ Ke(D v L v
(1:29:2) B/ et G K+ (uxe(m) gy e

We sre now ready to give the Zassenhaus theoren

for nesr-ring modules.
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Theorem (1.30). [25]1 Let H and K be R-subgroups of M-

If H' is 8 submodule of Hp and KXK' is & submodule of Ep»
then H' % (HNK') is a submodule of the R-module
H' + (BAK), K'+ (E'NK) is a submodule of XK'+ HAK, and

B' + (HNK) K' + (HNK)
* /g * /xs

+ (K'NH) (’;’) + (H'AK)

Froof: From Propostion (1.24) H'+ (HMK) is an R-
;'subgroup of Hp and K'+ (HNK) is an R-subgroup of
Epe It is clesr thet H'+ (HNK') < H' + (KNH) and
DE'+ (B'NK) C K' + (HNK). We first show that ENH' is
| 8 gubmodule of the R-module HNK. TLet stﬂK,r
._ YEH'NK and TeR. Then since H.,“ is a submodule of Eg
_ we see that “X+y+x e H'NK and (x+y)r - xr € H'NH.
. Similarly, HNK' is a submodule of the R-module HMK.
. Because of Proposition (1.25) (H'MK)+ (K'NH) is a
i'submodule of HNK and (K'NH) +H' is a submodule of the
- Remodule (HNX)+E'. Appealing to Theorem (1.28) we

.~ ¢onclude that

H' X ~ HNK
. )/H' + (HNK' ) (;) /(H'HK) + (X'nH)

Analogous to the above, we see that K'+ (H'nK)
18 & submodule of the R-module K' + (HAK) and

K' + (HAK ~ HNK
K >/K' + (H'NK) ,= /(B'NK) + (HNE' )"
. (R) _

Therefore, the Zsssenhaus theorem follows.

H
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Jordan~Holder Theorem for Near-Ring Modules
As an ilmportant: applicatio’n of the Zassenhaus
" theorem we will obtzin the Schreier theorem ‘and Jordan~
Holder theorem for near-ring modules. In order to
‘reach our objective we introduce
Defivition (1.%31). 1Ilet My be an R-module. By a normal
series for MR is meant a sequenc‘e
IERE T Mo Ml Doaes DM = {0} where Mi+1 is a
submodule of the R~module M -

The modules Mi/ are ¢alled the. factors of
My '

the normal series Z y and eaqh Mi is called a term of
):. If 3 is a submodule of MR’ then the sequence
MoHD {0} is a normal series.
Two normal series El and Zz ‘are said to he
' équivalent if these is & one~to-one correspondence
between the fgctors of the two series such that the
peired factors are R-~isomorphic. We will say that one
normal series is 8 refinement of s second if its
terms are alsc terms of the second. We can now state

Schreier's theoren for near-ring modules.

Iheorem (1.%22). [25] Any two normal series for My

have equivalent refinements.

Proof: Let L,: M =M o My > My o ..o oM = {0} ena
}:2: LfL' Ho:? Hl D e DHL = {O} be two normsl series
i‘oriMR- “Let
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(1.32.1) My =My o+ (MyMH+) for i =0,1,...,n-13
j‘o;la"'v{' .

(1.32.27) Hy,i = Hypp + NES) for §=0,1,...,£-1;
i=0,1,...yme

From Proposition (1.24) and Theorem (1.3%0) we note

Mi,jfl is a submodule of the R-module Mi,j’ Hj,i+l
is a submodule of the R-module Hj,i’ and
M H, . -
i’j/M = iy for 1=0,1,.-.,n~1;
i.j+1 (R) - Jri+l
320,1,000, £ =2, If _
‘o, .
L1 Mo 02 Mgy @ o0 @ My, oMy D ol o M1 =
= {O} and ' .
/

Z?.= HOiO:J HOQ].,D e 2 HOsIl: H1.:O - e DHl,ﬂ:
1% ’
> 8y o= {0}, thex;l it is clear that 1, is a
refinement of Zl and 22 is a refinement of Z2°
7
From the above we see that E:{ is equivalent to §:2'

Definition (1.3%). A near-ring module Mp is said to

be simple if, and only if, M, contains no proper
submodules.

In [25] Roth called s simple near-ring module My
ideally simple and reserved the term simple for the
case when'MR contained no proper-Rusubgrousz Laxton
{24] referred to simple near-ring modules as irreducible
' R-groups where R is a d.g. near-ring with identity.
There exist many simple nesr-ring modules. J¥or

example, 1f G is an additive group and S(G) is the
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near-ring of mappings associzted with G, fhen the S(G)-
module G is simple. We show G contsins no proper S(G)-
subgroups. et H be & non-zero 8(G)=-subgroup of G
and let geG. If heH, n#0, then there is an element‘
8 € 5(G) such that g = hs e H. This shows thet G has
no proper S(G)-subgroups and so the S(G)-module G can
not have a proper submodule.

‘We will say that = proper submodule (resp. R~
subgroup) A of & near-ring module MR is maximal if
for any other submodule (resp. R-subgroup) A' with A
contained in A', then either A=A’ or A' = M.

As a consequence of Lemma (1.21) welhave

immediately

Eroposition (1.%4). A proper submodule A of a near-

ring-module MR is maximal if, and only if, the
factor module %L is simple.

A normal series ZI for a near-ring module MR is
seid to be strictly decreasing if each term is properly
inciuded in the preceeding. As the analogue of Jordan-
Hélder series for operator groups we give

Definition (1.%5)., A stictly decreasing normsl series

§: for MR is called a Jordan~lolder series if, end
only if, the factors of E: are simple R-~modules.

From Proposition (1.24) we conclude

Proposition (1.36). A strictly decreasing normal

o

<
b
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series LI M » M 5M) 5. 5 M = {0} for M is
& Jordan-Holder series if, and only if, Mi+i is =&

maximal submodule of the R-module Mi'

If 2 near-ring module Mp hes a Jorden-Holder
ééries ZZ, then the factors of z:are uniquely
determined by'MR-' This is the content of the'Jordgn-
‘Holder theorem that follows.

Thgé;gm {1:37). [25] Any two Jordan-Hélder series

for a near-ring module are equivalent.
g

Eroof: This follows from Theorem (1.32).

According to Theorem (1.37) the number of factors
of a Jorden~Holder series for MR is‘invariant- Hence,
if a near-ring module has a Jordan-Hblder series ’
then the number of factors of 3. is 6ften‘called

length of MR'

Corollary (1.%8). ILet MR be an R-module and H &

submodule. If My has s Jordsn-Holder series 2. , then

any strictly decreésing normal series can be refined

to & Jorden-Holder series and Hp hes & Jordsn-Holder

series. -

2roof:  Assune E:l 1s & strictly decressing normal

series. By Theorem (1.3%2) Z:l and & have equivalent
refinements. Tet }:f be. 8 refinement of Zl with~

out duplicate terms. Then it is easy to see that
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Z is equivalent to Z: and so it must he a Jordan-
Holder series.

Since H is a submodule of M., it follows that
M>H (G} is a strictly decreasing normal series for
MR' By the first part of this result it is now clear
that Hp has & Jordan-Holder series.
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CHAPTER II
- ON THE THEORY O IDEALS FOR NEAR-RINGS

Tdeal theory for general near-rings was first
discussed by Blackett (5]. In [12] Frdhlich con-
sidered the theory of ideals for d.g. near-rings. He
developed uany of the Properties of ideals for this
Special class of hear-rings.

After definihg the concept of two-sided ideal of
8 near-ring R, we give a necessary ard sufficient
condition in order that a4 subset B of R be 2 two-
sided ideal.

In the second section we presenﬁ'the Tundsmental
theoren ofrnear—ring homomorphisres ang the first
isomorphism theoren for near-rings. Another concept,
right annihilator, isg defined which pPlays an important
role in the theory of near-rings. Several elementary

Tresults are obtained using this notion.

Ideals and Factor Near-Rings
The concepts of ideal of g hear-ring snd factor
near-ring generalize the similar notions for a ring.
‘lsince we do not assume the additive group of a near-
ring is abelian, these toncepts will be given in

terms of normal subgroups.
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H

Definition (2.1). Let R be a rear-ring and B a subset

of R. Then

(2:1.1) B is called a left ideal if, and only if, B

is a normal subgroup of the additive group of R and
R'B ¢ B.
(2.1.2) B is called & right ideal if, and only if, B
is & submodule of Ry
(2-1-3) B is said to be a two-sidea ideal of R if,
and only if, B is a right ideal and a left ideal.

In the last section we will present several
examples of twémsided ideals.

First, we show that the factor group determined
by a two-sided ideal of a Rear-ring is also a nearp-

ring.

emma (2.2). TLet B be a two~sided ideal of R. Then
the factor group 5% can be made into a near-ring that
is a homomorphic image of R.
Proof: If x+ B and ¥+ B are elements of %%, then we
define (x+B)*(y+B) = xy+B. We will show this
multiplication is single~valued. Assume x+ R = x"+ B
and y+ B = y' + B where X: ¥» ¥ sand X' are elements
of R. Theﬁ there exists elements bl,bge:B such that
‘x+—b1 = x' and y+bs = y'. Hence, x'ey' o= (x+bl)°(y+bl)=
= (x4vbl)y ~ Xy + xy + (x4-b1)b2 = Xby + Xb,e Since B
is a two-sided ideal of R the elements (x*-bl)y - XY,

(x+1b,)b, ~ xb,, anad ¥b, are contained in B and so our
1°72 2 2
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multiplication is single-~valued. It is easy to see
that the systen (%%, +,°) is a near-ring. If 1M is

the natural group homomorphism of the additive group

of R onto the additive group of %, then (xy)n =
*=xy+B = (x+B)(y+B) = xn+yn where X,y € R.

TMﬁstsnisan%nmh@hmmmmmmm and the

proof is complete.

The near-ring %ﬁ is called a factor near-ring

and N the natural near-ring homomorphism of R onto %%-

Theorem (2.3). [5] A subset B of a ﬁear—ring Ris a

two~sided ideal of R if, and only if, B is the kernel
of a near-ring homomorphism-.

Proofs Assume B is a two sided ideal. Then by

Temma (2.2) B is the kernel of the natursl near-ring

homomorphism of R onto %%‘

Conﬁersely, let B = Ke(T) where T is a near-ring
homomorphism of R inte the near-ring R'. In particulsr,
B is the kernel of a group homomorphism so that B is
8 normal subgroup of the asdditive group of R. If rl’rEER’
xeK (T), then -
(2:3:1) (2T = (m1)(x1) = (£,1)40 = 0c R’
(2.3.2) f(rl+x)r2-rlr2]T = (rlT+vxT)(r2T) - (rlra)T'

= (rlrE)T - (rlre)T = 0 ¢ R'.

From (2.3.1) B = Ke(T) is a left ideal and (2.3.2) shows
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B is a right ideal. Therefore, B is a two-sided ideal

of R-

Blackett [5] defined a two-sided ideal of a neap-
ring R to be the kernel of 2 near-ring homomorphism.
From Theorem (2.3) our definition of two-sided ideals
is equivalent to Blackett's.

The intersection of an arbitrary collection of
two~sided ideals of a near-ring is also a two-sided
ideal. We now show the subgroup generated by an
arbitrary collection of two-sided 1deals of & near-

ring is a two-sided ideal.

Lemma (2.4). Tet {BA Y EQ} be a collection of two-

sided ideals of R. If B = ZIBK’ then B is a two~-
AEQR

sided ideal of R.

Froof: By Proposition (1.25) it suffices to show

rb € B where réR, be B. Ifb=bA + .-+ b where

1 . An

b. € » then b = b, + ...+ b £B since B is

Ay © Py ‘ Ay A Ay 8

a two-sided ideal. This shows B is a two-sided ideal

of R.

On Near-Ring Homomorphisms
We begin this section with the fundanmental

theorem of near-ring homoworphisms.
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'ghegrem (2.5). [25] Iet T ke a near-ring homomorphisn
of R onto R' with kernel Ke(T)- If n is the natural
pnear-ring homomorphism of R onto %%e(T)’ then %
induces a near-ring isomorphism T' of %ke(T) onto R'

such that the diagram is'commutativeu

IEke’('r)
Proof! BSince T is a group homomorphism T induces a
group isomofphism T' of the additive group %ke(T)
onto the additivé group R'. Moreover, the mapping o
is given by T:r+ Ke(T) & %ke(T) —> D £ R'. It
remains to show T' is a near-ring isomorphism. If
r14-Ke(T), T, + Ke(T) are elements of %%e(T)’ then
(ry + Ke(T))(x, + Ke(T))-T" = (ryry + Ke(T))T' = (ryr,)T =
= (rlT)(rET) = (r14~Ke(T))'T'(rld-Ke(T))T'. From

this the proof is concluded.

We now give the first isomorphism theorem for

near-rings.

Theorem (2.6). {3] ILet T be 8 near-ring homomorphism

of R onto R' with kernel Xe(T). Then

(2.6.1) If B is a two-sided ideal of R that contains
1

Ke(T), then E% = R/%T
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(2.6.2) The mapping f: B —> BT is a one-to-one
onto correspondence between the collection of two-
sided ideals B of R that contain Ke(T) and the

collection of two-sided ideals of R'.

Before proving Theorem (2.6) we present the

important

mma (2.7). Let T be a near-ring homomorphism of
R onto R' with kernel Ke(T). Then
(2.7.1) If B is a two-sided ideal 6f R, then BT
is a two-sided ideal of R.
(2.7.2) If B' is a two-sided ideal of R', then
7"1(B') is a two-sided ideal of R that contains Ke(T).
(2.7.3) If B is a two-sided ideal of R that contains
Ke(T), then T 1(BT) = B.
Proof: Let B be a two-sided ideal of R. Then since
T is a group homomorphism of R onto R' it follows
that BT is a normal subgroup of the additive group of

R'. Ifr ,rze:R, b e B, then since B is a two-sided

1
ideal of R, (rl+-b)r2 - r)T, € B and so

(rlT-be)rzT - (rlT)(rET) - [(rli-b)r2 - rlra]T € BT.
From this and the fact that T is an onto mapping we
conclude that BT is a right ideal of R'. Next, we
note that (r;T)(bT) = (r;b)T and so BT is a left
ideal. Hence,(2.7.1) is proved.

Similarly, if B' is a two-sided ideal of R', then
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'I(B') is a two-sided 1deal of R that contains Ke(T)
so that (2.7.2) follows-'
Finally, assume B is a8 two-sided ideal of R that
contains Ke(T). From (2.7.1) and (2.7.2) it suffices
to show T'I(BT) S B. If xE:qu(BT), then there is an
element be B such that xT = bT and so x-b € Ke(T) < B.
Therefore, x = Xx-b+b € B and so (2.7.3) is established.

We can now Prove the theorem.

Proof: TLet B be a two-sided ideal of R that contains
Ke(T). By Lemma (2.7) BT is a two-sided ideal of R'.
Since T is a group homomorphism T induces a group
isomorphism T' of the additive groﬁp Eﬁ onto the
additive group %%T- If T12T5 € R, then
(r1+-B)(r24-B)T' = (r1r2+-B)T' = (rlre)T + BT =
= (rlT)(reT) + BT = (r1T+BT)(r2T+B’I‘) = (rl+B)T"(r2+B)T'
and so T' is a near-ring isomorphism. Hence, the
proof of (2.6.1) is complete.

Appealing to Lemma (2.7) it is clear that (2.6.2)

follows.
As an easy application of Theorem (2.6) we obtain

Corollary (2.8). ILet B be a two-sided ideal of R and

N the natural near-ring homomorphism of R onto E%-
If A is a two-sided ideal of R that contains B, then
An / is a two-sided ideal of Eg and
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~ R/B
B AB.

Right Annihilating Sets
Definition (2.9). Let A and B be two subsets of the

near-ring module MR' By the right annihilator of A in
B is meant {reRIBrcA} = [%]
In the present section we give four easy results

concerning right annihilators. We begin with

Proposition (2.10). If B is a submodule of Mp, then

] - (ws] -

Proof: TLet B be a submodule of the near-ring module
MR= If rs[ﬁ?ﬁ], then mr+B = (m+B)r € B for all me M.

Hence, mre B and so rs[ﬁ]- Conversely, assume r is
an element of [%] Then mre B for all me M. Therefore,
(m+B)r = mr+B € B and so we see that I‘E[ﬁg‘] .

From this we can conclude that [l’%] = [ﬁﬁ] .

Proposition (2.11). Tet Mp be an R-module and m an

element of M. Then the mapping .fmt TreR —> mraMR

is an R-homomorphism and [%]= N Ke(f ) is a two-sided
meM o

ideal.

Proof: Let T2 T, be elements of R. Then using the

definition of near-ring module we see that (rl+ I'g)fm =

= m(r1+ re) = mry +umr, = rlfm+ r,f and (rl'rz)fm =
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.
= m(rlrg) = (mrl)r2 = (rlfm)r2° This shows f_ is an
R-homomorphism of RR into MR“

It is clear that [ ] o n Ke(y) = 0 (8] 1r
. me

meM

ren [ﬁ]g then mer = 0 for all meM and so Mrr = O-.

This shows [%] = mgMKe(f ) = mQM[%] and [%] is a

right ideal. If r ¢ [%J, r' € R, then M(r'r) = (Mr')rc

SM-r =0 so that (9] is a two-sided ideal.

Proposition (2.12). Let B be a two~sided ideal of R

Then
(2.12.1) If M is an %%umodule, then M can be regarded

[

as an R-module.

Elo

(2.12.2) If M is an R-module and B ] < ®, then

HE

can be regarded as an R-module-
Proof: Assume M is an %%-module- Let me M, reR and
defiﬁe mr = m{r+3B) € M. With this definition M
becomes an R-module and (2.12.1) follows.

Tet M = M, be an R-module such that B ¢ [%].
Tet meM, reR and define n(r+B) = mr. If rl,rge:R
and rl4-B = red-B, then there is ah element be B such
that v, = r,+b. Since be[Z], it is clear that
mry = mrg-and 50 the above definition is single-
valued. It is now apparent that M can be regarded as

an %%"modulee
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Proposition (2.14). Iet My and Ay be R-modules. If
x5 e [§] - [3] _

Progf: TLet ¢ denote the R~isomorphism of MR onto
Ap. If rs[%], aeh, then a*r = (me)r = (mr)e

for some me M. By Proposition (2.12)

[%J = [%J Similarly, {%J < [%] and so

(8] - (%]
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CHAPTER III
CHAIN CONDITIONS

Betsch [1], Blackett [5), and Deskins [8] have
discussed near-rings R that satisfy the descepding
chain condition on R-subgroups. In [22] Laxton
considered d.g. near-rings that satisfy the descending
chain condition on right ideals, and he investigated
d.g- near-rings R that satisfy thé descending chain
condition on R-subgroups in [2%, 2#]- Roth [253
defined a near—rlng moedule MR to be Artinian if for

o .

every sequence M o M2 5> ... of R-subgroups such

that H, is a submodule of MR and Hi+1 is a submodule

1
of Hi’ then there exists a positive integer n such that
Hi = Hn for all i>n. He called MR Noetherian if H
is any term of a normal series and ch:HEC:... is
an ascending sequence of submodules of HR then there
exists a natural number n such that H = H for all
i>n. Then he investigated the structure of Artlnlan
and Noetherian near-ring modules.

It is the purpose of the present chapter to

provide a foundation for near-ring modules MR that

- satisfy the chain conditions on submodules snd R-

subgroups. Later, we will apply the results of this

chapter to special classes of near-rings and near-ring

modules.
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We define the concept of minimum condition on

submodules (resp. R-subgroups) of liy, and we relate

this concept to the descending chain condition.

. Apother notion is given, maximum condition on submoduleé,
which is eqﬁivalent to the ascending chain condition

on submodules. In the last section we construct

several examples of near-ring modules that satisfy the

various chain conditions.

Descending Chain Condition

Definition (3.1). A near-ring module My is said to

satisfy the descending chain condition, denoted d.c.c.,
on submodules (resp. R*subgfoups) if for every
decreasing seguence Ml > M2 = ;f- of submodules (resp.
R~subgroups) of MR there' is a positive integer n such
that M, = Mn for all izn.

A near-ring R is said to satisfy the d.c.c. on
right ideals (resp. R-subgroﬁps) if Ry satisfies the -
d.c.c. on submodules (resp. R~subgroupsj-

Every ring module MR that satisfies the d.c.c. on
submodules is a near-ring module that satisfies d.c.c.
on submodules ahd R—subgroups- A simple near-ring
module satisfies the d.c.c. on submodules. It is
evident that'any finite near-ring module satisfies

both the d.¢.c. on submodules and the d.c.ec. on R—
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subgroups.

' Let G be an additive group and S(G) the neap-
ring of n3ppings associated with G. We proved in the
first chapter that g contained no proper S(G)-subgroups
and so G considered as an S(G)-module satisfies the
d.c.c. on 8(6)~subgroups.

~ 8ince every submodule of a nzar-ring module Mﬁ is
an' R-subgroup, it follows that the d.c.c. on R-sub-
groups implies the d.c.c. on submodules. The
converse of this statement is not true in general.
This is the content of Proposition (3.11).

Definition (%.2). a near-ring module Mp is said to

saitisfy the ninimum condition on submodules (re5p= R~
subgroups) if evefy non~empty collection of submodules
(resp. R-subgroups) of Mp contains a minimaj element
Telative to the partial ordering by set inclusion.

