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Preface

This textbook discusses selected applications of linear alge-
bra. The presentation is suitable for students who have completed
or are taking concurrently a standard sophomore-level course in lin-
ear algebra.

Topics are drawn from a wide variety of fields including busi-
ness, economics, engineering, physics, geometry, approximation
theory, ecology, sociology, demography, and genetics. Also included
is abrief introduction to game theory, Markov chains, and graph
theory. At the end of the text there is a three chapter minicourse
in linear programming which can be covered in about six lectures. .

With a few clearly-marked exceptions, each application is in
its own independent chapter, so that chapters can be deleted or per-
muted freely to fit individual needs and interests. Each topic be-
gins with a list of linear algebra prerequisites in order that a
reader can tell in advance if he or she has sufficient background to
read the chapter.

Sinee the topics vary considerably in difficulty, we have in-
cluded a subjective rating of each topic -- easy, moderate, more
difficult. (See the Guide for the Instructor following this pref-
ace.) Our evaluation is based more on the intrinsic difficulty of
the material, rather than the number of prerequisites; thus a topic
requiring fewer mathematical prerequisites may be rated harder than
one requiring more prerequisites.

Sinee our primary obj ective is to present applications of lin-
ear algebra, proofs are often omitted. We assume the reader has met
the linear algebra prerequisites and whenever results from other
fields are needed, they are stated precisely (with motivation where
possible), but usually without proof.

Although this text was written to be used with Howard Anton's
E~ementary Linear A~gebra, Second Edition, John Wiley and Sons, Inc.,
1977, we have avoided specialized notation or terminology so that
this book can beutilized in conjunction with any standard under-
graduate text in linear algebra.

There are several possible ways to use this book:
(a) as a supplement to a standard linear algebra text;
(b) as a textbook for a follow-up course to linear algebra;
(c) as part of a self-study enrichment program or an intro-

duction to mathematical research.
v
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In addition this text may serve as a sour ce of topics for a",ma thenta-
tical modeling or computer programming course. ,'. '.' ,', "

We would Li.ke to express our appreciation tö'Kathlee'rrR;'Mc(}abe
who typed the entire manuscript. Her patience and skill contributed
greatly to the appearance of this text. Our thanks are also due to
Charles Shuman who assisted with the exercises and examples. Fi-
nally, we thank the entire Wiley staff, especially Judy Hirsch and
Gary Ostedt, for their encouragement and guidance.

Contents

Chx-ie Rorres

I 1 Constructing Curves and Surfaces 1
Hoioard.Anton through Specified Points

2 Graph Theory 9
3 Theory of Games 25
4 Markov Chains 39
5 Leontief Economic Models 53
6 Forest Management 67
7 Equilibrium Temperature Distributions 79
8 Some Applications in Genetics 93
9 Age-Specific Population Growth 109

10 Harvesting of Animal Populations 125
11 Least Squares Fitting to Data 137
12 A Least Squares Model for Human Hearing:

Fourier Series 149
13 Linear Programming I: A Geometrie Approach 163
14 Linear Prograrnming Ir: Basic Concepts 181
15 Linear Programming 111: The Simplex Method 201

Ans~ers to Exercises 221

vi vii



rr

t•

Guide für the
Instructor

The table below classifies the first twelve chapters according
to difficulty as follows:

Easy -- the average student who has met the stated
prerequisites should be able to read the
material with no help trom the instructor

Moderate -- the average student who has met the stated
prerequisites may require a little help
trom the instru~tor.

More Difficult -- the average student who has met the stated
prerequisites will probably need help trom
the instructor.

Chapter
123456789101112

Easy

Moderate
More Difficult

With the exception of Chapter 10, which depends on Chapter 9,
the first twelve chapters are independent and can be presented in
any order. Chapters 13, 14, and 15 provide an introduction to lin-
ear programming suitable for students at the sophomore level. This
material cloesnot depend on the rest of the text and can be present-
ed as soon as the students have met the linear algebra prerequisites.

ix
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Constructing Curves
and Surfaces through
Specified Points

A teohnique tor using determinants to oonstruot

lines, oiroles, and general oonio seotions

through speoified points in the plane is de-

soribed. The prooedure is also used to pass

planes and spheres in three-dimensional spaoe

through fixed points.

