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3 0LQZ0Z0Z0
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A maximal placement Q of minimum size on B9
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Some queens are lonely

2 Z0L0Z
1 QZ0ZQ
0 ZQZQZ
-1 0L0L0
-2 L0Z0L

-2 -1 0 1 2

A lonely queen at (0, 2) on B5
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Theorem (Cooper, Pikhurko, S., Warrington - 2014)

For n ≥ 1, the answer to Gardner’s no-3-in-a-line queens version
problem is at least n, except in the case when n is congruent to 3
modulo 4, in which case one less may suffice.

Proof 1 - Combinatorial Nullstellensatz

Proof 2 - combinatorial for n even (and a bound of n− 1 for n
odd)
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OEIS - A219760

n 1 2 3 4 5 6 7 8 9 10
m3(n) 1 4 4 4 6 6 8 9 10 10

n 11 12 13 14 15 16 17 18 19 20
m3(n) 12 12 14 15 16 17 18 18 20 21

n 21 22 23 24 25 26 27 28 29 30
m3(n) 22 23 24 25 26 26 28 29 30 ?

Table: m3(n) for all values of n where it is known precisely

Cooper, Pikhurko, S., Warrington - and brute-force search for
n = 8, . . . , 11

Rob Pratt - and Integer Linear Programming for
n = 13, . . . , 25, 27

Don Knuth - and SAT solver for n = 26

Andy Huchala - n = 28, 29
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Combinatorial Nullstellensatz

Theorem (Alon - 1999)

Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a
polynomial in F [x1, . . . , xn]. Suppose the degree deg(f ) of f is∑n

i=1 ti , where each ti is a non-negative integer, and suppose the
coefficient of

∏n
i=1 x

ti
i in f is nonzero. Then, if S1, . . . ,Sn are

subsets of F with |Si | > ti , there are s1 ∈ S1, . . . , sn ∈ Sn so that
f (s1, . . . , sn) ̸= 0.
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Combinatorial Nullstellensatz for Zero-sum Grids

Theorem (B. Nica - 2023)

Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a
polynomial in F [x1, . . . , xn]. Suppose the degree deg(f ) of f is
1 +

∑n
i=1 ti , where each ti is a non-negative integer, and suppose

the coefficient of
∏n

i=1 x
ti
i in f is nonzero. Then, if S1, . . . ,Sn are

zero-sum subsets of F with |Si | > ti , there are s1 ∈ S1, . . . , sn ∈ Sn
so that f (s1, . . . , sn) ̸= 0.
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Theorem (Oh, S., Wang - 2025)

For n congruent to 1 modulo 4 and n ≥ 5, we have m3(n) ≥ n+ 1.

Schmitt Applying Combinatorial Nullstellensatz for Zero-Sum Grids



Introduction
Main result

Our proof:

Proof:

Let n = 4k + 1 and k ≥ 1.
Let Q be a maximal no-3-in-a-line placement on Bn with size
q = |Q| ≤ 4k + 1.
Let Q′ denote the (possibly empty) subset of lonely queens in Q.
Let |Q′| = q′.
We work towards a contradiction.
Collinear queens will define a line.
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Our proof:

Case 1: all cases where the placement defines at most 8k
lines or all cases where Alon’s original CN suffices
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Case 1: q′ ̸= 1, q < 4k + 1, or q′ = 1 and some queen(s)
that is not lonely participates in defining fewer than 4 lines.

f (x , y) =
2k∏
j=1

(x − αj)(y − βj)(x − y − γj)(x + y − δj)

for suitable constants αj , βj , γj , δj .

f (x , y) = 0 on Bn

deg(f ) = 8k

coefficient on x4ky4k same as in x2ky2k(x2 − y2)2k , which by
Binomial Theorem is ±

(2k
k

)
̸= 0

Apply Alon’s CN t1 = t2 = 4k and S1 = S2 = {−2k , . . . , 2k}, we
find s1 ∈ S1, s2 ∈ S2 for which f (s1, s2) ̸= 0, a contradiction.
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Our proof:

Case 2: all cases where the placement defines strictly
more than 8k lines or all cases where Alon’s CN does NOT
suffice

Schmitt Applying Combinatorial Nullstellensatz for Zero-Sum Grids



Introduction
Main result

Our proof:

Case 2: q = 4k + 1, q′ = 1 and all other queens
participate in defining a line of each of the four possible
slopes.