As might be expected, we present

Lemma (3.3). 4 near-ring module MR Satisfies d.c.c.
on submodules (resp. R-subgroups) if, and only if, it
satisfies the minimung condition on submodules (resp.
R-subgroups).

Proofs Assume MR satisfies the minimum condition on
Submodules. Iet Ml o) M2 3 .. be g dgscending
sequénce of submodules. Then since MR satisfies the

minimum condition on submodules the collection {Mi} of
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submodules contains s minimal element. Therefore,

there is a positive integer n such that Mi = Mn for

all izn.

Conversely, assume MR satisfies the d.c.¢. on
submoduleé- Let & be a non-empty collection of sub-
modules of MR' Let Ml be an element of &. TIf Ml is
pot minimal, then there is an element MEEI@ sucb that
M, = Ml- Ir M, is not minimal in &, then let M35:®
and Ml o M2 o M5' Since MR satisfies the d.c.c¢. on

. submodules we must srrive at a positive integer n such
that Mn is minimal in &. '

Similarly, MR satisfies d.c.c. on R—subgroups if,
and only if, it satisfies the minimum condition on R-

subgroups.

Theorem (3:4). TLet A be a submodule of the near-ring

module Mp. 1If Mp satisfies d.c.c. on submodules {resp.
R-subgroups), then the factor module Mi satisfies the
d.c.c. on submodules (R=subgroups).

Proof: Tetx Mi glMé = ++- be a decressing sequence of
submodules of %i, and let m denote the natursl R-
homomorphiém of MR onto the factor module %1- From

Lemma (1.21)
n-l(Mi) > n-l(Mé) > ~ce. 18 a descending sequence of
‘submodulasof MR' It MR setisfies d.c.c. on submodules,

then there is a positive integer n such that n_l(Mi) =




45

i ndl(Mﬁ) for all i>n. Appealing to Lemma (1.21)
the second time, it follows that Mi = M1:1 for all i>n-
This shows %k satisfies the d.c.c. on submodules-

Now assume MR satisfies d.c.c. on R-subgroups.
Using Lemma (1.20) instead of Lemma (1.21) and pro-

ceeding in the same way as above we can conclude that

%i satisfies the d.c.c. on R-subgroups.

Ascending Chain Condition

Definition (3.5). A near-ring module My is said to
satisfy the ascending chain condition, denoted 8:C-Co-
on submodules if for every ascending sequence

M EMEE +«« of submodules there is & positive integer

1
n such that Mi = Mn for all i>n. ‘

A near-ring R is said to satisfy a.c.c. on right
ideals if RR satisfies the a.c.c. on submodules.

Any finite near-ring satisfies the a.c.c. on
right ideals. Let G be an additive group and S(G)
its associated near-ring. As seen earlier, G
considered as an S(G)-module has no proper S(G)-
subgroups and so G satisfies a.c.c. on S(G)-subgroupsn
In the last section of this chapter we will

construct other examples of near-ring modules that

satisfy the a.c.c. on submodules.
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pefinition (3.6). A neaéuring module M, is said to
gatisfy the maximum condition on submeodules if every
.nonwempty collection of submodules contains a
maximal element relative to the partial ordering by
set‘in01u5ion- 7
The proof of the next result is similar to that

of Lemma (3.3). For that reason it will not be given-

Lemma (%.7). A near-ring module MR satisfies a.c.c.

on submodules if, and only if, it satisfies the

maximum condition on submodules.

We now give the analogue of Theorem (3.4)

Theorem {3.8). Let A be & submodule of MR' Ir MR

gatisfies a.c.c. on submodules, then the factor module
%k satisfies a.c.c. on submodules. '
Proof: Assume that MR satisfies a.c.c¢c. on submodules.
Let M]‘__C_Még +«- be an ascending sequence of submodules
0f the factor module %i. If n is the natursl R~
homomorphism of My onto (%i)a, then by repeated use

of Lemma {1.20) we conclude that there is a positive
integer n such that n_l(Mi) = n_l(Mﬁ) for all i»n

end so M, = M, for ell i2n. This shows Mi satisfies

8:C.c. on submodules.

We conclude this section with a theorem thst

gives a sufficient condition for a near-ring module
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to satisfy both chain conditions on submodules.

rem :9.- A near-ring module My that has a
Jordan-Holder Series satisfies both the d.c.c. on
submodules and the a.c.c. on submodules.

Eroof: Le? 2 be & Jordsn~Holder series for My
with n~factors. From Theorem (1.37) every Jordan-
Holder series for Mo has exsctly n-factors.

-Buppose M1 2 My o ... is an infinite decreasing
gsequence of submodules where M +1 is & proper subset
of Mi' ‘Then for k>n the nomal series Z,- Mo Mln caem
o> M 5 {0} is strictly decreasing snd hes more than
n-factors. By Corollary (1.38) T cen ve refined to
& Jordan-Holder series with more then n-factors.

From this we conclude thet MR satisfies d.¢.c. on
. Bubmodules.

Assunme HlCHaf:H5 Se«++ is an infinite ascending
Bequence of submodules of MR such that Hi+l is a proper
subset of Hi. Then for {4 > n the strictly normsl
series M o H > 31 4] P D Hl o {0} has wore than

n-factors. This shows MR satisfies &«¢.C. on submodules.

Construction of Exemples
In this section we will construct several general

exanples that will be épplicable throughout the

remainder of this dissertation. In particular, we
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will be able to give examples of near-ring modules
that satisfy the various chain conditions.

The most natural place to begin, of course, is
withsnﬂrnear—rings of the near-ring of mappings
associated with an additive (non-abelian) group.

Throughout this section G will denote an additive
non-abelian group and § = S5(G) the near-ring associated
with G. We will no doubt have to assume certain
properties of G in order to reach our objective.

First, we will show that every subgroup of G

determines a sub-near-ring of S(G).

Proposition (%.10). Tet ¥ be a subgroup of G. Then

S(H) = {se8(q) lH-sCH] ig a sub-near-ring of S(G).

Proof: If hell, 1185 € S(H), then h(sl-se) = hs, ~he

1 2

and h(slsg) = (hsl)52= Since H is a subgroup, it
follows that the elements sl-msa and 518> are contained
in 8(H). From this we note that S(H) is a sub-near-

ring of 5(G).

The near-ring 8S(H) is called the near-ring
determined by the subgroup H.

Let us assume G contains only a finite nuwber of
normal subgroups ahd does not setisfly the descending
chain condition on subgroups (such groups are known
to exist). ILet Hy 2 Hy o ... be an infinite descending

sequence of subgroups of G and S(Hi) the near-ring
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‘determined by Hia

Proposition (3.11). If R = NS(H;), then the R-module

Gr satisfies the d.c.c. on sﬁbmodules and does not
satisfy the d.c.c. on R~subgroups.

EQLQ£= Since G contains only a finite number of
normal subgroups, GR nust contain at most a finite
number of submodules. Hénce, GR satisfies the d.c.c.'
on submodules- For each positive integer n the near-
ring R is céntained in S(Hn) and so each H is an R-
subgroup of GR' Therefore, len H2 ™ «.. is an

infinite descending sequence of R-subgroups and so GR

does not satisfy the d.c.c. on R-subgroups.

We now consider d.g. sub-near-riﬁgs of 8(G) where G
is an arbitrary additive non-sbelian group. Let E be
-8 multiplicative semi~-group of endomorphisms of G.
A subgroup H of G is said to be E~invariant if, and
only if, H-E € H. As usual, E(G) will denote the d.g.

near-ring generated by E.

Lemma (2.323. A subgroup H of ¢ is E-invariant if,
and only if, it is an E(G)~subgfoup of G over the d.g.
near-ring E(G). _

Proof: First, assume H is an E(G)-subgroup. Since

E S E(G), H must be E-invariant.

'Conversely, suppese H is an E-invariant gsubgroup.
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Let s be any element of E{(G). Then we have a repre-

sentation s = s1 + «++ + 5_ where siE:E or —sie:Ee

n
Since B is an E-invariant subgroup h(isi) = 1hsiEII
where heH. From this we see that H is an E(G)~
subgroup of G over the d.g. near-ring E(G). This

completes the proof.

Let A denote the ﬁultiplicative group of inner-
sutomorphiszs of G. Throughout the remainder of this

section we will assume ASE. Hence, we have

Lemma (3.13). If H is an E(G)-subgroup, then H is a

submodule of G over the d.g. near-ring E(G).

Progof: Tet H be an E(G)-subgroup of G. In particular,

H is an A-invariant subgroup and so it must be normal.

Let s be 2n element of E(G). Then s = Sp + vee b 8
where sisE or -s; €E. If heH and g€ G, then

(g+h)s - 85 = (ga—h)sl e+ (84-h)sn s, T .- -gsy.
If s, €E, then (g4—h)sn T 8BS, = gs,+hs -gs & H.

Also, if -s_€E, then‘(gi-h)sn - 85, = hs_ eH. |
Proceeding in this way we finally prove that {(g+h)s=~gs
is an element of H. Hence, we conclude that H ié a

submodule of the E(G)-module G.

According to Lemma (%.12) and Lemma (3.13) we can

give the following list of exa&ples,

Example (3.12). If g setisfies the d.c.c. on normal
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subgroups, then the E(G)-module G satisfies the d.c.c.

on E(&)-subgroups.

xam . + If G satisfies the a@.c.c. on normal
‘subgroups, then the E(G)-module ¢ satisfies the a.c.c.

on submodules.

Example (3.16). If G satisfies the d.c.c. on normel
subgroups and does not satisfy the a.c.c. on normal
subgroups, then the E(G)-module G satisfies the d.c.c.
on submodules and does not satisfy the a.c.c. oﬁ

submodules.

Example (3.17). If G is a finite groups, then G consid-

~ered as an E(G)-module satisfies both chain econditions

on submodules.



.52
CHAPTER IV
SEMI~SIMPLE NEAR-RING MODULES

According to Blackett [5] & near-ring R is
gemi-simple if R satisfies the d.c.c. on R~subgroups
and contains no non-zero nilpotent R~subgroups.
Betsch [1] introduced the analogue of the Jacobson
radical for near-rings. TFor the class of near-rings
. R that satisfy the d.c.c. on R-subgroups, he proved
thet a necessay and sufficient condition for R to be
semi-simple (in the sense of Blackett) is that the
radical be zero. Using the sesme radicsl for d.g.
near-rings R with identity, Zaxton [22] called R
seri-simple if the radical of R is gzero. He showed
thet this definition did not conflict with Blackett's.
Roth [25] defined a near-ring module to be semi-
simple if every submodule is & direct summand.

Then he developed some of the properties of semi-
simple near-ring modules.

'The present chapter is devoted to the eésential
properties bf gsemi-simple near-ring modules. After
introducing the concept of direct sums of submodules
of & near-ring module and giving several elementary
properties derived :rom this concept, we will
present a definition of semi-simple near-ring

modules that is equivalent to Roth's. The fundamental
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result of this‘ chapter, which is to be used in the
following chapters, is given in Theorem (4.12). The
theorem gives four equivalent conditions for a near-
ring module to be seﬁi—simple- Another concept is
defined, external direct sum, which is used to provide

examples of semi-simple near-ring modules.

‘Pirect Sums of Submodules
Definition (4.1). TLet {Ml 1A eQ} be a collection of
submodules of the near?ring module MR‘ Then Mp is
s8ld to be a direct sum of the submodules fmkixsﬂ}
if, end only if, the additive group M is a direct sum
of the normal subgroups {MK IAeQ). If Mp is a direct
sum of the submodules [Mi A eQ), then we denote this

fact by M, = B M, .
MR hefd Ml

Since our definition of direct sum of submodules
is given in terms of group theoretic properties of =a

near-ring module, we can now formalize seversl well

known results from group theory.

Proposition (4.2). Tet [Mx TAheQ} be a collection of

submodules of MR' Then

(#.2.1) M = J\% My if, end only if, M, = AZS:QMH and

end the elements of any two distinct submodules Mk

permute.
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(4.2.2) My = x?sz My if end only if My = J\%Q and

Mio ﬂ( i%g Ml) ={0} for each A, €9

AN

-

(4.2.3) L MK if, and only if Mp = & and
Aef AeQ

every element of MR has a unique representation as a

finite sum of elements chosen .from the submodules st

MX MA is a submodule

Definiticn (4.3). Let M =
. rER

. . n
of Mo, If meM, m = Ziml where m, E:Mx , then
; J J J :

J= :

each mk- is said to be th¢ ljth'component of the
element m.

The next lemma wili be very useful in our later
considerations of-near—ring modules MR which can be
written as direct sums of submodules. It will enable
us to distribute the elements of R over the elements
which are contained in distinct submedules that occur
in the direct sum representation of MR'

Lemma (4.43. let MR = MK MK a submodule of MR

AEeQR
Ifm = ml + eae + mxn where mkj EN&. and r£ R, then

= T+ wese + 1.

EEQQ ¢ We will use inductioﬁ on ne. Assume the Lemms
is true for all elements of M with < n-1 non-zero

components. Tet meM, n = + ... + M Where
P m7\1 ‘ mln
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EMi and is not zero. If reR, then

(ml +...+mx )rgm)‘lr+..-+m7‘n-l.r by

8ssumption. Appealing to Proposition (4.2) we see
n-1
that illI“"( + e 4+ )I‘— Ire n( ) = {0}
Ay RS WAL L ¥

and s0 mr = ;Z;ml T+ This establishes the Lemna.

Deflnltion (4.5). A submodule A of MR is s5id to be

. & direct summand if, and only if, there ié a submodgle
B such that M, = 4 @) B. '

It is evident that My = Mo Biol={0)B Mp- If
these are the only two decompositions of the near-

ring module MR’ then MR is said to be indecomposable.

Erovosition (4.6). Tet A be & direct summand of the /. £ -

near-ring module Mz-  Then every submodule of Ap is
a8 submodule of MR°
Froof: Since A is & direct sumnand of Mp. there is a
subtmodule B of Mp such that Mo = A@B-  TLet A' be g
submodule of AR If a' €A, reR,and n = &8+b where
8€d, beB, then appeeling to Proposition (4.2) and
Lemma (4.4) we have
(4.6.1) ~m+4g +q = —(a+b)+a'+(a+b) = ~a+a +ach’
(4.6.2) (m+a)r-np = (a+a')r+br-ap-br =

= (a+a')r-ar e 4.
From these facts we conclude that A' is a submodule of

MR'
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Définition and Fundamental Properties- of
Semi~Simple Near~Ring Modules
An important result in the structure theory of
ring modulés is that every finitely generated module
over 8 ring contains a maximal submedule. We now

Bive a2 similar result for near-ring modules.

Lemma (4.7). TLet MR be an R-module. Then
(4.7.1) 1f My is finitely generated as an R-subgroup

of itself, then every proper R-subgroup of MR is
contained in a maximal R-subgroup.

(4.7.2) 1Ir Mp is finitely generated, then every proper
submodule of MR is contained ip & maximal submedule.
Erooft Suppose MR is finitely generated as an R~
subgroup and let A be a proper R-subgroup. ILet &
denote the hon-empty collection of all proper R-
subgroups B of MR that conbtain A. We partially orderj
¢ by set inclusion. If &' is = chain of elements of &,
then it follows that A' = U{Beg'} is an R-subgroup that
contains A. If A" = R and [xl, veay xn} is a set of
generators for MR as an R-subgroup of itself, then
there is an element Be &' such that {xl,.--,xé c B.
From this we see that B = M and so A' is a proper R~
subgroup. By Zorn's lemma the cbllection & contains

a maximal elemént so that (4.7.1) follows.

Assume MR is finitely generated and let A be a
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proper submodule of MR. By an analogous argument we can
conclude that A is contained in a msximal submodule

and so (4.72) is established.

If 2 near-ring R contains an identity, then it
is evident that R is finitely generated as an R-
subgroup of RR and R is finitely generated as a

submodule of RR' Hence, we have the following

Corollary (4.8). Every near-ring with identiﬁy

‘contains a maximal right ideal and a maximal R-subgroup.

We next present a lemma and two theorems, which
are of interest in themselves, that will enable us to
establish the fundamental theorem of this particular
chapter.

We proceed with

Lemma (4.9). [25] Let MR be an R-module such that
every submodule 1s a direct summend. Then every sub-—
module of M, has the same property and Mp contains a
simple submodule. | '

Proof: Let 4 be a submodule of My end A' & submodule
of Ap. TFrom Proposition (4.6) A' is a submodule of
Mp so there is a submodule A" of Mp such that

Mp = A'QDA". It is essily verified that A =

= A' B (&' NA) and so every submodule of Ap is &

direct summand.
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Let B be a finitely generated.submodule of Mp-
If B = M, then MR contains a maximal submodule B' by
Lemma (4.7). Hence, there is a submodule.B" such
that B" (PB' = M. From the Second Isomorphism
Theg)r:fnil{tfor near-ring modules /B' % B al.'ld. so B"
is aVsubmodule of 'MR' Assume B is a proper submodule
of M. From Lemma (4.7) By contains a meximal submodule
C and C is a submodule of MR" Let C' be a submodule
of By such that B=C"@H C. It is now clear that C'
is a simple submodule of Mp.

Theorem (4.10). [25] Let MR = ZM')\’ M‘)\ a simple sub-

AEQ

module of M Then there exists a subset Q'<Q such

R
that = .
MR A' EQM-)k
Proof: ZLet {H] denote the collection of all subsets
H of Q such that g M, = DM, . The collection {H} is
heH heH :
partially ordered by set inclusion. If {G_j '2e L}

is eany chain of subsets of {H}, then we will show

G- = 3 Gy is again in {H}. For this it suffices to
aL
show } M, is direct. If g eG and mel_ N ZM) )
- geG B 8o \gea ©
thenmeM_ N(M_ +...+M_) 8%8,
8 B 8y

for some set of indices B1r c1 By E G. Since
fGLIiEL] is a chain, it follows that there exists
an element ,10 e L such thatthe indices go, gl, v ’gnEGlo

But Z M = @ M and som = 0. This shows
SEGI 8 SEGJ
0 )
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ZM = @M and by Zorn's lemma  contains a
geG B geG B

maximal subset Q' with the property that

’-\');Q'Mxe- = A%Q‘M}"o We now show My = 'e?aQ'MA” Let

M.)L be a simple submodule of M that occurs in z M?\,
AeR

It is easy to see that eibher M)\ n '&-_Q'Mh } MK

oer

see {that MK

) M)L.J = 0 . B8ince Q' is maximal we
Ate!

d c LM,
}\E.Q’MX} and so o_A'EQ'M“\

From this we conclude M, = £ M?\"
R AeQ?t

Theorem (4.11). [25] 1Iet N, a simple
B\EQMA M’"

submodule. Then every submodule of MR is a direct
summand.

;E;'_o_q_g” Let B' be a submodule of My and & the collec-
tion of all submodules C of Mp such that B'NC = [O};

We partially order & by set inclusion and let &' be

sn ordered subset of & Then it is clear that

¢! = UlCc1Ces’ } is an element of ¢. By Zorn's. lemma,
the set ¢ contains & maximal element B. TIn perticulsr,
B+B' = BOB'. We now show M = BOB'- If AeQ and

Mk 8 simple submodule, then either M.AQ(B@B") = M,

or M N(B@B') = {0}. If W N(BEB') = (0}, then

Mk +B £ & and BCMK +B. This contradicts the fact
that B is meximsl. Hence, M, S BEEB' and so M =BEBB' . -



We can now prove the fundamental theorem of

this chapter.

Theorem (4.12).[25] If Mp is a near-ring module, then

the following statements are equivalent:

(4.12.1) Every submodule is a sum of simple submodules
of MR'

(4.12.2) Mp is a sum of simple submodules.

(4.12.3) Mp is a direct sum of simple submodules.
(4.12.4) Every submodule of Mp is a direct summand.
Broof: Appealing to Theorems (4.10) and (4.11) it
suffices to show (4.12.4) implies (4.12.1). Tet B be
a submodule of MR and B' the sum of all simple sub-
modules of Bp: From Proposition (4.6) B'is a sub-
module of MR and every simple submodule of Bp is a
simple submodule of MR' If B' is a proper submodule
of Bp, then by Lemma (4.9) there is submddule B'' £ {0}
such that B'@B'' = By and B'' contains a simple sub-
module of Mp- This contradicts the fact that

B'NB'"' = {0 }and so we conclude B = B'. Hence, we

heve proved that (4.12.4) implies (4.12.1).

Definition (4.13). A near-ring module My is called
semi-simple if, and only if, M. is a direct sum of
simple submodules.

We will say that a near-ring R is semi-simple if

RR is semi-simple.
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In [25] Roth defined a near-ring module to be

gsemi~simple if everj submodule of MR is a direct

gsummand. From Theorem (4-12) we conclude that our
definition is equivalent to his. It is clear that
the class of all semi~simple R-modules includes all

gimple R-modules.

 Corollary (4.14). TLet MR be a semi-simple R-module
and H a submodule of MR° Then HR is semi-simple and
the factor module %ﬁ is semi-~simple.
Proof: Hp is semi~simple by Theorem (4.12). T“There

' is a submodule H' of Mp such that Mp = HEH'-  From
the second isomerphism thecrem for near—-ring modules

we are allowed to conclude % H' so that the factor
. .

module %ﬁ is semi~simple.

Corollery (%£.15). Let My be a finitely generated
semi~-simple E~module. Then MR satisfies d.c.c. on

submodulesland the a.c.c. on submodules.