PREREQUISITES: Linear systems
Determinants
Analytic geometry

INTRODUCTION
One of the fundamental results in the theory of Linear Algebra

is the following:

A homogeneous linear system with as many equations as

unknowns has a nontrivial solution if and only if the

._ determinant of the system is zero. •
~ fi
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2/ Curves and Surfaces

In this chapter, we show how this resu1t may be used to determine
the equations of various curves and surfaces through specified
points. We proceed immediate1y to some specific examp1es.

A LINE THROUGH Two POINTS
Suppose we are given two dis-

tinct po ints in the plane; (xl' Y1)
and (x2' Y2). Thete is a unique
1ine,

Y

C1X+C~+C3=O, (1.1)

which passes through these two
points. Notice that cl, c2, and
c3 are not all zero, and that
these coefficients are unique on1y
up to a mu1tiplicative constant.
Since (xl' Yl) and (x2, Y2)
1ie on the 1ine, substituting them in

o:

Fü!ure 1.1

(1.1) gives the two equations

Clx1 +02Y1 +C3= 0

°lx2+0~2+c3=O.

(1..2)

(1. 3)

The three equations, (1.1), (1.2), and (1.3), may be grouped togeth-
er in system form as

x Cl +Y 02+c3= 0
x10l+Y1c2+c3=O

x2c1 + y2c2 + c3 = O.

In this form, we have a homogeneous system of three equations for
Cl, c2, and c3. Since Cl, 02, and c3 are not all zero, this system
has a nontrivial solution, and so the determinant of the system must
be zero. That is,

1

1

1

x Y

Xl Y1

x2 Y2

o. (1. 4)

Consequent1y, every point (x, y) on the line satisfies (1.4), and
converse1y, every point (x,y) which satisfies (1.4) lies on the 1ine.

Curves and Surfaces / 3

EXAMPLE 1,1 Find the equation of the line which passes through
the two points (2, 1) and (3, 7).

SOLUTION Substitution of the coordinates of the two points into
Eq. (1.4) gives

ix Y 1

2 1 1 1= O.

3 7 1

The cofactor expansion of this determinant along the first row then
gives:

-6x+y + 11 = o.

A CIRCLE THROUGH THREE POINTS

Let us be given three dis-
tinct points in the plane, (x1'Yl)'
(=z. Y2), and (x3' Y3), not all 1ying
on a straight line. From ana1ytic
geometry, we know that there is a
unique circ1e, say

x

2 2
cl (x + Y ) + C2x + C3Y + c 4 = 0, (1. 5)

which passes through them (Fig.
1.2). Substituting the coordin-
ates of the three points into
this equation gives Fi~ure 1.2

2 2
0l(xl +Yl) +cr1 +c3Y1 +04 = 0

2 2
01(x2+y2) +cr2+c3Y2+c4 = 0

2 2
01(x3+y) +02x3+C3Y3+04=O.

(1. 6)

(1.7)

(1. 8)

As before, Eqs. (1.5) - (1.8) form a homogeneous linear system with a
nontrivial solution for Cl, c2, 03, and 04. Thus the determinant of
this linear system is zero:



I

11

I

4./ Curves andSurfaces

2 2x +y c: Y 1
2 2

xl + y ~ xl YI 1
,2+2 x2

1 1= O. (1.9)'x2 Y2 Y2
2 2

x3 + Y3 x2 Y3 1

This is a determinant form for the equation of the eirele.

EXAMPLE 1.2 Find the equation of the eirele whieh passes through
the three points (1, 7), (6, 2), and (4, 6).