A vertical line through the lonely queen who has coordinates
(α0, β0):

f1(x , y) = (x − α0)
2k∏
j=1

(x − αj)(y − βj)(x − y − γj)(x + y − δj)

for suitable constants αj , βj , γj , δj .

f1|x4k y4k = (−1)k
(
2k

k

) 2k∑
j=0

−αj + (−1)k
(
2k − 1

k − 1

) 2k∑
j=1

−γj + (−1)k
(
2k − 1

k − 1

) 2k∑
j=1

−δj .

If this coefficient is non-zero, then by CNZS we are done. Thus,
assume it is zero.
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Case 2: q = 4k + 1, q′ = 1 and all other queens
participate in defining a line of each of the four possible
slopes.

A horizontal line through the lonely queen who has coordinates
(α0, β0):

f2(x , y) = (y − β0)
2k∏
j=1

(x − αj)(y − βj)(x − y − γj)(x + y − δj)

for suitable constants αj , βj , γj , δj .

f2|x4k y4k = (−1)k
(
2k

k

) 2k∑
j=0

−βj + (−1)k
(
2k − 1

k − 1

) 2k∑
j=1

−γj + (−1)k
(
2k − 1

k − 1

) 2k∑
j=1

−δj .

If this coefficient is non-zero, then by CNZS we are done. Thus,
assume it is zero.
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Our proof:

Case 2: q = 4k + 1, q′ = 1 and all other queens
participate in defining a line of each of the four possible
slopes.

A line of slope +1 through the lonely queen who has coordinates
(α0, β0):
Let

f3(x , y) = (x − y − γ0)
2k∏
j=1

(x − αj)(y − βj)(x − y − γj)(x + y − δj)

for suitable constants αj , βj , γj , δj .

f3|x4k y4k = (−1)k
(
2k

k

) 2k∑
j=1

−αj + (−1)k+1
(
2k

k

) 2k∑
j=1

−βj + (−1)k
(
2k

k

) 2k∑
j=0

−γj .

If this coefficient is non-zero, then by CNZS we are done. Thus,
assume it is zero.
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Case 2: q = 4k + 1, q′ = 1 and all other queens
participate in defining a line of each of the four possible
slopes.

A line of slope −1 through the lonely queen who has coordinates
(α0, β0):

f4(x , y) = (x + y − δ0)
2k∏
j=1

(x − αj)(y − βj)(x − y − γj)(x + y − δj)

for suitable constants αj , βj , γj , δj .

f4|x4k y4k = (−1)k
(
2k

k

) 2k∑
j=1

−αj + (−1)k
(
2k

k

) 2k∑
j=1

−βj + (−1)k
(
2k

k

) 2k∑
j=0

−δj .

If this coefficient is non-zero, then by CNZS we are done. Thus,
assume it is zero.
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Our proof:

Four more equations from simple geometry

Consider the lonely queen located on square (α0, β0): the values of
α0 and β0 determine the values of γ0 and δ0 as follows. The line of
slope +1 that goes through the square (α0, β0) has equation

y − β0 = 1(x − α0), x − y − (α0 − β0) = 0

and the line of slope −1 that goes through the square (α0, β0) has
equation

y − β0 = −1(x − α0), x + y − (α0 + β0) = 0.

As a result, we have

α0 − β0 − γ0 = 0,

α0 + β0 − δ0 = 0.