Proof: Tet {xl, ev ey xn} be a set of generators for
Mp end let Mp = A%émx where MR is a simple submodule

of MR' Since each xj is expfessible as a finite sum
of fhe form Z where E + it follows that the
", m Bl h
index set £ can be taken to be finite. If Mp = G}Mi,
’ : i=1
n n-1
then L: @M, D @GN, > ... D M, @M,D D (0} is
i jz1 1_ I

i=1
a strictly decreasing normal series. From the second
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isomorphism theorem for near-rirng modules

i/k-1 =M and so the factors of E: are simple.
i=1 k )
oM, (R)
i=1
By Theorem (3.9) MR satisfies d.c.c. on submodules and

the a.c.c. on submodules.

External Direct Sum and Scome Examples
As in the case of other algebraic systems, the
notions of external direct product and externzl direct
sum. are useful for the construction of examples.
Let {Ml’ AeQl} be a collection of R-modules and
M ='1!;MK denote the Cartesian product of the given

collection. If (xx)9 (yk) € M, and reR, then define
(xk) + (yk) = (xi-+yx) and define (xk)r = CXA'3)° With
these definitions M becomes an R-~module. The R-module
Mp is called the module-product associated with the
collection {Mx | 6eQ}. '

Lemma (4.26). Tek Mq be the module-product associzted
with the collection {MK P e} of R-modules. Then
{4.16.1) For each A £ Q the set = {(xl) chk)EMR*

xkoao for Aoﬁh} is a submodule of MR'

[
(4.16.2) For each A, N ?§§ M, -

Proof: It is clear that Mi is a subnodule of MR and



63

so (4.16-1) follows.

For each A £€Q, define the mapping M, 8s follows
ﬁk:(XX) EH& — xi_su&. It is easy to verify that
%, is an R-isomorphism of Mh.onto MK'

The proof of the next lemma is straight forward

and for that reason will bé omitted.

Lemma (4.17). Let M, be the product-module associated

- with the collection {M,\ 1 AeQ} of R-modules. If M' is
the set of &1l elements (xx) £ MR such that X = 0 for
all but a finite number of indices A & 2, then
{(#.17.1) ¥' is a submodule of My

(4.17.2) M < M' for each A € Q

’ : '
{4.17.3) Mp = {%E Ml

The near—ring module Mﬁ is called tﬁe external
direct sum associated with the given collection
[MK li.EQ] of R-modules.

Now let [Mi IAeR) be a collection of simple R-
Vmodules and Mﬁ the external direct sum associated with
the collection {Mk IxNeQl). Appealing to Lemmas (4.16)

and (4.17) we have the following two examples.

Example §#.1§2- Mé is & semi-simple R-module.

Exsnple (4.3193. If Q is a finite index set, then M

satisfies d.c.c. on submodules and a.c.c. on submodules.



CHAPTER V
STRICTLY SEMI~SIMPLE NEAR-RING MODULES

The general slgebraic theory of strictly semi-
simple nesr-ring modules has not been discussed in

detail. In this chapter we will develop some of the

fundamental properties of this class of near-ring
modules. ‘

‘We introduce the concept of irreducible near-
ring moduley, If MR is a direct sum of irreducible
submodules and R contains an identity element, then
we show in Theorem (5.6) that Mp is unitary.

Another concept is defined, regular submodule of
a near-ring module, which plays an important role in
our study of strictly semi-simple near-ring modules.
As might be expected, every strictly semi-simple near-
ring module is.semiwsimple-

In Theorem (5.17) we prove that s semi-simple
nesr-ring module is strictly semi-simple if, and only
if, every maximal submodule is regular. However,
there exists semi-simple near-ring modules which are

rot strictly semi-simple.

Irreducible Neasr-Ring Modules

Definition (%.1}. A near-ring wmodule Mp is called
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irreducible if, and only if, MR contains no proper
R-subproups. k

Roth [25] called an irreducible near-ring
module My simple while Betsch [1] used the term
ninimal R-group-

Since & submodule of a near-ring module MR is
an R~subgroup, we note that every irreducible R-module
is simple. In Chapter VII we will present an example
to show the converse is not true in general.

Let G be an additive group and S(G) its
egsocisted near-ring. In Chapter I we showed that
G contained no proper S{G)-subgroups and so G ié an
irreducible S(G)~module. If E is a multiplicative
semi~group of endomorphlsms of G and G contains no

- proper E~1nvarlant subgroups, then G is an

irreducible E(G)-module by Lemma (%.12).

The remasinder of this section is devoted to the
study of some of the elementary properties of
irreducible near-ring nmodules.

We start with the useful

Lemma (5.2). Let MR be an irreducible R-module. If
meM, m*R = {mr! reR} £ {0}, then MR = m-R.

Proof: Let m be an element of Mp such that m-R # {0]).
Since MR is irreducible it suffices to show m.R is

gn R-subgroup of MR' if Tyy Tp € R, then mry = mr, =

Ca m(rl"-ra) e mR and (mrl)ra - m(rlre) £ m*R.
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From this we conclude that m*R is an R~subgroup of M.

Corollary (5.%). Tet MR be a unitary R-module. Then

My is irreducible if, and only if, m-R = M for every
non—zero element me M.
Proof: Since MR is unitary‘the cear-ring R contains
an identity 1 such that x-1 = x% for all xﬁ:Mﬁe First,
we assume MR is irreducible. If m is any LON-Zero
element, then m-R £ {0}. From Lemma (5.2) it foilows
that m*R = MRQ

Conversely; suppose m-R = MR for all mz:MR with
m # 0. Let 4 be any R-subgroup of My such that A # {0}.
If ach with a # 0, then a‘R is an R-subgroup. Hence,

we have the following MR = arR<C A C MR and so MR = A.

Corollary (5.4). Every irreducible R-module Mp is R-
isomorphic to a factor-module of RR" Moreover, if R
is a ring then MR is a ring module.

Proof: Tet m be a non-zero element of MR such thatr
m'R = Mp. TFrom Lemma (5.2) it is clear that the
mapping fmt reR ——> mre:MR is an R-homomorphism of

R o
Ry onto Mp. Hence, ’ke(f) =31 M, by the fundamental

theorem of R-homomorphisms.

R

®

follows that M is an additive abelisn group. If

. . . R .
Assume R is 3 ring. Since /rKe(f) Moy it

ml’ m, € M, reR, then there exists elements TyaTy € R
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'such that mry = @y, MT, = M, and S0

1]

L (m14-m2)r = (mrli-mrz)r [m(rl4-r2)}r = m(rlr+-r2r)
 '- (mri)r+-(mr2)r = mlrd»mar. This showé that MR is a

ring module.

Corollary (5.5). Tet R be 2 near-ring with identity
1. If MR is irreducible, then Mp is unitary.

'Egggii Let m be a non~zerc element of MR such that
n-R # {0}, From Lemma (5.2) we see that m-R = Mp-
If m' €M, then there is an element reR such that

pr=m' and so m'-1 = (mr)-1 = m(r-1) = mr = m'.

Hence, MR is a unitary near-ring meodule.

We conclude this section with two theorems that
will find direct application in our investigation of

-.near-vector spaces which we will study in Chapter X.

. Theorem (5.56). Let MR'=_K%%MAY Mk an irreducible

submodule of MR’ If R contains an identity 1, then
MR is a unitary near-ring module.
- Exoof: Let m be an element of MR such that

m o= + e where £ . Appealing %o
B e em where m el
~Lemma (4.4) and Corollary (5.5) we see that

. mel = (m?\ +oeeedm, Yol = my O S Iy -1-
1 n n

: 1
“Therefore, My 1s a unitary near-ring module.

= M M. an irreducible
R AR
AER

‘Theorem (5.7). Let M



68

submodule of Mp. If R is a ring, then Mp is a ring
module.

-Proof: Assume R is a ring. From Corollary (5.4)
and Lemma (4.2) it follows that the additive group
M is abelian and the R-module MA is a ring module
for each AeQ. Ietm = mxl+.o +m7‘n9

m' mki.+...-le£ be elements of M. and let T be

an element of R. If the indices lj and Ai are all

distinct, then from Lemma (4.4) we have (m+m')r =

I:(m?\.1+ +m7\n) + <m7\'i+ °”+m7\l':)]r =

.- M T eee ‘T 4 My 4 DA oo+ T = MT 4+ 0’ T
ml1 mln mAl mlk
If Kj = Ai for some pair of integers Jj, i, then
from Corollaery (5.4) it follows that (mk 4—mh.)r =
J i
- oI+ v*r-  From this it is now evident that
T, Ty

MR is a ring module.

Regular Submodules of a Near-Ring Module

Definition (5.8). A submodule A of a near-ring

module MR is sald to be regular if, and only if, A is
maximel &8s an R-subgroup.

Thus a regular submodule of = near-ring module is
&8 meximel submodule and a maximal R-subgroup of MR' '
If MR happens to be a ring module, then sll meximsal

submodules are regular.



In [22] Lexton defined a right ideal of a d.g.
pnear—-ring R with identity which is maximal as an R=-
subgroup of R to be a modular right ideal. ‘Hence,
a regular right ideal of a d.g. near-ring with

identity is modular in the sense of Laxton.

ir MR is an irreducible R-module, then the

zero submodule is the unique regulsr submodule of MR"

mma :9). A submodule A of a near-ring module Mg
tg regulaxr if, and only if, the‘factor module %& is
irreducible. '
‘Proof:r Assume %& is irreducible. From Lemme (1.20)
it 1s easy to see that A is meximsl as an R~subg£oup
of MR and so A is regular.

Conversely, éuppose A is a regular submodule of

MR' Since A is meximal as an R~subgroup it follows
from Lemmas (1.20) that the factor module gi is

irreducible.

As sn immediate consequence of lemma (5.9) we

have the following

Corollary (S.10)- A submodule 4 of & near-ring module

Mp is regular if, and only if, A is the kernel of s
non~zero R-homomorphism of MR onto an irreducible R~

module.

Let G be an additive group and S(G) the near-
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ring associated with G- TIn the previous section we
‘noted that G considered as sn S(é)—module is irreducible.
“From Corollary (5.10) it follows that for each ge G,

:with grﬁ 0, the right ideal [%] is regular.

rheorem (5.11). A submodule A of a near-ring module

My is contained in z regular submodule B if, and
only if, the factor module %1 contains a regular

submodule.

Proof: Tet m denote the natural R-homomorphism of 'MR
onto (%L)R- Assume A is contained in a regular sub-
module B. According to the first isomorphism theorem
for R-modules and Lemmz (5.9) we have

~

S

— M/%// and AN = B/ is a regular submodule
(R) AT A
of the factor-medule gin

Conversely, suppose %h contains a regular sub-

module M'. From the first isomorphism theorem for

- I
nesr-ring modules 1 ooy 2 A and Lf/..l , M/ﬁ/"
Hence, 1" L(M') is a regular submodule of My by Lemma
(5.9).

Definition and Elementary Properties of Strictly Semi-

Simple Near~Ring Modules

Definition (5.12). A near-ring module Mp is called

strictly semi-simple if, and only if, Mp is a direct
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gum of irreducible submodules.
A near-ring R is said to be strictly semi-simple
if RR is strictly semi-simple.

It is clear that every irreducible R-module is

strictly semi-simple. More generally, let {Ml I heR}
be & collection of irreducible R-modules. If Mé is
the external direct sum associated with the given
collection, then Mé is a strictly semi-simple R-module.
Frohlich [14] showed that the d.g. near-ring R
generated by the multiplicative group of inner-
automorphism of a finite, simple and non-abelian
group is strictly semi-simple. Blackett [5] considered
near-rings R that satisfy d.c.c. on R=subgroups which
contained no non-zero nilpotent R—subgroﬁps» Blackett
proved that such nesr-rings could be written és a

finite direct sum of irreducible right ideals.

Theorem (5.13%7. A‘strictly seni-~simple near-ring
module is semi~simple.

g;ggi: Let MR be & strictly semi~simple R—module-
Since every irreducible R~module is simple it follows
that MR is a direct sum of simple submodules. Hence,

MR is a ‘semi~simple-

We will give an example in Chapter VII (sece
Exemple (7.21)) that shows the converse of Theoren

(5.13) is generally not true.
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The contents of the next theorem give the
essential difference between semi-simple near-modules

- gnd strictly semi-simple near-ring modules.

neorem (5.14). Let M, = (PM, where is an

Iheor R =B iy
irreducidble submodule of Mp. If A £ {0) is a simple
submodule of MR‘ then there exists XOE:Q such that

et
4 =

(R) M;‘o
Proof: TLet A be @ non-zero simple submodule of MR’
If a is & non-zero element of 4, then there is at
'1east one index K £Q such that the A o component of
a is non-zero. Let m denote the R-homomorphlsm of MR
onto the R-module M& thet maps meM onto its Kom

o

component in MK It is clesar that n induces a non-

zero R- homomorphlsm T of A, onto the R-module MA .
ko R o

Fronm the fundamental theorem for R-homomorphisms it
A o . \ .
follows that /ke(n y = M, - Since A is simple
Ao (R) %o
Ke(nJL ) = 0 so that A = M, - This completes the

0 - (R) %o
procf of the theorem.

From Theorem (5.14) we get the next two

¢orollaries.

Corollary (5.15). Every simple submodule of a

.strictly semi-simple near-ring module is irreducible.

Corollary (5.16). A semi-simple near-ring Mp module
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5 strictly semi—simple if, and only if, -every simple

ubmodule of M, is irreducible.

Corollary (5.16) ensbles us to establish

rreoren (5:17). A semi-simple neé:—ring module My

is strictly semi-simple if, and only if, every

maximal submodule of MR is regular.

Proof: Assume every maximal submodule of My is
regular. From Corollary (5.16) we note that it

- guffices to show every non;zero simple submodule is

-f irreducible. If A is a non-zero simple submodule of

-Mp, then éppealing to Theorem (4.12) and the second

. isomorphism theorem for nesr-ring modules it follows

- that there exists a submodule B of MR such that
B é;g A. Hence, B is a maximal subnmodule of MR S0
R

“}that it is regulér. Therefore, A, is irreducible by
. Lemma (5.9).
Conversely, suppose MR is strictly semi-simple.
Let B be a maximal submodule of Mp. From Theorem (4.12)
f and the second isomorphism theorem for near-ring

_ modules there is & submodule B' such that

R %B* and so B' is a simple submodule. Hence, B'

~-is irreducible by Corollery (5.16) and so B is regular
. by Lemma (5.9).

The result to follow is a consequence of Theorem
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_(4,12) and Corollary (5.16).

ZQQQQEQE_Lﬁ;lﬁl- Iif MR=£SQM17 where M, is an irreducible
: £

;Bﬁbmoduleﬁ then

(5.18.1) My is strictly semi-simple.

f5.15-2) Every submodule is a direct summand.
(5.18.3) Every submodule is strictly semi-sizple.

~gorollery (5.19). Every factor module of a strictly

semi-simple module is strictly semi-simple.
.3zggofi Let My be strictly semi-simple R—mo@ule and A a8’
_submodule of Mp. From Theorem (5.18) and the second

- theorem isomorphsim theorem for near-ring modules there

 1$ a submodule B such that %& ?é) B. Hence, the factor—
g R
~module %ﬁ is strictly semi-simple by Theorem (5.18).

gorollary (5:200. A strictly semi-simple near-ring

imodule'contéihs at least one regular submodule- _

:Egggi= Let MR be a strictly semi-simple R-module, and
let M' be an irreduciblé submodule of MR° From Theorem
“ (5-18) and the second isomorphism thecrem for nesr-ring

modules there is a submodule A of MR such that

%’ {—)M' Hence, A is regulsar by Lemma (5.9).
: R

Corollary (5.21). Let My be a unitery near~rin
module such that every R-subgroup of Mp is a submodule.
’If R is 8 strictly semi-simpie near—rlng, then Mn is

j;strlctly Semi- 51mple
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: : et R = . 1 .
Broof e AEQAK’ where A4 is an irreducidle
‘right ideal of R. If meM, then for each A £8, the

papping £ 8y € A?\
isomorphism or the zero mépping. Since Mp is

‘> nay Em“AA is either &n R~
unitery, the near-ring R contains sn identity so
that every element of MR is contained in an R-

subgroup of the form m-AA- From this it follows

AeQ meM
simple by Theorem (5.18).

that Mp = ) ) m-d, and so M is strictly semi-

Let G be an additive group and E a multiplicative
semi~group of endomorphisms of G that contains the set
of inner-sutomorphisms of G. If G is considered as an
E(G)-module, then ev;ry E(G)~-subgroup of G is a sub-
module by Iemma (3.12). From Corollary (5.21) we can
state

Corollsry (5.22). If the d.g. near-ring E(G) is

strietly semi-simple, then the E(G)-module G is

'strictly semi~simple.
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CHAPTER VI
A RADICAL AND ITS THEORY FOR NEAR~RING MODULES

4 radical for gerersl near-ring modules has not

peen discussed in the literature. However, Betsch [l],
1axton [23, 241, and others have studied certain
radicals for near-rings which were generally the

.analogues of the Jacobson radical for ringso Betsch

showed that many of the results of the Jacobson
”radicaligeneralize to the case of near-rings. Laxton
‘restricted his work to d.g. near-rings with identity.

: In this chaptef we introduce a radical for near-
}{Iing nodules which, when restricted to near-rings with
'identity, coincides with the radicals defined by
;Betsch‘and Laxton. The first part is devoﬁed to the
Zelementary properties of the radical which will be

useful in what follows. ILet M be a near-ring module

and J(M) its radical. We show that J(’/(M)) = 0 and
; J(M) is the smallest submodule A of My with the
property that J(%) = 0.

In the second section, we introduce the concepts

©of small and strictly small submodule of a near-ring
module. Assuming the radical J(M) of MR to be small
(resp strictly small), we prove that J(M) is the

1ntersectlon of 211 meaximal oubmodules (resp. the

intersectlon of all maximal R~subgroups). We also give
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a necessary and sufflclent condition for J(M) to be
the sum of all small (respo strictly small) submodules
of M _

In the third part, we apply our results to near-
ring moduies that satisfy the d.c.c. on submodules.
We gife tw§ importént theorems. First, we show that
if J(M) =l0, then Mp is strictly semi-simple. Assuming
J{M) is‘small, then we prove every maximel submodule
is regular. The latter theorem will be useful in the

following two chapters.

Definition end Properties of the Radical

Definition (6.1). ILet My be a near-ring module over
R, and let ¢ denote the collection of all regular
submodules of MR' If ¢ is not empty, then by fhe
radical of My is meant J(M) = N{BIBEd ) 1In the case
¢ is empty, the radical of Mg is defined to be J(M) = M
and M, is called a radical module.-

In particular, J(R) is called the radical of nesr—
ring R. Moreover, if J(R) = R, then R is said to be
t a radical neaf—ring- Any near-ring R that sstisfies
the d.c.c. on R-subgroups is not & radical nesr-ring.
- This result is a consequence of a theorem which will
" be given in the next chapter.

Because the intersection of an arbitrary
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,ﬁbllection of submodules of a near-ring module is a

gubmodule 'we can state

:E:ggggiﬁigguﬁé;gl; The radical of a near—ring module

gR_is a submodule.

Fronm Corolléry (5.20) we note that a strictly
'-semi-simple near-ring medule is not a radicasl module.

.We now consider the radical of = strictly semi-simple

' near-ring module.

Theorem (6.3). If My is a strictly semi-simple near-
ring module, then J(M) = O. '

Proof: Let M, = ¢P " where is an irreducidle
EFrQol R o) M’\ Ml

submodule of MR' If J(M) £ O, then there iz an
element x e J(M) such that x # 0. From this it
follows thaﬁ there is an index AOE:Q such that the Ko-
component of x is non-zero. Let B =
mxo h=0) Mk
A#Ko
and observe that B is a regulsar submodule of MR'

Since x € J(M) © B it is clear that e BNM, = {0},
A A
a Mo

a contradiction. Hence, the proof is complete.

We now give two important theorems concerning
the radical of a near-ring module the first of which

is

Theorem {6.4). Tet M; be an R~module. Then.
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3(%&(M)) = 0. |
Proof: If Mp is a radical module, then J(M) = ¥ and
a0 J(%&(M)) = Q. Assume MR is not a radical-module
snd let 7N denote the natural R-homomorphism of MR onto
the factor module %&(M)» From Theorem (5.11) the
factor modulé.M&(M) is not a radical-module and the
module and J(E&(M)) = N{Bn I B a regular submodule of
MR}e If B is a regular submodule of My end
;EIJ(%&(M)), then Xe£Bn. Let x be a representative

of the coset X. Then x is an element of B and so
xeJ(M). This shows X = 0 in the factor module %&(M)'
Betsch [1] and laxton [24) proved a similar
result for the particular case of near-rings.
Let MR be a near-ring module over the near-ring
R- . In the following theorem we show J(M) is the
smallest submodule 4 of MR such that the radical of

@i is the zero submodule.

Theorem (6.5). ILet M. be an R-module and A a propef
submodule of My such that 3(%3) = 0. Then My is not

a radical module and J(M) < A.

Proof: MR contains a regular submodule by Theorem
(5.11). Hence, Mp is not a radical module. Let 7
denote the natursl R-homoumorphism of MR ento the factor
module %i° Frow Theorenm (5.11) J(%ﬁ) = N{Bh I B a

regular submodule of Mp that contains A}. Therefore,
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O'=.J(%i) = JCM)*%A so that J(M) < A.