SOLUTION Substitution of the coordinates of the three points into
Eq. (1.9) gives

2 2 1x +y x Y
50 1 7 1
40 6 2 1 1= 0,
52 4 6 1

whieh reduees to
2 210 (x + Y ) - 20x - 40y - 200 = O.

In standard form this is
2 2 2(x - 1) + (y - 2) = 5 .

Thus, the eirel e has center (1, 2) and radius S.

A GENERAL CONIC SECTION THROUGH FIVE POINTS
The general equation of a •••y

eonie seetion in the plane (a para-
bola, hyperbola, or ellipse, and
degenerate forms of these three
eurves) is given by

2 2
clx +c2X!J+c3ßJ +c4x+csy+c6,=0.

Filture 1.3

Curves and Surfaces / 5

This form eontains si~ eoeffieients, a1though only five are needed
sinee we may divide through by any one of the~ which is not zero.
Thus, on1y five coeffieients must be determined, 50 that five dis-
tinct points in the p~q,ne are suffieient to determine the equation
of the eo~ic section CFig. 1.3). As before, the equation may be
put in determinant form (see Exereise 1.6):

2 2 1x xy y x Y
2 2 1xl xlYl Yl xl Yl
2 2 1x2 x2Y2 Y2 x2 Y2
2 2 1= o. (1.10)

x3 x3Y3 Y3 x3 Y3
2 2 1x4 x4Y4 Y4 x4 Y4
2 2Xs xSYs Y5 Xs Ys

EXAMPLE 1,3 An astronomer wants to determine the orbit of an
asteroid about the sun. He sets up a Cartesian coordinate system in
the plane of the orbit with the sun at the origin. Astronomiea1
units of measurement are used aIong the axes. (1 astronomica1 uni t =
mean distanee of earth to sun=93 million miles.) By Kepler's first
law, he knows that the orbit must be an ellipse. Consequent1y, he
makes five observations of the asteroid at five different times, and
finds five points along the orbit to be

(5.764,0.648), (6.286,1.202), (6.759,1.823),
(7.168,2.526), (7.480,3.360).

Find the equation of the orbit.

SOLUTION Substitution of the coordinates of the five given points
into Eq. (1.10) gives:

2 2 1x xy Y x Y

33.224 3.735 0.420 5.764 0.648 1
39.514 7.556 1.445 6.286 1.202 1 I = O.
45.684 12.322 3.323 6.759 1.823 1

I
I 51.380 18.106 6.381 7.168 2.526 1

55.950 25.133 11.290 7.480 3.360 1
I,
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x

Fi~ure 1.4

The cofactor expansion of thi~ &eterminant along the first row re-
duces to

2 2x - 1. 04xy + 1. 30y - 3. 90b:: - 2.93y - 5.49 = O.

Figure 1.4 is a diagram of the orbit, together with the five given
points.

A PLANE THROUGH THREE POINTS
In Exercise 1.7 we ask the reader to show the following: The

plane in3-space with equation

Cl x + C2Y + C3z + C4 = 0

which passes through three noncollinear points (xl, Yl, zl),
(x2' Y2' z2), and (x3' Y3' z3) is given by the determinant equation

x y Z 1
xl Yl zl 1
x2 Y2 z2

1 1= o. (1.11)

x
3 Y3 z3 1

EXAMPLE 1.4 The equation of the plane which passes through the
three noncollinear points (1, 1, 0), (2, 0, -1), and (2, 9, 2) is

Curves and Surfaces / 7

x Y Z 1
1 1 0 1
.2 0 -1 1 1= 0,

2 9 2 1

which reduces to
2x - Y + 3z - 1 = O.