Schmitt Applying Combinatorial Nullstellensatz for Zero-Sum Grids



Introduction
Main result

Our proof:

Four more equations from simple geometry

For any non-lonely queen, there exist an α ∈ {α1, . . . , α2k} and
β ∈ {β1, . . . , β2k} that give her coordinates. The line of slope +1
that goes through the square (α, β) has equation

y − β = 1(x − α), x − y − (α− β) = 0

and the line of slope −1 that goes through the square (α, β) has
equation

y − β = −1(x − α), x + y − (α+ β) = 0.
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Our proof:

Four more equations from simple geometry

As a result, we have γ = α− β for some γ ∈ {γ1, . . . , γ2k} and
δ = α+ β for some δ ∈ {δ1, . . . , δ2k}. As each such diagonal line
is defined by two queens, upon considering the 4k equations
deriving from the −1-slope lines each element of {γ1, . . . , γ2k}
occurs twice in this set of equations; similarly, in the 4k equations
deriving from the +1-slope lines each element of {δ1, . . . , δ2k}
occurs twice. Thus, we can write the following:
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Our proof:

Four more equations from simple geometry

∑
Q∈Q\Q′

(α− β) = 2
2k∑
i=1

γi , (1)

and

∑
Q∈Q\Q′

(α+ β) = 2
2k∑
i=1

δi . (2)

The restrictions of Case 2 give that each queen in Q \ Q′ is
contained in both a vertical line and a horizontal line. As a result,
each α ∈ {α1, . . . , α2k} and each β ∈ {β1, . . . , β2k} appears twice
on the left side of each of Equation 1 and Equation 2. This
enables us to rewrite the left side of Equations 1 and 2 to obtain
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Our proof:

Four more equations from simple geometry

2k∑
i=1

αi −
2k∑
i=1

βi −
2k∑
i=1

γi = 0,

and

2k∑
i=1

αi +
2k∑
i=1

βi −
2k∑
i=1

δi = 0.
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Our proof:

A linear system

A homogeneous system of eight linear equations in the variables
α0, β0, γ0, δ0,

∑2k
j=1 αj ,

∑2k
j=1 βj ,

∑2k
j=1 γj ,

∑2k
j=1 δj . For notation’s

convenience we set ω := (−1)k
(2k
k

)
and express these equations

using the following augmented matrix.

[A 0] =

α0 β0 γ0 δ0
∑2k

j=1 αj

∑2k
j=1 βj

∑2k
j=1 γj

∑2k
j=1 δj



ω 0 0 0 ω 0 ω/2 ω/2 0
0 ω 0 0 0 ω ω/2 ω/2 0
0 0 ω 0 ω −ω ω 0 0
0 0 0 ω ω ω 0 ω 0
1 −1 −1 0 0 0 0 0 0
1 1 0 −1 0 0 0 0 0
0 0 0 0 1 −1 −1 0 0
0 0 0 0 1 1 0 −1 0
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Our proof:

Thus,
α0 = 1s, β0 = 1s, γ0 = 0, δ0 = 2s

2k∑
j=1

αj = −s/2,
2k∑
j=1

βj = −s/2,
2k∑
j=1

γj = 0,
2k∑
j=1

δj = −1s,

where s is an integer.
Thus, the lonely queen is on the ‘back diagonal’.

Rotate the
placement 90-degrees and repeat the argument: the lonely queen is
centered on the board, i.e. s = 0.

α0, β0, γ0, δ0,
2k∑
j=1

αj ,
2k∑
j=1

βj ,
2k∑
j=1

γj ,
2k∑
j=1

δj = 0.
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Our proof:

A placement in the null space of A

4 Z0ZQZQZ0Z
3 0Z0Z0Z0Z0
2 Z0Z0Z0Z0Z
1 QZ0Z0Z0ZQ
0 Z0Z0L0Z0Z
-1 QZ0Z0Z0ZQ
-2 Z0Z0Z0Z0Z
-3 0Z0Z0Z0Z0
-4 Z0ZQZQZ0Z

-4 -3 -2 -1 0 1 2 3 4
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Our proof:

A placement in the null space of A
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Our proof:

Consider the perimeter of box uncovered by orthogonals

4 Z0Z0Z0Z0Z
3 0Z0Z0Z0Z0
2 Z0Z0Z0Z0Z
1 0Z0Z0Z0Z0
0 Z0Z0Z0Z0Z
-1 0Z0Z0Z0Z0
-2 Z0Z0Z0Z0Z
-3 0Z0Z0Z0Z0
-4 Z0Z0Z0Z0Z

-4 -3 -2 -1 0 1 2 3 4

2k + 1 squares in each of left-most, right-most columns, and
top-most and bottom-most rows - a total of 8k squares, each to be
covered by a diagonal of which there are 4k
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Our proof:

Consider the perimeter of box uncovered by orthogonals

4 Z0Z0Z0Z0Z
3 0Z0Z0Z0Z0
2 Z0Z0Z0Z0Z
1 0Z0Z0Z0Z0
0 Z0Z0L0Z0Z
-1 0Z0Z0Z0Z0
-2 Z0Z0Z0Z0Z
-3 0Z0Z0Z0Z0
-4 Z0Z0Z0Z0Z

-4 -3 -2 -1 0 1 2 3 4

Perimeter can’t contain lonely queen: we have
∑2k

j=1 αj = 0 and∑2k
j=1 βj = 0
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Our proof:

Consider the perimeter of box uncovered by orthogonals

4 Z0Z0Z0Z0Z
3 0Z0Z0Z0Z0
2 Z0Z0Z0Z0Z
1 0Z0Z0Z0Z0
0 Z0Z0L0Z0Z
-1 0Z0Z0Z0Z0
-2 Z0Z0Z0Z0Z
-3 0Z0Z0Z0Z0
-4 Z0Z0Z0Z0Z

-4 -3 -2 -1 0 1 2 3 4

Perimeter must be square: we have 4k + 2 squares on left and
right to cover with only 4k diagonals and if ‘far apart’ each
diagonal only covers one of these squares
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Our proof:

Consider the perimeter of box uncovered by orthogonals

4 Z0Z0Z0Z0Z
3 0Z0Z0Z0Z0
2 Z0Z0Z0Z0Z
1 0Z0Z0Z0Z0
0 Z0Z0Z0Z0Z
-1 0Z0Z0Z0Z0
-2 Z0Z0Z0Z0Z
-3 0Z0Z0Z0Z0
-4 Z0Z0Z0Z0Z

-4 -3 -2 -1 0 1 2 3 4

Finally, with 8k squares to cover each of 4k diagonals must cover
two. Long diagonals exist. −1-diagonals leave an even number of
uncovered squares above forward-diagonal. Implies number of
+1-diagonals is 1 plus an even, which is an odd number of
+1-diagonals - a contradiction.
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Our proof:

Open Problems

1 Prove that m3(n) ≥ n + 1 when n ≡ 3 (mod 4)
2 Give a non-trivial upper bound on m3(n) for all n

1 Idea 1: Ideas from Don Knuth
I do believe there must be a way to place n+1 queens on an
n-by-n board in all cases, and there probably is an explicit
construction that will do it in infinitely many cases.

2 Idea 2: Add queens to placements in NulA - I can give an
explicit description of these

3 The problem in general, not just queen slopes.

4 Other applications of Nica’s Structured Nullstellensatz?
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Combinatorial Nullstellensatz for λ-null sets

Theorem (B. Nica - 2023)

Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a
polynomial in F [x1, . . . , xn]. Suppose the degree deg(f ) of f is
λ+

∑n
i=1 ti , where each ti is a non-negative integer, and suppose

the coefficient of
∏n

i=1 x
ti
i in f is nonzero. Then, if S1, . . . ,Sn are

λ-null finite subsets of F with |Si | > ti , there are
s1 ∈ S1, . . . , sn ∈ Sn so that f (s1, . . . , sn) ̸= 0.

For S a finite subset of a field, the characteristic polynomial of S is
given by ∏

S

(t) :=
∏
s∈S

(t − s).

Let λ ∈ {0, . . . , |S |}. We say that S is λ-null if, in the
characteristic polynomial, the coefficients of t |S |−1, . . . , t |S |−λ

vanish.
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Thank you!!
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