Small Submodules and the Radical
Let My be a near-ring module over the near-ring

R and A a submodule. Then

Definition (6.6). A is said to be small (resp.

strictly small) if, and only if, for every submodule v ,
(resp. R-subgroup) B such that My = 4+3B then My = B. Aci) £
Since every submodule of Mp is an R-subgroup, it W

is easily seen that every stfictly small submodule is
small. According.to Theorem (6.3) the radical of a
strictly semi~simple near-ring module is small and
strictly small. It is well known that the radical of
2 ring with identity is small.

| In the last section of the following chapter, we
will give examples'of near-rings whose radical is
small and strictly smzll. We will also present a
clasé of near-rings whose radical is neither small
nor strictly small. |

As a trivial conseguence of the above definition,

we give

Proposition (6.7). %Let A and A' be submodules of the

near-ring module MR' Then
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(6.7.1) If A end A' are small, then A+A' is small
(6.7.2) If A and A' are strictly small, then A+ A
is strictly small.

Proof: OSuppose A and A' are small 2nd B is a sub-
module of My such that Mp =B+ (A+A°). Then

My =B+ (A+A') = (B4A)+A" =B+ A = B and so
A+A" is small submodule. This pro?es the first
part of the theorem. We can establish (6.7.2) in

a2 similar manner.

For the remainder of this.chapter we assume that
8ll near-ring modules MR are not radical-modules.

The first theorem of this section illustrates the
importance of small and strictly small submodules of

a near-ring module.

Iheorem (6.8). Let My be an R-module. Then
(6.8.1) 1% J(M) is small, then J(M) = N{BIB &
maximal.submodule of Mp}.

(6.8.2) if J{M) is strictly small, then J(M) = N{B' | r
B' & maximal R-subgroup of My} .

-zgggiz Assume J(M) is small and let A = N[B1IB a
maximal submodule of Mp}. It suffices to show

JM) € A. If J(M) € A, then there is 2 maximal
submodule B of Mp such that J(M) € B. From this

it follows that J(M) + B = Mp. Bince J(M) is small
My = B. This shows J(M) S A and (6.8.1) follows.
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Suppose J(M) is strictly small and let
A' = 0{B" 1 B' a maximaj R-subgroup of Mpl. It
suffices to show J(M) < A'. TIf J(M) & A%, then
there is a meximal R-subgroup B* such that J(M) ¢ B'.
Therefore, Mp = J(M) + B'. Since J(M) is strictly
small ¥ = B', a contradiction, which establishes
(6.8.2}.

From Theorem (6.8) we are allowed to conclude

Corollary (6.9). If the radical J(M) of a near-ring

module MR is strictly small, then
J(M) = N[B! B a maximal submodule of M}
= N{B' I B' a maximal R~subgfoup Mp1e

We now consider near-ring modules for which the
converse of Theorem (6.8) also holds. The first

result is

Theorem (6.10). TLet My, be a finitely generated R-

module. J(M) is small if, and only if, J(M) = n{BI B
a maximal submodule of MR}-
Proof: Let A = N{BI B a maximal Submodule of Mp}. If
J(M) is smail, then J(M) = A by Theorem (&.8).

Assume J(M) = A. "If J(M) is not small, then
there exists a proper submodule A' of MR such that
MR = J(M) + A'. From Lemme (4.7) there is a maximal

submodule B such that A' = B. Since J(M) = A, it
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follows A" + J(M) € B and so M, = B, a contradiction.

R
Hence, J(M) is a small submodule of M-

Theorem (6.11). Tet Mp be an R-module that is

finitely generated as an R subgroup. J(M) is strictly
small if, and only if, J(M) = n{BIB a maximal R-
subgroup of MR}. ‘
Proof: Yet A = N{BI|B a maximal R~subgroup of Mpl.
If J(M) is strictly small, then J(M) = A by Theorem
(6.8).

Assume J(M) = A. If J(M) is not strictly small,
then there is a proper R-subgroup A' such that MR =
» J(M) + A*. From Lemma (4.7) there is a maximal
R-subgroﬁp B such that A' £ B. Since J(M) = A, it
follows that Mp = J(M) + A" € B, a contradiction.
Hence, J(M) is strictly small.

In Theorem (6.15) we will give a necessary and
sufficient conditon for the radical of a near-ring

module MR to be the sum of 21l small submodules of MR'

As a preparation for this theorem, we first prove

Jemma (6.12). Let A be a small submodule of MR.
Then A < J(M). o

Proof: If A £ J(M), then there is a regular submodule
B such that & £ B. From this it is clear that

MR = A + B. BSince A is small, MR = B, a contradiction.



Hence, A is a subset of J(M).

Corollery (6:13). Let M, be sn R-module. TIf J(M)

is small, then J(M) is the sum of all small submodules.
EFroof: Assume J(M) is small. Let A denote the sum

of all small submodules. From Lemma (6.12) it is

easily seen that A S J(M) < A and so J(M) = A.

Corollary (6.14). Tet MR be an R-module. If J(M) ig

strictly small, then J(M) is the sum of all strictly
small submodules of MR'

Proof: Assume J(M) is Strictly small. Let A denote
the sum of al1 small submodules and A' the sum of all
strictly small submodules. Since every strictly small
submodule is small, it follows that JM) A" c 4 = J()
by Corollary (6.13). Hence, we conclude that A = A' =
= J(M). ‘

-We use Lemma (6.12) to prove

Theorem (6.15). TLet M; be an R-module. J(M) is the
sum of all small submodules ify end only if, every sub-
module of MR that is generatedrby a finite subset of
J(M) is small.

Proof: Let A denote the sum of all smal] submodules
of MR' If every submodule B of MR that is generated

- by a finite subset of J(M) is small, then J(M) < A.

From Lemma (6.12) we can conclude & £ J(M) € A and so



85

J(M) = A.

Let [xp, ---5 %] be a finite subset of J(M)
and let B denote the sﬁbmodule of Mp that is generated
by {Xl; ey xn}- Since J(M) = A, there exists small

submodules B., ..., B such that Bc f B . IfB
1 A i=1

is not small, then there exists a proper submodule (
of M such that M = B+ (. From this it is clear

that Mp = Z:B + C. Appealing to Proposition (6.7)
it follows that MR C, a contradiction. Therefore,

B is a small submodule-

Corollary {6.16). Tet My be an R-module. ST is
the sum of all strictly small submodules if, and only
if, every submodule of M that is generated by a finite
subset of J(M) is strictly small.
Proof: Let A denote the sum of all small submodules
of MR and A' the sum of all strictly small submodules.
Since every strictly small submodule of MR is smalil,
it follows that A' ¢ A-_‘If every submodule of MR
that is generated by a finite subset of J(M) is
strictly small, then J(M) € A'.  From Theorem (6.15)
JM) € A" © & = J(M) so that J(M) =

Conversely, let B be a submodule of MR that is
generated by a finite subset of J(M).  Since J(M) =
there exists strictly smell submodules Blg ceeg %L of

M. such that B C Bi' If B is not strictly small,

R i71
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then there is a Proper R—subgroup C of MR such that

Mg = B+C. It is evident that My = ): B; + C. From
i1t

Proposition (6.7) My = C, a contradiction. Hence, B

is strictly small.

As an immediate comsequence of Corollary (6.13)
Corollary (6.14), Theorem (6.15), and Corollery (6.16)

we get

Corollary (6.17). Tet Mp be an R-module. Then
(6-17.1) It J(M) is small, then every submodule of

M, that is generated by a2 finite subset from J(M) is
small.

(6.17.2) If J(M) is strictly small, then every sub-
_module of MR that is generated by a finite subset from

J(M) is strictly small.

Chain Conditions on Submodules and the Radical

& well known theorem from ring theory states that
if a ring R satisfies the descending chain condition
on right ideals and has zero radical, then R can be
written as a3 finite direct sum of simple right ideals.
~In Theorem (6.19) we present the analogue theorem
for near-ring modules.

As a preparation, we first prove a lemma, which

is also of interest in other areas of the thecory of
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near-ring modules.

Lemma (€.318). TLet My ve an R-module and Mie oees M,

a gset of submodules of MR that satisfy

n.
(6.18.1) n u, = {0l
i=l

n
(6.18.2) C. = n (M.M) # {o0}.
| T ge1 d
JAL
(6.18.3) Mp = Mi-+Ci for a1 i =1, 2, +.., n.
, n
Then M, = @, .
R %1 1
Proof: - We will use induction on n to establish the
lemms. Assume that the result is true for arbitrary
R-modules AR and for all sets of at most n-1 submodules
satisfying the three conditions.
First, we note that MR = Mn_eacn' Let Mi =
= MiITMn for i = 1, 2, ..., n~1. It is easy to
verify that Mi is a submodule of the R-module Mn
end the three conditions hold for the set of sub-

modules Mi, ob ey Mﬁ» By sssumption

n-1 n
M = BC, and so M, = &g, .
2ogd R

Theorem (6.19). Tet My be an R-module that satisfies

d.¢.c. on submodules and J(M) = O. Then My is
strictly semi-simple. |

Proof: TLet & denote the collection of a1l finite
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intersections of regular submodules of MR‘ Let C be
8 minimal element of &. If B is sn arbitrary
regular submodule, then BNC ~ C since C is a
minimal element of ¢. Hence, ¢ & J(M) = O and so

C = 0. We delete all superfluous elements in the
intersection C and arrive at a set 31, soay Bn of

n
regular submodules of MR such that n Bi = {0} and
i=1

n

Ci = N B, # {0}. Since each B. is regular, it is

g=1 9 '

143 |

apparent that My = B, GB(%' for i =1, 2, --., n.
n ‘

From (6-18)'MR = &)Cio It remains to show C; is
i=]

irreducible. By the second isomorphism theoren

M ~

Y = C,
By (myd

MRe

and so Ci is an irreducible submodule of

From the contents of Theorems (6.3) and (6.19)

we are sllowed to conclude

Corollary (6.20). Iet Mp be an R-module that

satisfies d.c.c. on submodules. J(M) = 0 if, and

only if, MR is strictly semi-simple.

Corollery (6.21). Tet Mp be an R-module that satisfies

the d.c.c. on submodules ard J(M) = 0. Then My is
finitely generated.

n
Eroof: From Theorem (6.19) Mp = B

C:+ where G, is a
421 1 i
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pon—zero irreducible submodule of MRL By Lemma (5.2)

there exist elements X € Cj such that xi'R = Ci' It

is now easy to see that the set {xgs eovy x.} is @

set of generators for MRo

According to Theorem (6.19), Corollary (4.15)
and Corollary (6.21) we have .

Corolla 6.22). let MR be an R-module that satisfies
d.c.c. on submodules and J(M) = Q. Then My satisfies

a.¢c.¢c. on submodules.

As mentioned in the introduction of the present
chapter, it is important to consider the class of
near~ring modules MR satisfies the property that every
maximal submodule is regular. In Chapter V we proved
that every strictly semi-simple near-ring module is
contained in this c¢lass. We are rnow in s position
fo enlarge our class. If MR satisfies the d.c¢c.¢. on
submodules and J(M) is small, then we will prove in
Theorem (6.25) that every maximal submodule of My is
regular.

- Before establishing our theorem, we first give

two important lemmas-

Lemma (6.23). ZLet My be an R-module that satisfies

d.c.c. on submodules. If J(M) = O, then every maximal

submodule is regular.
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Proof: Assume J(M) = 0. fThen Mp is strictly semi-
simple by Theorem (6.19). If B is a maximel submodule

of Mp, then B is regular by Theorem (5.17).

Lemma (6.24). Tet Mo be an R-module that satisfies
the d.c.c. on submodules. If B is a maximal sub-
module of Mﬁ that contains J(M), then B is regular.
Proof: TLet ﬁ denote the natural R-homomorphism of MR
onto the factor module %3(M) = M. Theorems (3.4) and
(6.4) show that ﬁﬁ satisfies the d.c.c. on submeodules
and J(¥) = 0. From Theoren (6-19) M is a strictly

semi~simple R-module. If B is a maximal submodule of

Mp that contains J(M), then ¥ 553 %%n by the first
] . ‘

isomorphism theorem for near-ring modules so that Bn
is & maximzl submodule of ﬁh. By Theorem (5.17) Bn

is regular snd so B is regular.

We now use the preceeding lemmas to prove

Iheorem (6.25). Tet MR satisfy the d.c.c. on submodules.
If (M) is smell, then every maximal submodule is
Tegular.

Eroof: Iet J(M) be a small submodule. Trom Theorem
{6.8) JM) = n{BIRB a maximal submodule of'MR]. If B
is & maximal submodule, then J(M) C B and s0 B is
regular by Lemma (6;24)- Therefore, every maximal

submodule is regular. .
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Corollary (6.26). ILet M. be finitely generated and

satisfy d.c.c. on submodules. J(M) is small if, and
only if, every maximal submodule is regﬁlar-

Broof! If every msximal submodule is regular, then
J(M) = N{BI3B a maximal submodule of Mp}. Hence,
J(M) is small by Theorem (6.10)-

The converse is a consequence of Theorem (6.25).

Finally, we consider some important consequences
of the chain conditions on submodules of a neér—ring
module.MR- We prove first the following decomposition

theorem.

Theorem (6.27). TLet MR satisfy the d.c.c. on submodules.

Then MR can be written as a finite direct sum of
.indecomposable submodules.

Eroof: TLet & denote the collection of all submodules
of MR that are direct summands. Since MR satisfies
d.c.c. on subnodules, the collection & contains a
minimal element Ay If Mp = Ay ﬂ}ﬂi where A] is a
submodule of MR’ then submodules of the R-module Ai

are submodules of My by Proposition (4.6). Hence,

Ai setisfies the d.c.c. on submodules Let &' bé the
collection of all submodules of the R-module Ai that
are direct summands. If As is a minimal element of ¢',
then My = A]'GBAQ-QBAé where A5 is a submodule of M-

Proceeding in this way we will arrive at a positive
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integer n such that Al'l = 0. Therefore,
n ' '

M, = _G% A, and A; 1s an indecomposable R-module.
1=

The famous Krull-~Schmidt Theorem holds for
near-ring modules. The proof is analogous to that
presented in Jacobson [9] for operator EToups.

Thérefore, we will not prove the important

Theorem (6.28) TLet Mp setisfy both chain conditions on

submodules and let

(6-28-1) My = 'éa Mi
i=

A
(6.28.2) M_ = M
R 5%% J

be two decompositions of MR inte indecomposable
submodules. Then £= n and for a suitahble

: o= ¢
ordering of Mi we have Mi fﬁ) Mi

Theorem (6.29). ILet M, satisfy the d.c.c. on sub-

modules and let

n ‘
MR = {%iMi be a decomposition of My into indecomposable
submodules. If J(M) = O, then each M; is irreducible.
Eroof: If J(M) = 0, then My is strictly semi-simple
by Theorem (6.19). Fronm Corollary (6.22) and fhe
Krull-Schmidt Theorem for neer-ring modules Mi is

irreducible.
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CHAPIER VII
ON THE RADICAL OF A NEAR-RING WITH. IDENTITY

In this chapter we wil:l apply many of our
results from Chapter VI. We show that many of the
prbperties of the Jacobson radical for rings can be
generalized for near-rings.

‘We introduce the concept of qﬁasirregular nodule R~
subgroup of a near—rnng R. In Theorem (7.8) we show
that the radlcal contalns all guasi-regulsr R~subgroups-
Another important result is given in Theorem (7.10)
which tells us that J(R) is strictly small if, and
only if, it is a quasi-regular two-sided ideal.

In the third section we will study the radical of
ad.g. nearuriné R that satisfies the d.c.c. on R-
subgroups. The main result of this section is Theorem
(7.15) which states that the radical, J(R) of R is
nilpotent if, and only if, J(R) is strictly small.
However, J(R) need not be nilpotent. In the last
section we give an example of finite 4. g near~r1ng
whose radical is not nilpotent.

Throughout this chapter 1% will be assumed that

all near-rings R contain an identity elemeént.
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!
The Radical ana Primitive Ideals

Definition (7.1). 1] A near-ring R is said to be

primitive if, and only if, there is an irreducible R~
module MR such that [%ﬂ = (.

A two-sided ideal of B of a near-ring R is called
a primitive ideal if the factor near-ring E% is
primitive.

A natural example of a primitive near-riﬁg is
the near-ring associated with an additive-groupe

In the next lemma we show that the primitive
ideals of a near-ring R are completely determined by

irreducible R-modules.

Lemma (7.2). [1] A two sided ideal B of R is primitive

if, and only if, there exists an irreducible R-moduls
M

R [&-

Proof: Assume there is an irreducihle RQmodule MR'

such that B

I

such that B = [%]n From Proposition (2.12) M can be
regarded as an E%-module and so B is a primitive ideal
of R.

Conversely, suppose B is a primitive two-sided

ideal of R. Tet M be an irreducible E%wmodule such

that [%} =0 e E%e From Proposition (2.12) we conclude

that M can be regarded as an irreducible R-module with
= {9

B[] =r

In the present section we will show that the



95

radical of a near-ring R can be given in terms of

irreducible R-modules, primitive ideals, and strictly
semi-simple R-modules.

We first give

Lemma (?.3). [1] Let Mp be an irreducible R-module.
If m is any non~zero element of M, then [g] is a
regulér right ideal of R. .

Proof: Since R contains an ldentity MR is unitary by
Corollary (5.5). ILet m be any non-zero element of M.

The mapping fm: TER > mrsMR is an R-homomorphism
of RR onto MR' From the fundamental theorem of R-

homomorphisms & = M and so [g] is 2 regular
@& :

right ideal by Lemma (5.9).

Theorem (7.4}, {1] Let R be a near-ring. Then

J{R) = ﬁ{[ﬁ} I'M an irreducible R-module}
Proof: TLet Mp be an arbitrary irreducible R-module.

From Lemma (7.3) ang Proposition (2.11) J(R) < n [%J =

: meM
{%J- Hence, J(R) ¢ n{[%]rm an irreducible R-module].

Let x € ﬂ{[ﬁ]lM an irreducible R~module} = B.
If A is a regular right idesal of R, then Eﬁ is an
" irreducible R-module by Lemma (5.9). Fronm
Proposition (2.10) x ¢ [E%K] = [%] and so.x-lé:A«
This shows B € J(R) and so J(R) = B = ﬂ{[%}EM an

- irreducible R-module}.
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Appealing to Lemma (7.2) and Theorem (7.4), we

are allowed to conclude

Corellary (7.5). [1] Let R be a near-ing. Then

(7.5-1) J(R) = N{BIB & primitive idesl of R}.
(7.5.2) J(R) is a two sided ideal of R.
(7.5.3) If R is a primitive near-ring, then J(R) = O.

We now characterize the radical of a near-ring

R by stricly semi-simple R-modules.

Theorem (7.6). Let R be a near-ring and B = ﬂ{[%]l
M a strictly semi-simple R-module)}. Then J(R) = B.
Progf: Bince every ifreducible R~module is strictlj

semi-simple B £ J(R) by Theorem (7.4). TLet M = GEMA,
' “AEQ !

MK an irreducible submodule. To complete the proof

it suffices to show [%] = néﬁi]. It is easy to
Ag

see that [%] > N

AeQR

[g] « Let re n [O ] and

MK hesd ﬁi

mo mx1-+...4-m1n where ijEZMKj. Then by Lemma

(4.4), mr = (mal-+..e +m, Jr = mlir *oeeetm T =0
n ] n

[g] and so the

My

and so r € [%]- This shows [%}: AnQ
: £

result follows.
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Quasi+Regular R-Subgroups.

Definition (7.7). An element r of a near-ring R is

said to be quasi-regular if, and only if, there exists

sn element T, € R such that (1--r)r0 = 1.

A non-empty subset B of a near-ring R is-qalled
guasi-regular if every element of B is quasi-regular.

In ring theory, it is well Kknown thst the
Jacobson fﬁdiéal of a ring contains all guasi-regular
right ideals and is itself a quasi-regular two-sided
ideal. This is not the case in the theory of near-
rings. We now show that the radical of a ﬂear-ring R
contains all quasi-regular R-subgroups. However, we
will prove in Theorem (7.20) thst the radicsl of a
near~-ring is not a quasi;regular two sided ideal in

general.

Theorem (7.8). Let R be a near-ring and B a quasi-
regular R-subgroup. Then B € J(R).

Proof: If B & J(R), then there exiéts a regular right
ideal B' of R such that B & B'. Since B' is maximal

8§ an R-subgroup, it follows that R = B' +B. If

1 =5b"+b where b'e3', beB, theﬁl-—b=b'sB'. Now
B is quasi-regular so that there is an element boe:R
such that 1 = (1-b)b = b'*beB' and so 1eB'.

From this it is easily seen that B < J(R).

Lemma (7.9). Let R be a neaf*ring and let A = N{BIB a
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maximal R~subgroup]. Then A is a quasi-regular R-
subg;oup and A contains alj quasi-regular right ideals
of R.
Proof: Let a be an element of A. We sssert that (1~a)-R=
= R. For if (1-a)'R is a proper R-subgroup, then
{(1~a)*R is containea in a maximal R-subgroup B by
Lemma (4.7). Hence, 1 = (1~a)+a £ B and so 1€ B.
This shows (1-2)-R = R so that there is an element reR
such that (l-a)r=1. From this we conclude that A is
8 quasi-regular R-subgroup.

Let A' be a qussi-regular right ideal of R. If
A' is not contained in A, then there is a maximal R-
subgroup B sucH that R = B+ A'. Let 1 = b+ af where
a'€A', beB. Then there is an element reR such
that 1 = (1-a')r = bre B. Therefore, we can conclude

that A' < 4.