A SPHERE THROUGH FOUR POINTS
In Exercise 1.8 we ask the reader to show the fo11owing: The

sphere in 3-space with equation
222

c
1

(x +Y +z) +c2x+C3Y+04z+05=0

which passes through four noricop1anar points (xl' Y1' zl)'
(x2' Y2' z2), (x3i yg, z3), and (x4' Y4' z4) is given by the fo11owing
determinant eqtiation:

2 2 2 1x + Y +z x Y Z

.2 2 2 1x
1

+y
1

+z1 xl Yl zl

2 2 2 1 I = O. (1.12)x2+y2+z2 x2 Y2 z2

2 2 2 1x3+y3+z3 x3 Y3 z3

2 2 2 1x4+y4+z4 x4 Y4 z4

EXAMPLE 1. 5 The equation of the sphere which passes through the
four points (0, 3, 2), (1, ;-1,1), (2, 1, 0), and (-1, 1, 3) is

2 2 2 1x + Y + z x Y z

13 0 3 2 1

3 1 -1 1 1 I = O.

5 2 1 0 1

11 -1 1 3 1
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Thi s reduces to
2 2 2

x + Y + z - 4x - 2y - 6z + 5 = 0,

which in standard form is
222(x - 2) + (y - 1) + (z - 3) = 9.

EXERCISES

1.1 Find the equat i.ons of the l i.nes which pass through the following
points:

(<l) (1,-1), (2,2)
(b) (0,1), (1,-1).

1. 2 Find the equations of the circ1es which pass through the follow-
ing points:

(a) (2, 6), (2,0), (5,3)
(b) (2,-2), (3,5), (-4,6).

1.3 Find the equation of the conic section which passes through the
points (0,0), (0,-1), (2,0), (2,-5), and (4,-1).

1.4 Find the equations of the planes in 3-space which pass through
the fo11owing points:

(aL (1,1,-3), (1,-1,1), (0,-1,2)
(b) (2,3,1), (2,-1,-1), (1,2,1).

1.5 Find the equations of the spheres in 3-space which pass through
the fo11owing points:

(a) (1,2,3), (-1,2,1), (1,0,1), (1,2,-1)
(b) (0,1,-2) (1,3,1) (2,-1,0) (3,1,-1).

1.6 Show that Eq. (1.10) is the equation of the conic section which
passes through five given distinct points.

1.7 Show that Eq. (1.11) is the equation of the plane in 3-space
which passes through three given nonco11inear points.

1.8 Show that Eq. (1.12) is the equation of the sphere in 3-space
which passes through four given noncoplanar points.

1.9 Find a determinant equation for the parabola of the form
2

cl Y + c 2x + C3x + C4 = °
which passes through three given nonco11inear points jn the
plane.

Graph Theory 2

A matrix representation of relationships

existing between members-9f a set is intro-

duced. Through simple matrix arithmetic, the

representation is used to analyze and clarify

these relationships.

PREREQUISITES: Matrix mu1tip1ication and addition

INTRODUCTI ON

There are count1ess examples of sets consisting of a finite
number of members in which some kind of relation exists between mem-
bers of the set. For examp1e, the set cou1d consist of a co1lection
of people, anima1s, countries, companies, sports teams or cities;
and the relation between two members,. A and B, from such a set could
be that person A dominates person B, anima1 A feeds on animal B,
country A mi1itarily supports country B, company A seIls its product
to company B, sports team A consistant1y beats sports team B, or
city A has a direct air1ine flight to city B.

In this chapter, we sha1l study the theory of directed graphs
to mathematica11y model the types of sets and relations in the above
examples.

9
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DIRECTED GRAPHS
By a direeted graph we mean a finite set of elements, PI' P2'

, P , together with a finite collectIon of ordered pairs,
n

(P., P.), of distinet elements of this set, with no ordered pair
1.- J

being repeated. The elements of the set are ealled vertices, and
the ordered pairs are ealled directed edges, of the direeted graph.
We use the notation P.+P. (read "P. is eonneeted to P.") to indi-1.- J 1.- J
eate that the direeted edge (Pi' Pj) be Iongs to the direeted graph.
Graphieally, we ean visualize a direeted graph (Fig. 2.1) by repre-
senting the ver ti.ces as points in the plane, and representing P. +P., 1.- J
by drawing a line or are from vertex P. to vertex P., with an arrow

1.- J
pö.inti.ng from P. to P.. If both P. +P. and P. +p. hold (denoted

. 1.- J 1.- J J 1.-

P.~P.), we draw a single line between P. and P. with two opposite-
~ J 1.- Jly pointing arrows (aswith P2 and P3 in the figure).

Notiee, as in Fig. 2.1, that a direeted graph may have separate
"eomponents" of vertiees whieh are eonneeted only amongthemselves;
and some vertiees, such as PS' may not be eonneeted with any other
vertex. Also, sinee Pi +Pi is not permitted in a direeted graph, a
vertex eannot be eonneeted with itself by a single are whieh does
not pass through any other vertex.

In Fig. 2.2 we have drawn diagrams representing three more ex-
amples of direeted graphs.

P7

PI - P3 /P6

P4~
• Ps

Fieure 2.1

P3

P2n···pj
PI P4

~P4

Ps
(b)

FH!ure 2.2
Ca)

Graph Theorv /11

PI

P4

P3

(e)

With a direeted graph having n vertiees, we may assoeiate an
n x n matrix M = [mij] , ca lled the vertex matrix of the direeted
graph. Its elements are defined by

m ..1.-J {
l,ifP.+P.1.- J

= 0, otherwise

for i,j=I,2, ... n. For the three direeted graphs in Fig. 2.2, the
eorresponding vertex matriees are:

Figure 2.2(a):

M 0 ~

I 0

~

0 I
I 0
0 0

Figure 2.2(b):

M 0 [~

I 0 0

!]0 1 1
0 0 1
I 0 0
I 1 0

Figure 2.2(e):
Mo U

I 0

~

0 I
0 0
0 0

By their definition, vertex matriees have the following two
properties:

(i) All entries are either 0 or 1.
(ii) All diagonal entries are O.
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Conversely, any matrix with these two properties determines a
unique dire.cted graph having 'the,matrix as its vertex matrix. For
example, the matrix

[
0 I I 0JM'= 0 0 I 0
I 0 0 I
o 0 0 0

determines the directed graph in Fig. 2.3.
P3

11

P4

P2
Fi!!ure 2.3

EXAMPLE 2.1 A certain family cons i st s of a mother, father, daugh-
ter, and two sons. The family members have influence, or power,
over each other in the folluwing ways: the mother can influence the
daughter and the oidest son; the father can influence the two sons;
the daughter can influence the father; the oidest son can influence
the youngest son; and the youngest son can influence the mother, We
may model this family influence pattern with a directed graph whose
vertices are the five family members. If family member A influences
family member B, we. wri te A -+ B. Figure 2.4 is the resulting direct-
ed graph, where we have used obvious letter designations for the
five family members. The vertex matrix of this directed graph is

M F D OS YS
M YS

l'
M 0 0 I I 0
F 0 0 0 I I
D 0 I 0 0 0
OS 0 0 0 0 I
YS I 0 0 0 0

1 ~

...
()

D F
Fi!!ure 2.4

"

I
~

I EXAMPLE 2.2 In chess, the knight .
moves in an "L"-shaped pattern
about the chessboard. It may move
horizontally two squares and then
vertically one square, or it may
move vertically two squares and
then horizontally one square. For
example, from the black square in
Fig. 2.5, the knight may move to
any of the eight shaded squares.
Suppose the knight is restricted
to the nine numberedsquares in
Fig. 2.6, If by i -+"j we mean that
the knight may move from square i
to square j, the directed graph in
Figure 2,7 Ll Iustrat es all possi-
ble moves that the knight may make
among these nine squares, In Fig,
2.8 we have "unraveled" Pig , 2.7
to make the pattern of possible
moves clearer.