Firally, we give a necessary and sufficient
condition for the radical of a near~ring to be quasi-

regular.

Theorem (7.10). ILet R be a near-ring. J(R) is

strictly small if, and only if, J(R) is a quasi-regular
ideal.

Eroof: Since R contains an identity, it is finitely
generated as an R-subgroup of R Assume J(R) is a

quasi-reguler idesl. From Lemma (7.9) and Theorem (6.11)
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we conclude that J(R) is strictly small.

Conversely, suppose J(R) is strictly small. From

Theorem {(6.11) and Lemma (7.9) it follows that J(R) is

a quasi- regular two-sgided ideal.

Radical of Distributively Generated Nezr-Rings That
Satisfy the Descending Chsin Condition on R~subgroups-
Let R be sn arbitrary d.g. near-ring. If A and
B are non~empty subsets of R, then let A©B denote the
subgroup of the additive group of R that is generated
by élements Bf the form a*b where aedA, beB. In
particular, if A and B are R-subgroups of R, then
Frohlich [12] showed A0 B is an R-subgroup-

For later use in this sectlon we giwve

Lemma (7:11k Let A, B be R-subgroups of the d-g. near—
ring R. If reR, then r(A0B) = (rA)oB.
Proof: First, we note that r(Ao3) and r-h are R-

n .
subgroups. If xe&r(AoB), then x = r( }_Ja b, )= ):(rai)bi
i=1?t i=1 '

where a; €4, b, €B. Hence, it follows the® x e (rA)oB.
Similarly, (ra)oB < r(A0B) and so (rA)oB = r(AoB).

We now give Frohlich's definition of nilpotent
subset of a d.g. near-ring.

Definition (7.22). {121 Tet R be an arbitrary d.g.

near-ring. A non-empty subset B of R is said to be
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nilpotent if, and only if, there is a positive integer
n such that by .- bn = 0 for all finite products of
n-elements from B. ‘

Laxton (231 (see thm 1.5) showed that the radical
of a d.g- near-ring R contains all nilpotent R=-
subgroups. In particular, if R saticfies d.c.c. on R-
subgroups, then Laxton proved J(R) = 0 if, and only if,
R contains no non-zero nilpotent R;subgroups
(see thm 2.3).

The contents of the following lemma will be

useful throughout the remainder of this chapter.

Lemma (7:13). Let R be a d.g. near-ring (with identity)

that satisfies d.c.c. on R-subgroups. 1If A is a quasi-
regulsr R-subgroup. then A is nilpotent.

Eroof: Let A be a non-zero quasi-regular R-subgroup

of R. For each positive infeger n let L denoté the
R-subgroup that is generated by finite products of n-
element_s from A. Hence, A = Ay E-)AE 2 24,2 ...
1s a decressing sequence of R-subgroups of R and so
there is a positive integer k such that Ak = Ak+i B oees
Let B = Ay and assume B £ 0. We will obtain a contra-
diction to this assumptiorn. Since B ZBOB D Ak"ﬂk =

= {ai-aﬁl ays aﬁ.a Ay it follows that

BDBoR 2 Ay = A = Band s0 B= BOB. From this

we observe that there exists a minimel R~subgroup B’
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that is contained in B znd B' 0B £ 0. Therefore, there
i8 an element b' ¢ B*' sﬁch that b'-B £ 0. From this

it follows that b'+B iz a non-zero R-subgroup that is
contained in B'. By Lemma (7.11) (b'B)oB«b’(BOB)=b'BA0.
Since B' 1s minimal, we see that b'+R3 = B' so that
there is an element b &£B such that b'+b = b'. But,

4 18 8 qussi-regular R~subgroup and gso there exists an
element y € R such thst (1-b)y = 1 and so O = b'(l-b)ey =
=« b'. This is a contradiction, and we are sllowed to
conclude that B = 0. 1In particular, 4 is a nilpotent

R-~subgroup.

From Lemma (?7-9), Lemma (7.13), and Theorem (7.10)

we obtain the following two results .

Theorem (7.14). Let R be a d.g. near-ring that

satlisfies d.c.c. on R-subgroups. If & = N{BIB &

maximal R-subgroup}, then A is nilpotent.

Theorem (7.15). Let R be a d.g. near-ring that

satisfies d.c.c. on R~subgroups. J(R) is nilpotent if,

end only if, J(R) is strictly smeil.

Appealing to Theorems (7.14) and {7.15) we are

“‘allowed to give

 Corollary (7.16). ILet R be s d.g. nesr-ring that

Satisfies d.c.c. on R-subgroups and let A = N{BIB a
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maximzl R-subgroupl. If J(R) is strictly small, then

A is a two-sided ideal of R.

Let R be a d.g. near-ring that satisfies d.c.c.
on R-subgroups. laxton [2Bj (see thm. %.5) showed
that the radical J(R) is nilpotent if, and only if,
every maximai right ideal is regular. From this

result, Theorem (6.25) and Theorem {(6.10) we have

Theorem (7.17). J(R) is nilpotent if, and only if,

J(R) is small.

Combining the results of .Thercvems {(7.15) and

(7.17) we can conclude

Theorem (7.18). If J(R) is nilpotent, then J(R) ‘is

small and strictly small.

Remarks and Examples

Laxton [24] constructed a finite d&.g. near-ring
with identity whose radical.is non-nilpotent. We now
give his example.

Let G be an additive greub that is finite, non-
abelian, and simple. Let A(G) denote the d.g. ﬁear—
ring with identity that is generated by the inner-
~ automorphisms of G. If xeA{G), then let

¢, yea(G) —> x-y£4(G). Since the near-ring A(G)
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satisfies the left distributive law, the set
thlxtzA(G)} is & multiplicative semi-group of
endomorphisms of the additive group of A(G).

xample, . - Let R be the d.g. near-ring with
identity that is generated by lo ixeA(G)), then J(R)

'is non-ailpotent.

From Example (7.19), Theorems (7.15), (7.17), and

(7-10) we are allowed to conclude

Theorem (7.20). There exist finite d.g. near-rings R

with identity that satisfy the following properties.
(7.20-1) J(R) is neither small nor strictly small.
(7-20.2) R contains at least one maximal right ideal
B that is not regular.

(7-20.3) J(R) is not a quasi~-regular two sided ideal.

Let R be a finite d.g. near-ring with identity
f and B a maximal right ideal of R that is not regular.
:.Then the R-module %% is simple and not irreducible.

Let @ be a non-empty set. For each A eQ let Mh = E%-

fjHence, we have

fLExample (7:21). The external direct sum Mﬁ that is

detérmined by {MAIKSQ} is a semi-simple near-ring

rodule that is not strictly semi-simple.

In [23] T,axton gave examples of finite d.g. nearp-
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rings R with identity whose radical is nilpotent. If
the additive gfoup of a finite d.g. near-ring R with
identity is solvable, then J(R) is nilpotent. The
following example is due to Laxton.

' Let G be an additive p-group that is noﬁ—abeliap-
Let R denote the finite d.g. nesr-ring with idemtity 1
that 1is generated by the nultiplicative semi~group of
endomorphisms of G. It is clear that the additive order
of the identity 1 is a power of P and so the additive
order of R is a power of p. Hence, the additive

group of R is solvable and so J(R) is nilpotent.
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CHAPTER VIII
ON. A DECOMPOSITION FOR DISTRIBUTIVELY GENERATED
NEAR-RINGS WITH IDENTITY

Let R be & d.g. near-ring with identity element 1
that satisfies the descending chain condition on R-
subgroups- From Theorem {(6.27) R = Al@ eﬂn,
where Ai is a non-~zero indecomposaﬁle right ideal of R.
We assume that the radical, J(R) of the d.g. near~ring
R is nilpotent.

The purpose of this chapter is to determine the
properties of the right ideals Ai-

We introduce the concept of minimal non-nilpotent
R-subgroup and show thst every minimal non-nilpotent
R-subgroup is generated by an idempotent element.

. Moreover, a right ideal A is minimal non-nilpotent if,
and only if, A is iﬁdecompoéable- Also, if A is 2
minimal non-nilpotent right idesl of R, then ANJ(R) is
the unigue regular right ideal of R that is contained
in A. Hence, each Ai’ given by the above decomposition,
is a minimal non-nilpotent right ideal of R that
contains AiriJ(R)' Moreover, Ai{iJ(R) is the unique
‘regular right ideal of R that is contained in Ao

In the last section we show that the decomposition
given above induces a decomposition of the d.g. near-

ring %&(R) into non-zero irreducible right ideals.
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Orthogonél Idenpotents

Definition (8.1). An element ecR is called an

idempotent if, and only if, 32 = e £ 0. A set of
elements €1y crey e, of R is called & set of orthogonal
- idempotents if, and only if,
ei-ej = ey for i = j
0 for i £ 3.
We now show that a decomposition R = Q?A » where
i=1 *
Ai is a non-zero indecomposable right ideal of R,
determines a set of orthogonal idempotents.
Theorem (8.2). Let R = GBA be a decomposition of R
ia1 *

into non-zero indecomposable right idesls. If 1 = z ey

where ei.EA » then &y °R Ai and Bt mees ¢, is a set

~of orthogonal idempotents.

Proof: ITet 1 = el-r...-ren where e.e.ﬁ.. If a, sﬁi,

then 8] = 848, + «u. + e 8, by Lemma (4.4), and so

einai = ai= In particular,
e, 1 =7] \
e;e. = 1
d 0 i# 3.

Hence, it suffices to show eiR = Ai° Since Ai is a
right idesl, Ai = eiAi oo eiR c Ai and so eiR = Ai‘

This completes the proof of the theorem.
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Minimal Non-Nilpotent R~Subgroups of R

. Definition (8.%). ILet R be a d.g- near-ring that
satisfies d.c.c. on,R-subgroupé- A non-zero R-subgroup
A of R is called minimal non-nilpotent if, and only if,
A is non-nilpotent snd every proper R-subgroup of Ap .

is nilpotent.

~Definition (8.4). Tet R be a d.g. near-ring (with
identity) that satisfies d.c.c. on R-subgroups. A
non-empty subset B of R is called nil if, and only if,
every element of B is nilpotent. '
Laxton [23] (see Theorem 2.7) proved that every
nil R-subgroup of R is nilpotent. He also showed fhat
.every nilpotent R-subgroup of R is contained in J(R)

(see Theorem 1.5). Hence, we have

Corollery (8.5). An R-subgroup B of R is nil if, and

only if, it is nilpotent.

Blackett [5] (see thm 1) proved that if R is a
'nearwring that satisfies d.c.c. on R-subgroups and
contains no non-zero nilpotent R~subgroups, then every
-minimal R-subgroup is generated by an idempotent. In

&the followingtheoremwe will prove a similsr result fof
d.g- near-rings R with identity that have a nilpotent

radical.

. Theoren {8:6)- ZLet R be a d.g. near-ring that satisfies
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d.¢-c. on R-subgroups. If A is a minimsl nen=-nilpotent
R~subgroup, then there exists an idempotent e € A such
that e<A = e¢-R = A.

Proof: Let A be a minimal non-nilpotent B-subgroup-
From Corollary (8.5) there exists an element aj el
such that a, is nor-nilpotent. Since ai # 0, we see
that aloA = A and so there is an element BaélA such
that 81082 = al= If 8y is nilpotent,; then O = alag =
= (alae)ag_l = alag—l = ... = ajray; = a; for some
positive integer n. Hence,_a2 is non-nilpotent and
82°A = A. There is an element 8553A such that

32°33 = 85 Proceeding in this way we obtain a
sequence of elements al, SRR EE-NERER from A with the
following properties

1. a; is non~nilpotent

2 83085y % 3y

3. a;-A = A.

We next mww[%JQ[aii]. Ifrs[aﬁi]s

then a,r = (aiai+l)r = ai(ai+lr) = a,°0 = 0 and so

‘T £ [ll]° By the d-c.c. on R~subgroups there is a

8.
l .
rositive integer n such that [%—] = [§—-} = cee e
. n n+l
Then by 8,081 = 850 it follows that an(an+1—»1) = Q.
C e 1107 _f0 . 2 i '
This ohpws 8t 1::[an} = [an+1J and so an+1 = an+ln
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Hence, an+1 is an idempotent element and it is clear

A =A==z R.

- that @ n+1

o+l

- gorollery (8.7). Tet R be a d.g. nesr-ring that satisfies
d-c.c. on R-subgroups. If 4 is a ﬁinimal non~nilpotent
5\ right ideal, then A is 2 direct summand.
' Eroof: Tet A be a minimal non-nilpotent fight ideal.
' By Theorem (8.6) there is an idempotent e & A such that
“eR= A I£ A" = [9, then we show thet R = A €A,
Tet r be any elementrof R- Ther r = er+ (-er+ r) and
e(~er+ 1) ='e(—er)4-er « —e®rier = 0. From this we

_conclude that R = 4 P ar.

Corollary (8:8). Let R be a d.g. near-ring that

- satisfies d.c.c. on R-subgroups and 4 a non-nilpotent

right ideal. A is indecomposable if, and only if, A

is minimal non-nilpotent.

Proof! Assume A is minimal non-nilpotent. If A =

A @BAa where A;, A5 are right ideals of R thet are non-

zero, then Al? Ag are nilpotent. As remarked earlier
" in this chapter every nilpotent R-subgroup is contained
Cin J(R) and so Al 89A2 < J(R). From this we conclude
‘A is indecomposable.

Conversely, suppose A is indecomposable. Tet A'

~be a minimal non-nilpotent right ideal of R that is
licontained in A. From Corollary (8.7) there is a

right idesl B of R such thet R = &' @B, and it follows
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that 4 = A' B (ANB). Hence, we see that 4 = A'.

Lemma (8.9)- Let R be a d.g. nearQring that satisfies
~d.c.c. on R-subgroups. If A is 2 minimal non-
nilpotent right ideal of R, then ANJ(R) is the

unique regular right ideal of R thst is contained in A.
Proof: Let A be a minimal non-nilpotent right ideal
of R If A" is 2 proper R-subgroup of Ap, then A° »

is nilpotent and so A' € ANJ(R). Since J(R) is
nilpotent and AN J(R) © J(R), it follows that the
right ideal ANJ(R) is nilpotent. Hence, ANJ(R) .is
the unigue regular rizht ideal of R that is contained

in A.

Corollary (8.10). Let R be a d.g. near-ring (with
identity) that satisfies d.c.c. on R-subgroups. If

A is a minimal non-nilpotent right ideal of R and e
is an idempotent element such that eR = A, then
eJ(R) = ANJ(R).

Proof: Since J(R) is a two-sided ideal of R,

ed(R) € J(R} and so eJ(R) < ANJ(R). If ere ANJ(R),
then er = e°re eJ(R). Hence, eJ(R) = ANJ(R).

Corellery (8:11). Iet R be a d.g. near-ring that

satisfies d.c.¢. on R-subgroups. If J(R) = O and A
is & minimal non-nilpotent right ideal of R, then AR

is dirreducible-
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Proof: This result is an easy consequence of

Lemma (8.9).

Corolls :12). Let R be a d.g. near-ring that
satisfies d.c.c. on R-subgroups. If MR is an
irreducible R-module, then there exists a minimal

non-nilpotent right ideal A of R such that

= M.
R)

PBroof: Tet Mp be an irreducible R-module. Since R

%ARJ(R) (

contains an identity, My is unitary by Corollery (5.4).

n
Let R = €A, be a decomposition of R into indecomposable
i=1

right ideals with Ay #0. If1 =ey+..ote e;EA

n'!
me My, then mees # 0 for at least one index i = 1, cesyn.
Hence, the mapping f:aisAi —1 maiEMR is an R~
homomorphism of the R-module Ai onto MR' From

Corollary (8.8), Lemma (8.9) and the fundamental

theorem of R-homomorphisms

A and Ai is minimal non-

. > oM
i) @ R

nilpotent.

If we summarize the results of this section, we

_have the fundamental

Theorem (8.13). Let R be a d.g. near-ring that

n
satisfies d.c.c. on R-subgroups. Let R = § A De
. i=1

& decomposition of R into indecomposable right ideals.
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Then

(8-13+1) The right ideals A5 ..., A, are minimal non-

_ pilpotent.

:f(8.15-2) The right ideals A ceey An are generated

li
_by orthogonal idempotents €y1 +evy €y where eiE:Ai

| >
s and 1l = 2, .
f=1 %

i;_(8-15-3)- AiFTJ(R) = eiJ(R) is the unigue regular

right ideal of R that is contained in Ay

A Decomposition Theorem for the Radical

Factor Near-Ring %&(R)

Let R be a d.g. near-ring that satisfies d.c.c.
.. on R-subgroups, and let n denote the natural near-

i —_ 4}
: ring homomorphism of R onto V. = R. TLet R = Pa.
J(R) 421 &

?3be a decomposition of R into non-zero indecomposable
 right idesls. From Lemma (2.7) we know Ay is a right
‘- ideal of the near-ring R. We now show that the .
1.decomposition R = ;&iAi determines a decomposition of

R into irreducible right ideals.

- _ n
“Theorem (8.14). R = GBAin is a decomposition of the
; i=1

' d-g. near-ring R into non-zero irreducible right idesls.

Proof: Tet 1 = eyt ree bey where e; €A, Then from
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- pheorem (8.2), 614 ey e, is a set of orthogonal
_ jdempotents. Since J(R) is ‘nilpotent, 1t is easy to
- gee that A;n = (e RIn =,-§iR is non-zero in R-

- Prom Lemma {(4.4) r = e v+ ... +enr for all reR and so

1

we note that r = 31;4» co +'é”n;o" This shows

n —
R = Z eiR and €yr cros € is a set of orthogonal

idempotents for R. If xe 'é' RN }: eJRa then

J=1
_—— e R 14§
e4x = X = e J};lejrj =
343

n bbb e— .
= (eie )ra for some rJ eR. Hence, x = 0 and so

a=

iJ

—_ n

R = @ e,R = @Ain- We note that 1 can be considered
i=1 i= -

88 an R-homomorphism of RR onto RR. From the second

iscomorphism theorem for R-homomorphisms

LA +I(R) A,
M /£i<53 }ﬁ;”J(R)

From Lemmz (8.9) A;n is an irreducible R-module and
8o it is easy to see that Ai'ﬂ is an irreducible right

idesl of R.
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CHAPTER IX
DIVISION NEAR-RINGS AND MATRICES OVER NEAR-RINGS

In the‘present chapter we introduce the basic
concepts of division near-ring and matrices over an
arbitrary near-ring. Zassenbsus [26] studied finite
division near-rings and constructed many exsmples of
of division near-rings that were not fields.

The first section is devoted to the study of
division near-rings. In Theorem. (9.2) we give a
necessary and sufficient conditiorn for a near-ring R
with right identity to be a division near—ring.

In the last section of this chapter ﬁe show
that matrices over an arbitrary near-ring with
identity do not satisfy the usual properties of
matrices over a ring.

The main objectife of this chapter is to
provide the basic theory of division near-rings that
is needed to study near-vector spaces in the
following chapter. Since matrices over a division
ring play a fundamentai role in the theory of wvector
spaces, 1t seems natural to investigate matrices

over near-rings.

Division Near-Rings

‘Defipition (9.1). A nesr-ring R that contains more
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than one element is said to be a division near-ring
if, and only if, the set R' of non-zero elements is
g multiplicative group.

Every division ring is an example of a division
:near-ring-

Zassenhaus.[26] called a division near-ring a

complete near-field. Zassenhaus showed that the

additive group of a finite division near-ring is
gbelian.
Let R be an arbitrary near-ring with identity-
As in the case of rings, C(R) = {acRlar=ra for ail
re R} is called the multiplicative center of R. It is
easy to see that C(R) is a multiplicative semi-group
that contains the additive and multiplicative identity
of R. '
Let q ='p1 be a power of a prime p snd let n be
an integer.all of whose prime factors divide g-1,
where we also require n # O(mod 4) if g = 3(med 4).
Then Zassenhsus [26] constructed a division near-ring
R, that is not a ring, with qn elements from a finite
Galois field GF(¢™) in the following way:
1. The elements of R are the ssme as the elements
of GF(q™)
2. Addition in R is the same as in GF(qn)
%. A product xO0y in R can be defined in terms of

the multiplication in GF(q™), in the following way:
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Let z be a fixed primitive root of GF(q™); then

fn+3

if x = =z » 8n integer i is uniquely determined

modulo n by a* = 1+ j(q-1) [mod n(q-1)]. We
define the product x0y by the rule 0y = y-qu.
Moreover, he proved thst C(R) is just the Galois
field of g-elements.

In this section we consider seversl easy conse-

quences of the definition of division near-ring.

Pirst, we give

Theorem (9.2). Let R be a near-ring that contains a

right identity element ¢ # 0. R is a division near-
ring if, and only if, R contains no proper R-subgroups.
Progf: Assume R is a lelSlon near-ring and let 1
denote the identity for the multiplicative group aof
non-zero elements R'. TLet B be a non-zero R-subgroup
end let b be a non-zero element of B- Since R is a
division near-ring, there is an element b' e R such-
that b+*o* = 1 and so0 1eB. Hence, 1'r = re’ for all
reR. This shows B = R.

Conversely, suppose R contains no proper R-
subgroups. We first show that e is a left identity
" for R. Since e £ [%]9 it follows that [%] = 0.

Let r be any non~zero element of R. Then eler-r) =
~ é°r # e(-7) = er - er = O S0 that er-r = 0. This

shows e is 8 left identity for R. Since re = r £ 0,
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it is cleer that R = R and so there is an element r'eR
such that rr' = e. Similsrly, there is an r"eR such

that r'-r" = e. From this we have r'r = (r'r){(z'r")=

= v'(rr')r" = r'r" = e 8nd so R is & division near-

ring.

As an easy conseguence of Theorem (9.2) we have

Corollary (9.%3}. A near-ring with identity L # 0 is

e division near-ring if, and only if, R contains no

proper R-subgroups.

In Theorem (9.2) the sssumption that R contains
a right identity is essential. We construct an
exsmple of & near-ring K that contains no proper K-

subgroups but is not a division near-ring.

Exsmple (9.4). Let G be an sdditive group and K the

near-ring of constant mappings of G into G. Then X
contains no proper K-subgroups snd K is not a division
near-ring.

Proof: TLet K' denote the set of non-zero elements of

XK. If¢_ , ¢ X', then we have seen earlier that
8y 8o

9 =@ and so K does not have a right identity.
€, &2 B2
Let B be a non-zerc K-subgroup of the near-ring K.

" Let wg be any non-zero element of B. If %, € X, then

Py = wg-mh € B and so B = K- It is clear that the
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near~ring ¥ is not a division near-ring.

In particular, if & is finite, then K is not a
d¢ivislion near—ring-  However, the near-ring K has no
non-zero divisérs of zero. Therefore, the snalogue of
the femous Wedderburn Theorem for rings does not hold

for finite near-rings.

Theorem (9.5). Let R be & primitive near-ring with
jdentity 1 # 0. R is & division ring if, end only if,
R contsins no proper right ideals. '
Procf: If R is a division near-ring, then R contains
no proper right idesls by Theorem (9.2).

Assume R contains no proper righf ideals. Let MR
be sn irreducidle R-module. From Corollary (5.4) My
is unitery. If meMp, m£Q, then the mépping
fireR —> mrsMR is 8 non-zero R~homomorphism of RR

onto MR' From the fundamental theorem of R-homomorphisms

H/[Q] (1? MR Since R contains no right ideals,

m
(:3 and so R contains no proper R-subgroups.
R

" Hence, R is & division nesr-ring by Theorem (9.2).

Matrices over Nemr-Rings

Definition {9.6). Let R be & near-ring. By &sn nxn

metrix over R is meent &n nxn rectangulsr errsy
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(e) « (ay) = |. ,

Lanl e

of n rows end n columns with elements “ij conteined
in R.

Let 7(R) denote the set of sll nxn matrices
over R. Two matrices (a) and (b) are regarded as
equsl L1f, and only if, “ij "‘Bij for every 1.3

We define eddition in A(R) by the formula

G1y %yp e Oy B11 Bro o+ Byp
%21 %22+t ®an| | (Par Pap v Bop)
*n1 %p2 c e %nn | Pnl Ppo ++ ﬁma

®13*Byp FqotByp eee g8y

« [S21*Boy CpptBopy cer e By e A(R).

Y L] “x. .
. . * e »

. L] * 4 -

?n1+ﬁnl LAV ALNCIEEE ocnn*Bnn_
. Thus o obtain the sum of two elements from A(R),

we edd the elements % 4 and Bij in the same position.

It 1s essy to verify that 7UR) is en additive group
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with this addition. fThe zero matrix is the matrix
whose elements are O ¢ R and the additive inverse of
{a ) is the matrix (-a. .).

i3 ( la)

Multiplication of matrices is defined by

B - -

ﬁll %12 o Wy 811 Pyo o Bygl [T11 Y2 ¢¢ Yig

%oy %op tee Anp Boy Bop vor Boy| Yoy Yoo <o Yon

. . *a g L © L] c ¢ o L . L4 ce o .

| “n1 %n2 "t %pn Pp1 Pao +»- Bngﬂ Yn1 Yn2 *°° Tan]

1
where Yig = égl aikBkj°

In the remainder of this section we assume that
2'l(R) is the set of all nxn matrices over R and the
positive integef n is greater than one. _

The next theorem tells us that generelly, (Z(R),a)

is & groupoid and not e semi-group.

Iheorem (9.7). 1Let R be a near-ring with identity

end let the additive group of R be abelian. (W (R),a)
is 8 semi-group if, ana only if, the near-ring R is a
ring.
Eroof: Assume R is a ring. Then it is well known
that (74(R),4) is a semi-group.

Conversely, suppose ((R),s) is a semi-group.
Since the additive group of R is abelisn, it suffices
to show R satisfies the right distributive law. TLet

rl, Tos and r be any three elements of R Let
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[« 3T
—
LB S
(&I = B
S Oy
et ¥
!\)H
o

. T 0
(8) = |0 00 ...0l, (®) =0 0 0 ... 0] , and

9 OO"" 0_d __O O 0- O__
* 00 ... 0
100 .. 0
(¢} =000 ... 0} , then
000 ... 0]
(rir+r1r2+r2r) 00 ... 0
raT 00 ... 0
(a)al(v)ale)) = 0 00 ... O =
i 0 00 «.. 0]
P i
(rl+r2)r+rl_2 00 ... ¢
ror 00 ..
= ((a)a(v)lale) = 4) 00 ... O
. O OO L I OJ

and so (rl+r2)r + TyTy = T + TyT5 + Tore This shows

. that (rid-re)r = T T+ IoTs

As sn immedizte consequence of Theorem {9.7)

we have
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gorollery (9.8)- Let R be a near-ring with identity

and let the additive group of R be abelisn. If R is
not & ring, ther the system (74(R),s) is a groupeid and
not & semi-group. _
Let G be an additive abelian group and 8S(G) the
near-ring of meppings associated with G. It is clear
that S(G) is not e ring and the additive group of S(G)
is abelian. From Corollary (9.8) we conclude that
s(6) ) is a groupoid and not & semi-group.

Theorem (9.9)., ILet R be a hear~ring that contsains
an identity. The system (QX(R),+.,4) satisfies the
left distributive lsw if, and only if, the additive
group of R is abelian.
Proof: Assume the additive group of R is abelian.
. Let (aij)s (Bij)’ and (Yij) be elements of Z(R), and
let (aij)A(Bij+Yij) = (fij) where rij -
n n

n [+ . LJo= o, . . I

k§1 1k Pyt y) k§l< 115k * %ixVicy)

= ] - = 1"

It (aid)é(ﬂlj) (rla) ang (Qla)A(Yl'}) (I‘i,j)’ then

n 1

n
! ™. = 5 a, .+ o, . = o, C Y,

13 F fi _ E&l 1kaka é;l lkYkJ égl lk(BkJ Yka)
gince the additive group of R is abelian. From this
it follows that (rij) = (Pij) + (Pfj) end so the
system (P2Z(R),+,a) satisfies the left distributive law.

Conversely, suppose the system (P(R),+,4)
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gatisfies the left distributive law. ILet rl-and Ty

be sny elements of R, and, let

rl 10 ...0 1 Ts QO oo O

( ) O 000-- O ( ) 0 1‘20«a- 0
o = ﬁ - :
ij O ij 0 0 0 ...0

0 00...0 0 0 0 ...0

s
[
o o oy

(‘Yij)= 0 0 0 ... then

° - @ L .

O 00 ... O

(g LB ) + Cyy 0T =

(rl+rl+1) (r1r2+rl+r2+l) 0 ... 0O
0 4 0 ... O
|0 0 0 .. 0

= (aij} A Cﬂij)f (rxia.) A (Yij)

[ Y
(rl+r1+1) (r1r2+r2+r1+1) 0 ... O

Q 0 0 ... O
f 0 o} O ... O_

© and so rlr24-r24-rf4; ryrp+ry+T5+ 1. From this

r24-rl = rl+-r2 and we conclude that the additive

}fgroup of R is abelian.
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Corollary (3.10)- Tet R be a near-ring with identity.

If the additive group of R is not abelian, then the
system (P{(R),+,4) does not satisfy the left
distrivutive law.

Let G be &n additive group that is notrabelian
end S(G)} the neasr-ring of mappings assoclated with G.
Erom. Cdrollary (9.10) the systeﬁ (F(s(G)),+,A) is
not a near-ring.
. From Theorem (9.7) and Theorem (9.9} we are

gllowed to conclude

Corgllary (9.31). ILet R be & near-ring with identity.

Then the system (Z(R),+,4s) is a near-ring if, and
- only if, it is a ring.

As the final result of this section we give

Proposition {9.12). Let R be & near-ring with identity.
Then the additive group P R) can be regerded as s
unitary R-meodule.

Proof: If (aij) e P%R) snd reR, then define

(ay ) = (ayor) e PR). With this definition the
system (M (R),+) becomes a unitary near-ring module

over R.
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CHAPTER X
NEAR-VECTOR SPACES

The theory of near~vector spaces over a division

near-ring has not been previously investigated. In

- this chapter we will apply meny of the results

encountered earlier in this thesis.
For example, the results on strictly semiusimplé
near-ring modules will play a major role in our sbudy
of near-vector spaces.

We will give examples of near-vector spaces
over division near-rings that are not vector spaces.
Hence, our work generalizes many of the results of
vector spaces over division rings. We introduce the
concept of basis for a near-vector space and show that
every near-vector space has a basis. Anothér concept
is defined, the dimension of a near-vector space over
a division near-ring, and we will prove that two
near-vector spaces over the same division near-ring
R are R-iscmorphic if, and only if, they have the
same dimension. We call an R-homomorphism from one
near-vector space MR into a second near-vector space
AR a linear mapping. As in the case of vector
spaces over division rings, linear mappings play an
important role in the theory of near-vector spaces.

However, the image of a linear mapping need not be a
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subspace. This is the content of Theorem (10.34).

* Let MR and AR be two near-vector spaces over the
division nesr-ring R and let HomR(M,A) denote the set
of all linear mappings of My into Ap. If we define
addition in HomR(M,A) pointwise, i.e., m(f+g) = nf + mg
where me M, f,ge:HomR(M,A), then the system
(Homp(M,A),+) is generally not a group. For this
reason, some of the important results of the theory of
" vector spaces over division rings do net carry over to
near-vector spaces. Aszume MR'is finite dimensional
over the division near-ring R and let AR = RR' ;n
Theorem (10.53) we show that HomR(M,R) is an additive
group if, and only if, R is a division ring. Hence,
we define the notion of the dusl space of a finite
dimensional near-vector space-in'terms of external
direct sums.

Finally, suppose MR is & finite dimensional
nesr-vector space over R, and let S(M) denote the
near-ring of mappings associated with the additive
group of M. In Theorem (10-62) we prove that HomR(M,M)
is a subring of S(M) if, and only if, ﬁ is a division
ring. However, since Homp(M,M) is a multiplicative
sub-seni-group of the multiplicative semi-group of
the near-ring S(M) we can consider the d.g. near-
ring S' that is generated by HomR(M,M)» If we assumne

that the additive group of R is abelian and the d.g.
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near-ring S' satisfies the descending chain condition
on right ideals, then we show in Theorem (10.73), that
S' is isomorphic to a ring of linear mappings on a

finite dimensional wvector space over a division ring-

Definition and Elementary Properties of Near-Vector Spaces
Definition (10.1). A near-vector space is a strictly
semi-simple R-module where R is a division near-ring.

From Theorem (5.6) we note that a near-vector
space MR is a unitary R-module.

It is evident that every vector space over a
division ring is a near-vector space. If R is a
division near-ring and MR is an irreducible R-module,
then MR is a near-vector space. In particular, RR is
a near-vector space.

In Chapter IX we presented examples of division
near-rings that were not division rings. ILet R be a
division near-ring that is not a division rihg« Let
R = Rk’ A eQ where Q is some index set. Then the
external direct sum R' determined by the collection
{RR I A eQ) is a near-vector space that is not a
vector space over a division ring.
= Throughout this chapter we will assume that R is
a division near-ring that is not a division ring in

general .
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Proposition (10.2)- Every irreducible R-module is
R-isomorphic to RR'

Proof: Tet Mp be an irreducible R-module. If meM,
m#0, then the mapping f: reR ——> mereMp is a non-
zZero R—homomorpﬁism of Rp onto Mp. From Theorenm (9.2)
and the fundamental theorem of R-homomorphisms for

near-ring modules we conclude that R (gi‘M.
' ’ R

Because of Proposition (10.2) we are allowed

to conclude

Corolla 0.%)« If Mp is a unitery R-module snd m is
eny non-zero element of\MR, then m«R is an irreducible

R-module.

Hence, we can construct another example of a
near-vector space! Let MR be a unitrary R-module. Then
the external sum Mﬁ determined by the collection
{mR1m e M, nfO} is a near-vector space over R.

Ancther easy consequence of Proposition (10.2)

~is the following

Corollary (10.43}. Let My be a nesr-véctor space over
. R. The additive group of M is sbelian if, and only if,

the additive group of R is gbelian.

Appealing to Theorem (5.7) and Corollary {10.4)

we have
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~ gorollary (10-5). If My is a near-vector space and R

: i5 a division ring., then MR ig a vector space over R.

The last part of this section is devoted to two
proposition that will be useful in the remainder of

this chapter.

Proposition (10-£). Let M be aunitary R-module such that
(m14—m2)r = myr + myr for all my, my € Mp,r &£ R.  Then

R is & division ring.

Proof: Let Tyr Too and r be elements of R. If m is

any non-zero element of Mp, then [m(r1+r2)]r =

(mrl+mr2)r = m(rlr)4-m(r2r) = m(r1r+r2r) and so
, . o) . .
(r1+r2)r (r1r+r2r)ez[m]- Since R ig a division
near-ring [%}': 0 by Theorem (9.2). Hence, (rl+r2)r =

T4 T+ Yol SO that the right distributive law holds in
R. From this it follows that (-1):r = -r for all
reR. Therefore, ~Ir;-r, = (—1)(rlfr2) = -(rl+r2) =
= ~To=ry and so Ty + ¥y ¥ Tyt Tqs This showsg that R

is a division ring-

ropeosition (10.7). TLet MR be sunitary R-module and let
"meM, reR. mr = O if, and only if, m = 0 or r = Q.
: Proof: Tfm =0 or r = 0, then it is c¢clear %that
cmer o= O. | ‘

Suppose m-r = 0. If r £ 0, then there is an

- element r' &R such that r ' = 1 and s0 Q0 = mr =
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= (ar)r' = m(rr') = m'] = m. Hence, the proof is com-

plete.

Basis and Dimension of a Near-Vector Space
Before embarking on the concept of basis for a
pnear—-vector space, we first introduce the notions of

linear combination and spanning set. We begin with

Definition (10.8). Let MR be a near-vector space

over the division near-ring R, and let {ml,-«a,mn}
be a finite set of elements from MR' An element msMR
is said to be a linear combination of the elements
{ml,.e.,m } if, and only if, there exists elements

rl’ -+<y T, of R such that m = E: m,

Definition (10-9)-‘ A non-empty subset X of a near-
vector space Mp is called a spanning set for MR if,
and only if.

(10.9.1) every element of X is contained in an
irreducible submodule.

(10.9.2) every element of MR can be written as a

linear combination of & finite get of elements from X.

Definition (10.10). A non-empty subset ¥ of a near-

vector space MR is called a basis if and only if,

{(10.10.1) X is a spanning set for Mp.
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. (10-10.2) the representatién of elements of MR as a

iinear combination of elements from X is unique.

We now show that every near-vector space has a

basis.

Theorem (10.11). If MR is a near-vector space, then

MR has a bssis.

- Proof: TLet My = ;%%MK where M, is a non-zero
irreducible submodule. For each A e, let m, be a
non-zero element. We show {ml !l.éQ} is a basis for
Mg Since .each Y is non-zerc it follows that
mR = ¥, and so Mp = ?\?melz. From this it is clear
that {mx {2 e} is a basis for MR'

If Mp is an irreducible R-module, then every non-
zero element is a basis for MR“ Let Ri = R for
i=1,2, ..y n. Then the set {(1,0,-..,0),
(041,05++.,0), «.., (0,0,...,0,1)} is a basis for
the external direct sum determined by the collection
{Ry 11 = 1,2,...,n}.

As in the case of vector spaces over division
rings, the concept of linear independence plays an

'important part in the study of near-vector spaces.

We introduce this notien in the following

Definition (10.12). TLet Mp be & near-vector space

over the division near-ring R. A finite subset
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Y = {mla ey mn} of MR is said to be linearly

jndependent if, and only if,
(10-12.1) every element from X is contained in &n
jrreducible sudbmodule. '

1 (10.12.2) If Byry+ e +mr = 0 for some sgt rl"f"rn

; of elements from R, then ry = ... =1, = 0inR.

A non-empty subset X of z near-vector space MR is
: called a linearly independent set if every finite
 subset of X is lineerly independent. If X is not
linearly independent, theh X is said to be linearly

dependent.

. Propgsition (10.13). Let Mp be a near-vector space

f.over R and X a non-empty subset of Mp- If OeX, then
? X is & linearly dependent set.

% Proof: From Proposition (10.7) O-r = O for sll re¢R.
H’Lef [xl,...,xé] be any finite subset of X. Then

| O-r+—xl-0-+...-+xn-0 f'O and so the set {O,xl,...,xn}
7 is linearly dependent. Hence, the set X is linearly

'dependent-

Lemma (10.14). Let X be s linearly independent subseb

of the near-véctor space Mp. Then L xR = Px-R.
xeX xeX

Eroof: First note that since X is a linearly

independent set each xe€X is contained in & non-zero
irreducible submodule M, . From Proposition (10.13)

X £ 0 and so xR = Mx' Hencey z: X-R is & submodule
xeX ’
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of Mp. If meX-RN ¥ ¥yRY,
. yeXxX
YEx
then there exists elements NEREEERY N from X and
elements r»Ty,...,r, from R such that m = xr = §}yl -
=3t *
From this it follows that ylrl+-...4—ynrn4-x( -r) =
and so ¥y =Ty = .ee =T =T = ¢. Hence, r = 0 and

it is . now clear that Y xR = @PxR.
xeX xeX

4 significant result in the theory of vector
spaces 1s thet a linearly independent set can be
extended to a basis. We now prove the analogous

result for nesr-vector spaces.

Theorem (10.15}. Let X be a linearly independent subset
of the near-vector space Mp. Then X can be extended
to & basis for MR;

Proof: From Lemma (10.14) 3 xR = xR is a
- xeX xeX

submodule of Mp- Since'MR is strictly semi-~simple, it
follows from Theorem (5.18) that there is a submodule

Mj such that Mp = (B x-R) GM' and M! is a near-
. R weX R
vector space over R. According to Theorem (10.11),

1
Mg

the set X' = XUY is a basis for MR' Hence, the set X

has & basis Y. TFrom this it is easy to see that

can be extended to a basis.

We establish the important

Theorem (10.16). TLet X be 2 non~empty subset of the
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near-vector space Mp. Then the following statements
are equivalent

(10.16.1) X is a basis for MR“” |

'(10.16.2) ¥ is a spanning lirearly independent setol
(10.16.3) ¥ is a maximal linearly indepeﬁdent set.
(10-16.4) X is a minimal spanning set.

by means of the following four lemmas.

Temma (10.17). Let X be a basis for the near-vector

space MR- Therr X is a spanning set that is linearly

independent.

Proof: Since X is & basis, it is & spanning set

for Mp. Assume myTy+ ... +m 1. = O where {m19n,,,mn}§X

and r ceaTy are elements from R. Since X is a

1
basis and O = m1«04-..n4-mn=0 s we see that Ty = Ty =

= c.o =1 = OeR. This shows X is a linearly

independent set.

Lemma 510-152-7 Let X be a linearly independent set
that spans the near-vector space-MRn Then X is a
maximal linearly independent set.

Proof: Assume X' is 8 1inearly independent subset of

M., and X is a proper subset of X'. Let x' be an

R
element of X' such that x' ZX. BSince X is a spanning

set for MR, there exists elements XyveeeaXy of X and
0 ‘

—

- [ -
elements rl,-‘»,rn of R such that x' = f%lxirie
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1Y
that the set {xl,e--,xn,x'} < X' is linearly

From this we note that x e ¥ X T4 ¥'(-1) = 0, so

dependent. Hence; X° must be a linearly dependent set.

Lemma (10.19). let X be a maximal linearly independent

subset of the near-vector space Mp- Then X is &
minimal spanning set.

Proof: From Theorem (10.15) X can be extended to a
basis. BSince every basis is a linearly independent set
by Lemma (10.17), it follows that X must already be a
basis. Hence, X is alsora spanning set. Tt suffices

" %o show X is a2 minimal spanning set. Assuméd Y is

a proper subset of X that also spans Mp. If xeX and
: 1
x is not an element of Y, then x = y;T; for some
i=]

yl, caay yn of Y and I‘l'i cee g I’n of R This shows
that the set [yl7 ey Ypo x} € X is a linearly
dependent set and so we have a contradiction.

Therefore, X is a minimal spanning set.

Lemma (1€.202. ZIet MR be a near-vector space over R

and X 4 minimal spanning set for MR' Then X is a basis.

Proof: &Bince X is s spahning sety, xR is an
irreducible submodule for each xe X and MR = Ei x-R.

xeX
‘From Theorem {5.18) there is a subset X' & X such

that Mp = 4 x-R. It is clear that the set X'is a
1
xeX'.
basgies for M., and since X is minimal, we conclude that
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X:aX'.

Qur next objective is to show that any two bases
for a near—vector space have the same cardinal

pumber. First, we prove

Lenma !10.2]3. Let MB be a near-vector space. Let

Mo = GBM where M; is & non-zeiy irreducible submodule.