The vertex matrix of this
directed graph is given by

Graph Theory /13

FiElure 2.5

I 2 3

4 5 6

7 8 9

FiElure 2.6

o 0 000 I 0 1 0
000 0 0 0 1 0 I
000 I 000 1 0o 0 I 0 0 0 001

M = 100 0 0 0 0 000
I 0 0 0 0 0 I 0 0o I 000 I 000
I 0 I 000 0 0 0
o I 0 I 0 0 0 0 0~

3 8

64

7 8
FiElure 2.7

9

6 4

2
Fi~ure 2.8
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In Example 2.1, the father cannot direct1y inf1uence the moth-
er; Le., F+M is not true. But he can influence the youngest son,
who can tli.en'influence the mother. We wri te this as F + YS +M, and
call it a 2~step connectrion frornF to M. Ana1ogously, we call M+D

a l-step oonnect.ion; F+OS+YS+M a 3-stepconnection; and so forth.
Let us now consider a technique for finding the number of all possi-
b le r-step connections (1'=1,2, ...) from one vertex Pi to another
vertex Pj of an arbitrary directed graph. (This will inc1ude the
case when P. and P. are the same vertex.) The number of l-step con-1.. J
riections from p. to P. is simp1y m ... That is, there is either zero1.. J l..J
Or orte l-step connection from P. to P.1.. J
zero or one. For the number of 2-step

If we letsquare of the vertex matrix.
2ment of M , we have

depending on whether m .. isl..J
connections, we consider the
m~~) be the (i, j)-th e1e-l..J

m~~)=m'lm1.+m·2m2'+- - -+m. m ..l..J 1.. J 1.. J l..n nJ (2.1)

Now, if mi1 =m1j= 1, there is a 2-step
P. to P.. But if either m'l or m1· is1.. J 1.. J
tion is not possible. Thus F, +P1 +P. is a 2-step connection if and

1.. J
only if mi1m1j = 1. Similarly, for any k = 1,2,. " .n , Pi +Pk +Pj is a
2-step connection from P. to P. if and only if the term m.kmk. on1.. J 1.. J
the righthand side of (2.1) is one; otherwise the term is zero.
Thus, the righthand side öf (2.1) is the total number of two 2-step

connec tion P. + PI + P. frorn1.. J
zero, such a 2-step connec-

!!
1

I

I

11

11I

connections from P. to e.:1.. J
This same argument wili work for finding the number of 3-,

4-, .... step connections frornP. to P .. The general resu1t is the
1.. J

foI1owing:

THEOREM 2.1 Let M be the vertex matrix of a directed

graph and Let: m(r:) be the (i, j)-th el.ement: of MY'. Thenl..J
m(~) is equa~ to the number of r-step connections [roml..J
p. to P ..

1.. J

Graph Theor v / 15

EXAMPLE 2.3 'Figure 2.9 is the route map o~ a smal1 airline which
~ervices the f5~r ~ities PI' P2, P3, and P4. As a directed graph,
~ts vertex matr~x ~s

M • [1
1 1
o ,1o 0
1 1 u

P2We have that
~

M'. [1
0 1

1]1 l:
2 2

Pl~P30 1
(and

3 [~

3 3 n2 .3 P4M = 4 0 2
1 3 3

Fi.E!ure2.9

If we are interested in connections from city P4 to city P3' we may
use Theorem 2.1 to find their number. Since m43 = 1, there is one
l-step connection; since m~~) = 1, there is one 2-step connection;
and since m~~) = 3, there are three '3-step connections. To verify
this, from Fig. 2.9 we find:

l-step connections from P4 to P3: P4 +P3

2-step connections from P4 to P3: P4 +P
2
+P3

3-step connections from P4 to P3:
P4 +P3 +P4 +P3
P4 +P2+P1 +P3
P4+P3+P1 +P3
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CUQUES

Let us introduce the following definition:

DEFINITION 2.1 A subset of a directed graph is called a

clique if it satisfies,the following threeconditions:

(i) The subset contains at least three vertices.

(ii) Po» each pair of vertices P. and P. in the sub-1.- J
set, both P.+P. and P.+P. are true.1.- J J 1.-

(iii) The subset is as large as possible; i.e., it is

not possible to add another vertex to the subset

and still satisfy condition (ii).