Then any other decomposition of MR into non-zero
irreducible submodules has exactly n-summands.

Proof: Let Z:MlEB... DuOM, D...Cu> --- 24,2 (0]
end note that 2 is a Jordan-Holder series for Mg

Since 8 second decompoéitioﬁ of MR inte non-zero
irreducible submodules would also determine s Jordan-
Holder series, it follows that such.a decomposition has

exactly n-~summands by the Jordan-Holder Theorem.

From Lemma (20.21) we note that if M, hes a finite
basis, then any two bases have the same number of
elements.

Let M, be a near-vector space. If X is a non-

_ R _
enpty subset of MR’ then we denote the cardinal number

of X by IX}.

Theorem (10.22). Let X, and X, be two sets of beses

for the near-vector space MR. Then IXlI = !X21.
Proof: It suffices to consider the case when X is
infinite. For each x&:Xl, let Xa(x) = [yl,,.. ¥ gxg
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n
X = z:yjri, rieR and r,#0}. Since X, is a basis, it
i=1 + -

is clear that X,(x) is well defined. If X = UX X, (x5
XE
1

then note ¥ is a spanning set for Mp and X £ X5.
From Theorem (10.16) X = X, Since Xl is infinite
and each X2(x) is finite, it follows that I1X,1 < I1X 4.

Similarly, 1%, < 1%y} and so 1% = PP

We are now ready to give

Definition (10.23). 1If My is a near-vector space

over R, then the cardinality of sny basis is called
the dimension of MR and is denoted by dim M.

if the cardinality of any basis for Mp is finite,
then M

R
However, if the cardinality of any basis for MR is

is called a finite dimensionasl near-vector space.

infinite, then MR is ssid to be an infinite dimensional
near-vector space. Since the zero submodule [0} of a
near-vector space does not have a basis, we will agree

that dim {0} = 0.

Subspaces of a Near-Vector Space
Let MR be a hear-vector space over a division
near-ring R. If M' is a submodule of My, then M' 1is
called a subspace of MR' From Theorem {5.18) every

subspace of MR is a near—-vector space.



138

Definition (10.24). Leth' be a subspace of M- M’
is said to be complemented by a subspace M" if, and
only if, My = M’ &

If M' is complemented by M", then M" is called
the complementary subspace of M'.

Appealing to Theorem (S5.18) and the second
isomorphism theorem for near-ring modules we obtain

the following

Theorem (10.25). Every subspace of a near-vector space

is complemented uniquely up to R-isomorphism.

We next present the interesting

Theorem (10.263. Tet M, = M' & M" where M' and M"
sre proper subspaces of the near-vector space MR-
Then dim M = dim M' + dim M". _

"Proof: ILet X' be a basis for M' and X" be a basis for
M". It is clear that the set X = X'UX" is a basis for
MR' By Theorem (10.16) X' is a linearly independent
subset of M' and so Proposition (10.13) tells us that
Qf£X'. From this X'NX" is the null set and so

dim M = dim M' + dim M".

Corollary (10.27). Let My be an n-dimensionsal near-
vector space and M' a subspsce of Mp. M' = M if, and
only if, dim M = dim M'.

Proof: Assume dim M' = dim M and M' is a proper
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sﬁbspace of M. From Theorem (10-.25) there is a non-
zero subspace M' such that M = l.&' & . Hence,
" @im M = dim M' + dim M" by Theorem (10-26). This
ghows M' - '

If M' = M, then it is éésy’to see that dim M' =

s (].lm M.

Linear Mappings
We come now to the part of our study that makes

the study of near-vector spaces interesting.

Definition (10.28). An R~homomorphism T of a near-

vector space MR into z near-vector space AR is called
a2 linear mapping.
If T is an R-isomorphism, then T is called a

linear isomorphism.
The next lemma tells us that the properties of 2

linear mapping T are determined by any basis for MR'

Lemmg (10.29). Let T be a linear mepping of My into

A Then T is uniquely determired on any basis for MR'

]
Proof: Let X be & basis for MR and T' a linear
mapping of MR into Ag such that xT = xT' for all xeX.

If mE:MR, then m = églxiri where xiE:X, ris:R- Hgnce,

r n
T =‘égl(xiT}ri - ggl(xiT )ri =

M
nT = X. T,
=1t
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n
» (églxiri)T' and so T = T' on MR°

Let MR and AR be two near~vector spaces over the
division near-ring R. ILet T be a linear isomorphism
of MR onto AR' Since T is an onto mapping 2and T maps
irreducible subspaces of MR onto lrreducible subspaces
of Ap by Lemma (1.21), it follows that dim M = dim A.

Hence, we can give

Theorem (10.30). If two near-vector spaces MR and AR

are R-isomorphic, then dim M = dim 4.
We now prove the converse to Theorem {10.30).
- Theorem (10.%1). Let Mp end Ap be two near-vector

spaces such that dim A = dim M. Then A tza M.
R

Progof. TLet X be a basis for AR and Y a basis for MR'
Then 1XIl = 1Yl and so there is & one-to-one mapping T
of X onto Y. Iet ach, a = f‘x r; where x; £ X, r; €R.

Then-define the mapping T° from A into M as follows:

n
aT' = E:(xiT)ri- Since a basis representation is
i=1
unigue and xTeY for all xe X, we see that T°' is a

single-valued onto mapping.

Yo oxip! .. [ S B v
If a' = l 14‘= XTI where xde,X, rJE:R, then
(sram = [ >lf
a+a')Tt = X1, + rii? -
iz 21 J J
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- Y (xi'l‘)ri + 3 (x.T)r' and so T' is a group
ial jzl - d d
homomorphism of the additive group A onto the
additive group M.
It remeins to show {(aT)r = (ar)T where reR and
T is a8 one~to-one mapping.

Since Y is a basis for M., xT £ 0 for all xeX.

R‘?
Moreover, xT is contained in a non-zero irreducible

submodule.of MR“ From YTemma (4.4) it follows that

n I 0
(aTl)r - [igl(xi‘l‘)ri]r o igl(xirl‘)rir = [izlxi(rir)]'l" =

= (ar)T'. We now assume a # 0 where a is the element

given sbove. Hence, there is at least one index

i 1, 2; «-2, n such that * Ty # 0. If aT' = 0, then
n

al’' = ;gl(xiT)ri = 0. Bince Y is a basis, 1y = ... =

= v, = 0 by Theoren (10.16). This shows T' is a one-—

to~one mapping and so A =
(R)

We proceed now to apply several results of the
last few sections toyield some information about
linear mappings-

From now on we assume all near-vector spaces are

finite dimensional.

Theorem (10.%2). Let T be & linear mapping of the

finite dimensional nesr-vector space MR into the
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near—vector‘finite dimensional space AR' Shen MT is

a near—vector space over R and dim M = dim Ke(T) +
dgim (MT).
proof: From the fundamental theorem of R-homomophisms

we conclude that ¥ = MT and so M? is a near—

vector space over R. If Ke(T) = 0, then dim M = dim MT
by Thoerem (10.29). Assume Ke{T) # O and since Ke(T)
is a subspace of M,, it follows from Theorem (10.25)
that there is a subspace M' of MR such that

M EKe(T) = MR As an easy consequence of Theoren
(10.26), Theorem {10.29), and the second isomorphism
theorem for near-ring modules we have dim M = dim M' +

dim Ke(T) = dim (MT) + dim (Ke(T)).

Corollary (10.%%). Let T be a linear mapping of My onto

AR' T is a one-to-one mapping if, and only if,
dim M = dim A.
Proof: If T is one~to-one, then T is a linear
isomorphism of Mp onto Ap. From Theorem (10.30)
dim M = dim A.

Assume dim M = dim A and Ke(T) # 0. Fronm Theorem
(10-33) dim M = dim 4 + dim Ke(T) and this is e

contradicition. Therefore, T is a one-to—-ome linear

mapping.

Let T be a linear mapping of the finite dimensional

near-vector space MR into the finite dimensional near-
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vector space AR' In general, MT is not a subspace

of AR‘

ThﬁgrﬁmhilQ;iﬁl. There exists a finite dimensional
near-vector space M,, a non-zero R-subgroup Mé of MR
that is not a subspace of MR and a linear mapping of
MR onto M}.

R
We now proceed to comnstruct such a linear

mapping.

let R be a finite division near-ring that is not
.. 8 division ring,'ané let the additive order of the
identity 1 be n > 2. (Zassenhaus {26] showed that such
division near-rings exist.) Iet S = S(R) denote the
near-ring of mappings zssociated with the sdditive

group of R.

Lemma (10.3%5). PFor easch acR, let 6, denote the

mepping &, : reR —> racR. Then {Bal aeR} = 8' is a
sub-near-ring of S that is isomorphic to R.

Proof: If a,beR, then r(d ) = r(a+t) = ra+ab =

a+b
- r68+r6b and r(ba'bb) = (réa)éb = (ra)&b = r{ab) = r&ab
for all reR. Hence, the mapping ! gER —> 6858' is

& near-ring homomorphism of the near-ring R into the

near-ring S and Rn = S'. PFrom Theorem (9.2) R = S'.

The first step in our constructiorn is to show
that the néar—ring module S over the division near-

ring 8' is a finite dimension near-vector space over
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8'- To reach our objective, we present five easy

lemmas. The first of which is the following

"1_Lemma (10.36). Let A be a non-zero irreducible

right idesl of the near-ring S. Then A(’;) R
S

.Egggif We already know that RS ig an irreducible

-S-module. Since A is noh-zero, there exists elements

gel, TER such that ra # 0 in R. Let n denote the
mepping defined by Nt agA —> raeR. It is clear
thet n is a non-zero S-homomorphism of Ag onto Rg

and so A = R.

(8)
_ mma .37). If B is a non-zero S'=-subgroup of the
f §'-module R, then B = R.
; Exggif TLet B be a non-zero S'-subgroup of RS"V If b
fgis a non-zero‘element of B, fhen trere is an element
:7__ b'€R such thet b+’ = 1 end so 1 = bb' = b, €B.
;-Let r be any element of B« Then r = 11 = 1-6rE:B
-~ and so B = R.

mma‘ 0. - Let se€8 and 2 a non-zero element of R

such that s-éa = 0. Then s = Q.

. Eroof: If r is a non-zero element of R, then O =
- r(éﬁa) = (rs)éa = (rs)+a. Since R is a division
near-ring, there is a non-zero element &' € R such
thet a-a' = 1 so that O = 0-2' = rs. Hence, 18 = O

for all reR. This shows s = O.
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mma 0. . Let A be a non-zero irreducible right
ideal of the near—ring 8. Then AS' is a non~zero

irredu01b1e S'-module.

ggg ., From Lemma (10.38) A- S' = [as' t ach, 5'eS'} £ 0.

Hence, the mapping niach > r-aeR given in the
proof of Lemma (10.36) is a non-zero S'-isomorphiém of
Age into Rqy+. From Lemma (10.37) Agy is a-non—iero
irreducible S'-module.

Lemma (10.40)." 8 = 63A where A; is a non-zero
i=1

irreducible right ideal of the near-ring S.

Proof: S is a primitive near-ring and so J(S)

by Theorem (7.4). Since S is finite it satisfies

the descending chain condition on right ideéls.
Appealing to Theorem (6.19) there exists non-zero
irreducible right ideals Ayy «--y A of the near-ring

S such that S = G:)A
i=1

Because of Lemma (10.39) and (10.40) we can

conclude

Theorem (10.4)). The near-ring S is an n-dimensional

near-vector space over the division near-ring S°'.

i i
Wi it

 Let K denote the near-ring of constant mappings ‘

_ Lins  otet |
of the gdditive group of R We have seen, in the
first chapter of this thesis, that X is a non*zéro

S-subgroup of the near-ring 8. From which it follows
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that K is a non-zero S'~subgroup of Sg.-
We conclude our construction with three lemmzs.

We start with

Lemma (10.42). K is not a subspace of the near-

vector space SS"

Proof: Assume K is a subspace. Then (B; +@,)¢; ~0,0=

= ¢ & K for some reR. Since the sdditive order of

the identity 1 of R is n>2, it follows that

ro= 1o, = 16 + 0 )0,- 1(by9)=(1+ vy -~ 19y = 1-1 = 0.
Hence, (&) +@;)0y = 8,0, If {n-1)-1 = ¢ & R, then
(n-l)'1(61+-¢l)¢1 = (n-l)tp-1 = 0 and (n-—l)l-(&lwl) = 1.
This shows 1 = O in the nesar-ring R. Therefore, K is not

. a subspace of the near-vector space SS"

Lemma (10.433%. Koi 1s an irreducidle S'~subgroup of

the near—-vector space SS'"

Proof: Let B be a non-zero S'-subgroup of Kg..,and let
wr be a non-zero element of B. Let Py be any noh-

zero element of K. If & is fhe multiplicative inverse
of the non—zerc element re R, then:ﬁ(wr'éac) = plac) = c

for all non-zero elementsr' of R. From this it

follows that 9, = wra(ac) £ K and s0 B = K.

Temma {10.44). TLet ¢ be a non-zero element of K.

Then the mapping T: sgS ——> ¢ s =9, . €cKisa

non-zero S'-homomorphism of Sg, onto Kg. and ST = Kg,
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is not a subspace of the neapr-vector spéca SS.-
Proof: Iet 811 8, €5, and 635:8'. Then

T = = = =
(514-32) @r(sl4-52) wr(51+52) ®r51+r52
= @p78y + 0ty = 5T + 5,7 and (sléa)T = @ 80, =
- (¢r81)5a = (81T>6a° ¥rom Lemma (10.43) it is now

clear that T is an S'-homomorphism of Sgq¢ onto Kg, and

8T = Eqy is not a subspace of the near-vector space SS'°

Therefore, the proof of Theorem (10.%4) is now

compiete.

Let T be a linear mapping of a finite dimensional
near-vector space MR into itself. We seek conditions

under which MT is a subspace of Mp. First, we give

Definition (10.45). T is called a normal linear

mapping if, and only if, MT is a subspace of MR-'

Let 8 = S(M) denote the near-ring of mappings
associated with the additive group M. For each pair
of elements meMy, TeR let Sp.p denote the element
of § that maps x £ My onto (m+x)r - mr e Mp. Further,
let S(M,R) = {sm-r! meMp, TeR}. We now give o

sufficient condition for T to be normal.

Theorem (10.46). If T commutes with the elements

S(M,R), then T is & normel linear mapping.

Proof: Assume T commutes with the elements of S(M,R).
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Since MR is unitary, it follows that T commutes with
fhe inner-automorphisms of the sdditive group M and

s0 MT is a‘normal subgroup. As T commutes with the

elements of S(M,R), we see that (m+ xT)r -~ mr =

» [{m+x)r -.mr]T € MT and so MT is a subspace of'MR-

This shows that T is a normal linear mapping.

Because of the next result we see that the
numbexr of normal linear mapping of a finite
dimensional near-vector space into itself is quite

large.

Theorem (10.47). For each subspace A of & finite

dimensional near-vector space MR there exists a normal
lineer mapping T such that MY = A and T commutes with
the elements of S(M,R).
Ergof: From Theorem (10.25) there is a subspace B of
Mg such thet My = A@B. If me a+b where ach, beB,
then let T be the mapping given by mT = a. I% is
élear that T is & single-valued linear mapping of MR
E onto AR and so MT =A. Since A is a2 direct summand, |
T conmutes with the inner-sutomorphisms oflthe
additive group M. ITet m = s+b, m* = g° +'b‘., and reR
wherela,a° £hs D,b" €B. We are to show'sm.rT = T‘Smr'
Appealing to Prcposition (4.2) and Lemma (4.4), it
follows that m'(Sm'rT) =-[(m+m91~~ mrll =

= [{(a+a')r+ (b+b')r = ar — brlT = (aT+a'T)x +bT+b' T)r -
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|
(aT)r « (bT)r = {{ata*)r - ar]T and (m'T)Sm,r =
= (m+n'Dr-nr = (a+b+a')r - (a+b)r =
= (a+a')r + br -~ ar - br =« (a+a')r ~ ar. This shows

T commutes with the elements of S(M.R)-

We combine the results Theorem {10.46) and Theorem

{10.47) to obtain

Corollary (10.48). A non-empty subset A of a near-

vector space MR is a subspace if, and only if, there
exists a linear mapping T of MR into itself that
commutes with the elements of S(M,R) and MT = A.

The last result of this section is the following

Theorem (10.49). Let T be a normal linear mapping of
2

M, into M, such thet T° = T Z 0. Then Mp = MT € Ke(T).

Proof: BSince T is a normal linear mapping, MT is a

subspace of My. If x EMT nKe{T), then there is an

element me M, such that mT = x and so O = xT = mD° =

R
= mT = x. Hence, it suffices to show My = MD + Ke(T).

Let m be any element of MR' Then m = mT-mT+m and

 (~mT +m)T = (-mT)T+al = ~aT° +ul = O- This show

M, = MT + Ke(T) and so Mp = MT D Ke(T).

R

Dual of a Finite Dimensional Near-Vector Space

Let M

R and AR be two finite dimensional near-
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vector spaces over R, and let Map (M,A) denote the set
of mappings of the additive group M into the additive
group A. If addition in Map (M,A) is defined
pointwise, i.e., n(f+g) = wf + mg where me M,

f.geMap (M,A), then Map(M,A) becomes an additive
group. Let Homp(M,A) denote the subset of Map (M,A)
of 21l linear mappings of MR into AR" In particuiar
if A = R and R is a division ring, then HomR(M,R) is
Jjust the dusl vector space of MR' However, when MR is
only a near-vector space over the division near-ring
R,HomR(M,R) is not necessarily a near-vector space.
This is the essential content of Theorem (10.53).

In Definition (10.55) we present the concept of the
dual of a neér—vector Mp space which is Ruisomorpkic

to HomR(M,R), whenever, MR is a vector space over the
 division ring R.

Throughout the remainder of this chapter, we

will assume all near-vector spaces are finite

dimensional.

Thegrem (10.50). If dim M = dim & = 1, then HomR(M,A)
can be considered as 2 one-dimensional near-vector space

over R.

Proof
element of MR- Bince din M = 1, we see that mR = MR’

Assume dim M = 4im A = 1. Let m be a non-zero

. If a is a non-zerc element of AR’ then the mapping
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£, ¢ mremR —> a-re i, is a non~zero linear mapping

a R
of MR onto AR- First, we note that fa is single-
valued. For if mry = mr,, then Ty T To £ [%] and by
Theorem (9.2) r, = r,.- From this we see that f, is
gingle-valued. It is clear that fa is a linear
mapping.

Let f be any non-zero element of HomR(M,A)- If
nf = a, then (mr)f = {(nf)r = ar and so f,= £« If £
ldenotes the zero mapping from My into Apy then
HomR(M,A) = {f, 1 aeAl.

Let fal and féz be elements of Homp(M,A).- Then
define fai 4% faa = fal+a2
addition, HomR(M,A) becomes a group. The mapping

. With this definition of

n: oachy —> fae:HomR(M,A) is a group isomorphism of
the additive group A onto HomR(M,A). From
Proposition (1.1%) HomR(M,A) can be regarded as a

one dimensional near-vector space over R and'fa'r = far"
From the proof of Theorem (10.50) we have

dim A = 1. Then

Corollary (10.51)- Let dim M
HomR(M,A) = {fé i acA} where £, ¢ mreMp —> arehp,

m a non—zero element of MR'

Corollary (30.52). .Let dim M = dim A = 1. Homp(M,4)
is a subgroup of the additive group Map (M,A) if, and

only if, R is a division ring.
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Proof.: Assume R is a division ring. Because of _
Corollary (10.5), ¥p and Ap are vector spaces over R.
Hence, 1t is well known that Homg(M,A) is a subgroup
of the additive group Map (M,A).

Suppose Homp(M,A) is a subgroup of the additive
group Map (M,A). From Corollary (10.51)
HomR(M,A) = {fa | agA} ﬁhere fa= mreMR — a-rEAR, m a
non-zero element of MR' I+ is clesr from the proof of
Theorem (10.50) that each f, is uniquely determined by
what it does to the element me Mp- Let a; and a, be

elements of AR' Then m(fal-pfae) = mf, +mnf = 8y +a,

1 82
and mf = a, + 8+ This shows .. + f = f .
81+35 1 2 8y 8y a tas

If reR, then (ala-az)r = (mr)fa = (mr)fal—+(mr)fa2 =

182
a;T+a,r. Because of Proposition (10.6) R satisfies
the right distributive law. Hence, it suffices to show
the additive group of R is abelian. Since R satisfies
the right distributive law, it is evident that
(-1)r = -1 for all reR. Let vy and T,obe elements of
R.  Then -r -r, = (—1)(r1+r2) = -(r1+r2) = —ryery

1 1
a division ring.

and so Th+ Ty = Ty +Tse We have now shown that R is

Theorem {10.53). Iet MR be an n-dimensional near-vector

space over the division near-zing R. Homp(M,R) is a
subgroup of the additive group Map (M,R) if, and only

if, R is a division ring.
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Proof: Assume R is a division ring. From Corollary
(10-5) My is a vector space over R and so HomR(M,R) is
just the (algebraic) duel of Mp. Hence, Homg (M+R) is
a subgroup of the additive group Map (M,R).

Suppose Homp(M,R) is sn additive subgroup of the
additivergroup Map (M,R). Let Mp = ;%imi where M, is
s one dimensional subspace of MR‘ From Corollary (10.52)
it suffices to show HomR(Ml’R)-is a subgroup cof the
additive group Map (Ml,R). iet T denote the linear
mapping of Mp onto (Ml)R that maps each element of Mp
onto its component in M;. If f;g £ HomR(Ml,R), then
‘_nlf, n.g € HomR(M,R) and so % f-%,g € HomR(M,R).

From this it is easy to see that f-g € Homp(M ,R)
and so HDmR(Ml,R) is a subgroup of the additive group

. Map (Ml,R)- Hence, R is a division ring.

According to Corollary (10.5) and Theorem (10.53)

we have

Corcllary (10.54). Let My be an n-dimensiocnal near—

vector space over the division near-ring R. HomR(M,R)
is a subgroup of the additive group Map (M,R) if,
and only 1f, MR is an n-dimensional vector space over

the division ring R-

Let MR be an n-dimensional near-vector space over

n
R that is not a vector space. Le%t My = GBMi, where
i=1
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Mi is a one dimensional subspace of MR' From Theorem
(10.50) the additive group (HomR(ﬁi,R, 4 ) is a-one
dimensional near-vector space over R. Let My denote
the external direct sum determined by the collection
{HomR(Mi,RN i o= 1,2,»=-;n} of one dimensional near-

vector spaces. Because of Theorem (10.53) we give

Definition 0. . Mé is called the dual near-vector

space of MR’
For simplicity of notation we will write

n .
LA GBHomR(Mi,R), and we note the elements of My are
=1

sequences of the form (f yeesy I ) where £ €
my Tmy m;

HomR(Mi,R)» Since Mé is an n-dimensional near-vector
space over R; it follows from Theorem (10.3%1) that
M = M.

(R)

Our final objective of this section is to develop

the concept of dual basis for Mﬁe First, we present

Proposition (10.56). Let Mp be an n-dimensional near-
vector space over R. If m is a non-zero element of MR’
then there exists an element f € HomR(M,R) such that wf=1.

Proofi ZILet Mys «eny Wy te a bhasis for MR' Then

n .
MR = Pwm, R where miR is a one dimensional subspace.
i=1
If m is a non-zero element of MR’ then there are

elements Fyv cory Ty not all zero in R such that
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W= Myry+er-+mr . Assume r, is not zero, snd let

n'n 1

L2 denote the linear mapping that maps elements of My

onto their components in mlRa Hence, mﬁl = My

and since mir) # 0, it follows that (m,r;)R = m R.

R is 2 division near-ring and so there is an element

re&R such that rr, = 1. Therefore, thé mapping

1
fmlrl € HomR(mlrlR,R)_maps m, Ty onto 1. Frqm this
we see that m(ﬂlfmlrl) = (mlrl)fmlrl = 1 and

nlfmlrl 3 HomR(M,R). This completes the proof of the
proposition.

Let my, ..., m be a vesis for Mo.  Then
appealing to the proof of the last proposition we can
conclude
Corollary {10.57). There exists elements fm [

. : i
i

HomR(miR,R) such that mf = 1.

We now give the important

Theorem (10.58). Let My = f%iHomR(miR,R) be the dual
nesr—vector space of MR‘ Then the set {(fml,o,...,o),
(O’fmz’”"O)’ (O,,..,fmn)} is 2 basis for M. |
Progf: TFor simp.licity, let fmi = (o_,...,:),fmi,o,...,o).
By Theorem (10.16) it suffices to show %hat

. . . ) \

fm 5 e eey fm is a linearly independent subset of MR-

1 n n )

If f r+rr, = 0 where r.eR, then f R = 0
1§1 By 2 * T o P™n
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and so fﬁ r = 0 for i = 1,2,e.,,no Appealing to
i1
Theorem (10.50) and Proposition (10.7) r1=r2=ee.=rnw0

so that the set {f , ..., £: } is a basis for Mj.

m m

. 1 n .

Definition (10. .+ The basis {fy ; «ccv £ } for the
1 n

near—-vector space Mﬁ iz called the dual basis of

{ml-) esey mn}°

Distributively Generated Near-Rings of Linear Mappings
of a Finite Dimensional Near-Vector Space

Let MR be an n-dimensional near-vector space cover
the division near-ring R and let S = S(M) be the near-
ring of mappings associated with the additive group
M. Further, let HomR(M,M) denote the subset of linear
mappings of MR into itself. Bince the product of two
elements from HomR(M,M) is a linear mapping of MR
into 1tself, it follows that the multiplicative semi-group
HomR(M,M) generates a d.g. sub-near-ring S' of S(M).
In particular, if R is a division ring, then &' is just
the ring of linear mappings of Mp -

The purpose of this section is to investigate the
d.g. near-ring S'. The main result given in Theorem
(10.73) tells us thet if the sdditive group of R is
abelian and S' satisfies the descending chain condition

on right ideals, then 8' 1s isomorphic to the ring of
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linear mappings on a finite dimensional vector space
over a division ring.

From the proof of Theorem (10.30) we can conclude

Theorem (10.60). Let [xl, ceny xn} and [yls saey yn}
be two sets of bases for the n-dimensional near-vector
space MR’ Then there exists a linear isomorphism T

of MR onto itself such that xiT = ¥3 for i = 1, 25 ocv,ne.

Corollary (10.61). ILet MR he an n~dimensional near-—

vector space over R. For each acR there exists an
element & € Homp (M,M) that is determined by o. More-~
over, if o is not zero, then « is a linear isomorphism.
Propf: Tet a bte an elerent in R. If a = O, then we
let « denote the zero mapping“of HomR(M,M)n Assume

a £ 0 and let x4 <., x, be a basis for MR' Then

1
. 43 )
MR = ¥.R where xR is a one dimensional subspsace
i=1 * + -
of Mp. From Propositions (10.7) and (10.13) x; # 0.

Hence, (xia)R = x;R and so the set {xia, oeey xna}
is a basis for Mp. By Theorem {10.60) there exists
a linear isomorphism o € HomR(M,M) such that

xia = X% This completes the proof.

Theorem (10.62). Let My be an n-dimensional near-

vector space. HomR(M,M) is a subring of the near-
ring 3(M) if, and only if, R is & division ring.

Proof: Assume R is a division ring. Because of
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Corollary (10.5) MR ié a vector space over R. Hence,
Homp (M,M) is just the ring of linear mappings of Mﬁ
into Mp. In perticular, it is & subring of S(M).

Suppose Homy(M,M) is a subring of the near—ring S(M).
Tet Hys eers X be a basis for MR’ and let « aﬁd B be
non-zero elements of the division near-ring R. Then
a+B and x+B are élements of HomR(M,M)- We now show that
a+8 = a+B snd ®-§8 = a-B. From Lemma (10.29) it suffices
to show xj(a:ﬁ) = x.E4-ij and xj(EE) = (x.a)B- Siﬁce

dJ dJ

xj(a:ﬁ) = xa(a+B) = xja4-ij = ijfojﬁ and xj(EE) =

= xj(a-B) = (XJE)E; it follows that a+p = a+B and

B = x-B. Hence, the mapping n:oeR ——> EE:HomR(M,M)

is a near-ring homomorphism. Because of Theorem {9.2) we
can conclude that 7 is a near~ring isomorphism and so R

must be a division ring-

Let MR be an n-dimensional near-vector space
over the division near-ring R. Let &' denote the
d.g. sub-near-ring of S(M) that is generated by
the multiblicative semi-group HomR(M,M) of right

distributive elements. Then we have the interesting

Theorem (10.63). If x and y are non-zero elements -

of MR’ then there exists an element fe 8" such that
xf = y.-
Proof: We prove the theorem by induction on n.

Aszsume the result is true for all near-vector spaces



159

over B of dimension € n-1l. Let Ay wuny X, be a basis
- P '
for My. Then MR = x,R 45 xR B... & xR where xR

is & one dimensional subspace of MR’ Tet

" on n
J) X.r, d = . . t e R. T
x = 3 ;73 end ¥ - 2. % T; where ry, T, he
i=1 =1
- n
subspace M' = GBXiR is an n~-1 dimensiocnal -near—
. Siap _

vector space over R and so there is an element f €

V i}: :
f = p P
j=2 * %

’ L) L]
HomR(M ,MV) such that Eiexiri

Similarly, there exists an element g € HomR(le,le)

such that (x;r )g = XT;-

It is clear that Mp = le.G}M'- Let n., denote

1
the element of HomR(M,M) that %, maps an’ element

of MR onto its component in le- In the same manner,
let %, denote the element of HomR(M,M) that maps

an element of MR onto its component in M'. It is

easy to see that Ke(nl) = M' and Ke(n,) = xR If

T = %y*g + ny+f, then T is an element of 5'. Hence,

n n n
xT = (gglxiri]T = (g;lxiri n.e =1xir.l)nrf =
n '. n
= (xyrydg + {;ggxiri f= xry + J;gxiri = y.

- From this the theorem follows.

As an immediate consequence of Theorem (10.6%)

we obtain the next two corollsries.
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Ggrol:é;y (10.64). The 8'-module Mg, is irreducible.

olla .65). The near-ring S' is & primitive

near-ring.

Let MR be a n~dimensional near-vector space over
the division near-ring R. In the particular case
when R-is a divigion ring, HomR(M,M) is just the ring
of linear mappings of the vector space Mp and
Homp (M,M) is anti-isomorphic.to a ring of matrices
ZI(R) with coefficients in R. We will now show that
this is not true when R is a division near-ring thst
is not a riﬁg- _

Let X = [xl, cens xn} be a fixed basis for Mp-

Il

I£ T ¢ HomR(M,M) and ij = ££lxiaij where %, 4 eR,

f' then the matrix (aij) is called the matrix associsted
with T relative to the basis X.
Tet f be sanother element of HomR(M,M), and let

n

xjf = é;lxiaij where Sij € R. Then by Lemma (4.4)
. . n
we have xj(T-f) = (ij)f = ;;lxif o4

n n
(xlf)alj'k"' +(th)“nj ={£le£BEl)alj +oeee 4 (1§£%£B£§xnj

= xl(BllalJ) 4 ore . +xn<Bnl{xlj) F oo +x1(B1n“nj) +oaoe

: ‘+ xn(Bnnanj) = xl(ﬁllmlj +oeas + Blnanj) + oes &
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+ xn(Bnlalj + v + Bnnan;j) = iglxicij where

n .
€41 = kgasikakdd Hence, (¢;4) = CBij)A(aij) £ ?(R)t

Appesaling to Lemma (10.29) we can conclude

emms :66). The mapping m: Te(HomR(M5M)a‘) _—>
(aij) e (ZR),n) is & gemi-group anti-isomorphism of
HomR(M,M) onto & sub-semi-group of the groupoid (R,

According to Theorem (9.7), we have the following

two theoremse

Theorem (10.67). If R is not a division ring, then n

is not sn onto mapping.

Theorem (10.68}. Let the additive group of R be
sbelisn. M is an onto mepping if, and only if, R is

a division ring.

We now assume the additive group of the division
near-ring R is sbelian. As §ointed out in the last
chapter, Zassenhaus (267 showed that the additive group
of a finite division near-ring is abelisn. ZLet MR be
an n-dimensional nesr-vector spéce over R. From
Corollary (10.4) we note that the additive group M is
gbelian and so the additive group of the near-ring S(M)
is also abelian. Frohlich [1%] proved that a d.g.

near-ring with identity whose additive group is
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gbelian is a ring. In particular, the 4.g. sub~near—
ring S' of S(M) generated by the multiplicative semi-
group Hom (M,M) is a ring.

According to Corollary {10.64) we have

Eroposition (10.69). The S'-module Mgy is a ring

module and S° is a primitive ring.

The next three theorems are well known results
from ring theory and vector-space theory. For
proofs of these theorems, the reader.is referred Lo

Jacobson [19] or Xasch f£20].

Theorem (20.70). A primitive ring that satisfies the

descending chain condition on right ideszls is
isomorphic to a ring of linear mappings on a finite

dimensional vector space over a division ring.

B

Iheorem (10.71). The ring of linesr meppings of a

finitve dimensional wvector space over a division ring

satisfies the descending chain condition on right ideals.

Theorem (10.72). The ring of linear mappings of an

n—-dimenkional vector space over a division ring is
anti~isomorphic to a ring of nxn matrices over a

division ring.

If we conbine the results of Proposition (10.69),

Theorem (10.70), Theorem (10.71) and Theoren (10.72),
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then we are allowed to. give the following two theorems.

Iheorem (10.73). The primitive ring S' satisfies the

descending chain censition on right ideals, if, and
only if, 8" is isomorphic to a ring of linear mappings
on a finite dimensional vector space over a division

ring.

-~

Theorem (10.74). If S' satisfies the descending

chain condition on right ideals, then S' is anti-

isomorphic to a ring of matrices over a division ring.

Theorem (10.75). If the division nesr-ring R is

finite, then $' is isomorphic to a ring of linear
meppings of a2 finite dimensional vector space over a
division ring- |

Proof: Assume R is finite. 7Then the n-dimensional
near-vector spsce My is finite by Proposition (10.2).
Hence, the ring 8' is finite gnd 50 it satisfies the
descending chain condition on right ideals. From

Theorem (10.73) the desired result follows.

Sets of Linear Mappings of & Finite Dimensional
Near~Vector Space
Let MR be an n-dimensional near-vector spsce over

R As in the previous section, let Homp (M, M) denote
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the subset of S(M) that consists of all lLinear
mappings of MR into itselr.
' In this section we investigate certain subsets of

Homp (M,M) in terms of subspaces of Mp- First, we give

Definition (]0:.76). ZLet Q be a non-empty subset of

Homp (M,M). Then

(10.76.1) A subspace M' of Mp is called Q-inveriant
if, end only if, M'Q < M'.

(10.76.2) % is said to be decomposable if, and only

.if, there exists proper subspaces Ml’ cacy MS such
that MR 69Mi and each M, is Q-invsriant.

From the definition, it is easy to see that the
intersection and sum o} Q-invariant subspaces of MR
- are Q-invariant.

An element f € Homp (M,M) such that 2 . T £0
is called & projection. We now construct & siﬁple
example of a decomposable subset Q c HomR(M,M) in
which normel projections play an important role.

Let Ml be a proper subspace of MR‘ Then
because of Theorem (10.25) there is a proper subspace
M, such that Mp = My GBMae Let m = my +m, where
mlE:M, maz:Me. Then for the integers i = 1,2
&efiﬁe the mapping fi by mfi = Ty It is easy to see

that fi is & normsl projection of MR onto Mi for
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i=1,2. Also, 1 = fy+1f, and £,°8, = £-f; = 0. If
@ = {f,,f,}, then since Ke(fy) = M, and Ke(fp) = M,
it is evident that Q is a decomposable subset of
Homp (M M).

Our construction helps motivate the following

Iheorem (10.77). ILet M, be en n-dimensional near-
vector space and Q a non-empty subset of Homh(MsM)«

9] is.decomposable if, and only if, there exist normal
Projections'fl, .eey fk such that 1 = fglfi’ fi'fj"O
for 1 # j, and Af; = £ A for 81l AeQ and all £;-
Eroof: Assume Q is decomﬁosablen Then there exists

proper Q-invariant subspaces Ml’ o+ vy M such that
k
= M;. Let f. denote the normal projection that
1wy i

k
meps Ny onto M;. Then it follows that 1 = z:fi-
i=1

Let A be an element of £ and x = X) +««. + X, where
x; eM;. Since M, is A invariant we have x(Afi) =
= (xA)fi = XA = (xifi)A =(xfi)A = x(fiA) and so
f;4 = Af;. It is evident that fi-fj = 0 for 1 # j.
Conversely, suppose there exists normal
projections fi4 ++¢y f) such that 1 = ngf v Iy f1=o
for i # j, and Af, = £;4 for all AeQ and all £
Since f is noxrmal, it follows that M = Mfi is =
subspace of Mp. If AeQ, then MiA = (Mfi)A =

" M(fiA) = M(Afi) = (MAin € M; and so M; is Q-
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invariant. Since the elements f ey fk form a

1’
. set of orthogonal idempotents of S(M) snd

: k n
1 = ZiMi, 1t is easily verified that My = .DM,.
i= i=1

Hence, R is indecomposable.

E§§orem (10.79). LetVMR be an n-dimensional near-
veégor space over R and A a linear mapping of MR inte
" Mp. A subspece M' is A~invariant if, end only if,
frA+f = £+4 for every normsl projection f & Homg (M, M)
such that Mf = M. |

Proof: Assume the subspace M' is A-invariesnt and let
f be 2 normsl projection such that Mf = M'. Because
of Theorem (10.49) we have My = M' D Ke(f)- If
m=mn'+n" where m'eM', n" € Ke(f), then

m(fAf) = (wf)(Af) = m'(Af) = (m'A)f = m'A and

n(fA) = (nf)A = n'A. From this it follows that

f*A a fAf.

Conversely, suppose f-Af = f-A for every normal
projection f e Homp(M,M) such that Mf = M'. Since M'
is a subspace by Theorem (10.25), there exists a
subspace M" of MR such that Mp = M' ©NM™ Let f
denote the normal projection of MR that mapé an
eiement in M onto its component in M'. Ir xeM',
then xf = x and so xA = (x£)A = x(fA) = x(fAf) =

= (xfA)f € M'. This shows M’ is A-invariant.
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We conclude this section with

‘Theorem (10.78). Let M, be en n-dimensional near-
vector space. If f g HomR(M,M) and M' is an f-
invariant subpace of M then f induces an element

- M M

.i‘ £ HomR( /ﬁ., /M,).

Proof: Let f ¢ HomR(M,M) and M' an f-~invariant subspace.

R!

Define the mapping T as follows: x f = xI where x

v If x = ¥y,

E\g |

is a representstive of the coset X ¢
then x-y £ ¥'. Since M' is f-invariant xf - yf =

= (x=-y)f e M' and so the mapping f is éingle-—valued.

it is easily verified that f is a linear mapping of the |

factor space M/M. into itself.
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CHAPTER XI
SUMMARY

The purpose of our investigation was to consider
certain aspecfs of the abstract theory of neaf-ring
modules. One of our primary objectives was to define
an appropriate radical for near-ring modules and
develop its theory. After hsving done this, we then
used our results to study, among other things, the
proberties of this radiecsal for near-rings. PFinally,
we investigated near-vector spaces and showed that
many of the properties of vector spaces over a
division ring generalized to the case of near-vector
spaces.

In the first four chapters'we developed the
fundamental results and concepts that were needed for
further investigation. Thus, for example, we considered
the three isomorphism theorems for near-ring modules,
the Jordaanélder:Theorem, the chain conditions on
submodules of a near-ring module, and the notion of
"semi-simple near-ring module.

In the fifth chapter, our interest turned to
strictly semi-simple near-ring modules. We showed
that every strictly semi-simple near-ring ﬁodule Wa S
semi-simple, and every simple submodule of a strictly

semi-simple module was irreducible. Also, we proved
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that a semi-~simple module was strictly semi*simpie if,
and only 1f, every maximel subﬁodule was regular.
However, we showed the existence of semi-simple
modules that were not strictly éemi—simple-

The sixth chapter was devoted‘to the study of an
appropriate radical for near-ring modules. We defined
the radical, denoted by J(M), of a module M to be the
intersection of all regular submodules of M. It was
proved that J{M) = O whenever M was strictly semi-simple.
We next showed that j(M) was the smallest submodule A
such that 3(*,) = 0. If W satisfied the descending
chain condifion on submodules and J(M) = O, then M
wag strictly semi-simple. The notion of small

" submodule was introduced, and we proved that if M
satlsfied the descending chain conditioﬁ orn sutmodules
and J(M) wss smsll, then the set of maximal submodules
of ¥ coincided with the set of regulsr submedules.

Throughout the seventh chepter we used the results
of the previous chapter. It was proved that the
radical, J(R), of a neer~ring R was & quasi-regular
ideal if, and only if, J(R) was strictly small.
Turning our attention to distributively generated

_near-rings R which satisfied the descending éhain
condition on R-subgroups, we proved that J(R) was
nilpotent if, and only 1if, it was strictly small.

However, we established the exlstence of finite nesr-
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. yings whoege radical was non-nilpotent.
The objective of the eighth chapier was to study

- a decomposition R = DA, where R was a distributively
: i=1

generated near-ring that salisfied the descending
- chain condition on R-subgroups and Ai 4 non-zero
.:indeéomposable right idesl. ~We introduced the toncept of
minimal non-nilpotent R-subgroup 4 and proved that A was
génerated by en idempotent. Assuming J(R) was nilpotent,
. we showed each Ai was a‘ninimal non-nilpotent right ideal.
- MoTegver, AilﬂJ(R) was the unique regular right ideal of
R cortained in A;- o
In the ninth chapter we studied division near-rings
and matriées over arbitrary near-rings-
In the tenth chapter a strictly semi-simple
module over a division near-ring was called a necar-
vector space. Examples of near-vector spaces that
\.were not vector spaces we;e constructed. After we
: defined basis of a near-vector space in an appropriate
way, we showed that many of the well knownrtheorems from
the theory of vector spaces generalized to the case of
near-vector spaces.
The theory of near-ring modules is relatively
new and so0 it seems that further research in this area
would be fruitful. For exanmple, topologicazl near-ring
modules have not been investigeted. In particular,
compact near-ring modules ﬁight be of interest.

Further study of distributively generated nesr-rings
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might find spplications in the theory of non-abelisn
groups. Finaelly, we mention that necessary and
sufficient conditions for the radical of a general
néar-ring R (with descénding chain condition on R~

subgroups) to be nilpotent would be most useful.
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