This definition suggests that cliques are maximal subsets which are
in perfect "communication" with each other. For example, if the
v~rt~ces r~present ci~ies, and P~ +Pj means that th~re "is.a direct
alrllne fllght from CIty Pi to CIty Pj, then there lS a dlrect
flight between any two cities within a clique in either direction.

EXAMPLE 2,4 The directed graph
illustrated in Fig. 2.10 (which
might represent the route map of
an airline) has two cliques:

Ps

{PI' P2, P3, P4} and {P3, P4, P6}·

~P6

This example shows that a directed
graph may contain several cliques,
and that a vertex may simultane-
ously belong to more than one cli-
que. PI

P7For simple directed graphs,
cliques may be found by inspection. Fi~ure 2~10
But for large direct~d graphs, it
would be desirable to have a systematic procedure for detecting
cliques. We shall now discuss a theorem which identifies those ver-
tices which belong to cliques. First, we define a matrix S= [s .. )
rela ted to a giv en directed graph as fo1101>'s: 1.-J

11' if p.~--+P.s .. = 1.- J
1.-J 0, otherwise.

Graph Theurv /17

The matrix S determines a directed graph which is thesame as the
given directed graph with the exception that the directed edges with
only one arrow are deleted. For example, if the original directed
graph is given by Fig. 2.11 (a),

- -----PS
PI

·ps

P3

(a)

P4
).p~ ~2 P2

Fi~ure 2.11
the directed graph which has S as its vertex matrix is given in Fig.
2.l1(b). Alternately, S may be obtained from the vertex matrixM
of the original directed graph by setting s .. = 1 if m .. = m .. = 1, and

herwi . ° "1.-J. 1.-J J1.-ot erWlse set t i ng Sij = •

Using this matrix S, the theorem referred to is

(i, j) - th e Lemen t 0f S 3. Then

clique if and only if s(~) 10.1.-1.-

( 3)THEOREM 2.2 Let s . . be the1.-J
a vertex Pi belongs to some

rnonr : If s~~) f. 0, then there is at least one 3-step connection from1.-1.- •

Pi to itself in the modified directed graph determined by S. Sup-
Pose it is P. +P.+Pk+P .. In the modified directed graph, a11 di-. 1.- J 1.-

rected relations are two-way, so that we also have P.++ P.++ rc: P ... 1.- J 1.-

But this means either {P.,P.,P,} is a clique, or is a subset of a. 1.- J r;

clique. In either case, Pi must belong to some clique. The con-
verse statement that if P. belongs to a clique then sP) f. 0 follows1.- 1.-1.-
in a similar manner.O

.-
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EXAMPlE 2.5 Suppose a directed graph has as its vertex matrix

M' [l 1
1
o
o n1

o
1
o

Then

S • [l 1 0 I] S3. [! 3 0 n0 1 and 0 2
1 0 2 0
0 0 0 1

Since a ll diagonal entries of 3.3 are zero, it follows from Theorem
2.2 that the directed graph has no cliques.

ExAMPlE 2.6 Suppose a directed graph has as its vertex matrix

M. [j 1 0 1

~J0 0 1
I 0 1
1 0 0
0 0 1

Then

S "[;

1 0 1

1J
S3. [~

4 0 4

~J0 0 1 2 0 3
0 0 0 and 0 0 0
1 0 o 3 0 2
0 0 0 1 0 1

The nonzero diagonal entries of 33 are sii),s~~),and s~~) Conse-
quently, in the given directed graph, PI' P2, and P4 belong to
cliques. Since a clique must contain at least three vertices, the
directed graph has only one clique; namely, {Pl,P2,P4}.

DOMINANCE DIRECTED GRAPHS

l
il

i
11

1

',1

11
1

In many groups of individuals or animals, there is adefinite
"pecking order" or dominance relation between any two members of the
group. That is, given any two individuals A and B, either A domin-
ates B or B dominates A, but not both. In terms of a directed graph
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in which Pi-+Pj .means Pi dominates Pj' this means that for all di s-
tinct pairs, e.i ther Pi -+Pj or Pj -+Pi, but not both. In general, we
have the following definition:

DEFINITION 2.'2 A dominance directed .€!raph is a directed
graph such that: for any distinct pair of -irertricee Pi and
P., either P.-+P'. or P.-+P., but: not botih,

J ~ ._._1--... J.. J 1- '

rAn example which provides a directed graph satisfying this defini-
tion is a league of nsports teams which play each other exactly one
time, as in one ~ound of.a round-robin tournament in which no ties
are allowed. If Pi-+Pj means that team Pi beat team Pj in their
single match, it is easily seen that Definition 2.2 is satisfied.
For this reason, dominance directed graphs are sometimes called
tournaments.

~

1,(" I f) \ ')p rPJl.: [Jj

Ci] P3 ~
P4

~

.ti"'·::.eS':::..... :;
P4

Ca) Cb) Cc)
Fi.€!ure 2.12

In Fig. 2.12 there are illustrated some dominance directed graphs
with three, four, and five vertices, respectively. In these three
graphs, the shaded vertices have the following interesting property:
from each one there is either a l-step or a 2-step connection to any
other vertex in its graph. In a sense, these vertices are more
"powerful" than the vertices which do not have this property. In a
sports tournament, such,a vertex corresponds to a team A such that
if B is any other team, either A beat B, or beat a team which beat
B. We shall now state and prove a theorem that guarantees that any
dominance directed graph has at least one vertex with this proper-
ty.
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THEOREM2.3 In any dominande directed graph there is at

least one vertex from which there is a l-step or 2-step

cpnnection to any other vertex.

IIJ

PROOF. Consider a vertex (there may be severaI) with the Iargest
t.otaI:number of I-step and 2-step connections to other vertices in
the graph , By r:~num.beri,ngthe vertices, we mayassume that PI is
such a vertex. Suppose there is some vertex Pi such that there is
no I-step or 2-step connection from PI to Pi. Then, in particular,
PI +Pi is not true, so that, by Definition 2.2, it must be that
Pi +PI· Next, let Pk be any ver t ex such that PI +Pk is true . Then
we cannot have Pk +Pi, since then PI +Pk +Pi would be a 2-step con-
nection from PI to Pi· Thus, it must be that Pi +Pk· That is, Pi

has I-step connections to all the vertices to which PI has l-step
connections. The vertex Pi must then also have 2-step connections
to all the v erti ces to which PI has 2-step connections. But since,
in addition, we have that Pi +P1, this means that Pi has more l-step
and 2-step connections to other vertices than does PI' However,
this is a contradiction to the way PI was chosen. Hence, there can
be no vertex Pi to which PI has no l-step or 2-step connection.O

This proof shows that a vertex with the 1argest total number of
l-step and 2-step connections to othervertices has the property
stated in the theorem. There is a simple way of finding such ver-
tices by using the vertex matrix M and its square M 2. The sum of
the entries in the i-th row of M is the total number of l-step con-
nections from Pi to other vertices, and the sum of the entries of
the i-th row of M 2 is the total numb er of 2-step connections from Pi
to other vertices. Consequently, the sum of the entries of the i-th
row of the matrix A = M + M 2 is the total number of l-step and 2-step
connections from Pi to other vertices. In other words, a row of
A = M + M 2 wi th the 1argest row sum identifies a vertex having the
property stated in Theorem 2.3.

1111

I

11

I'

I!

111

!ll
11·

I
11

11
,11

11'

1II
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PI

EXAMPLE 2.7 Suppose five base-
ball teams p1ay each other exact1y
Qnce, and the results are as indi-
cated in the dorni.nanc e directed P2~ I [) \ ~P5graph of Fig. 2.13. The vertex I \
matrix of the graph is

itt

M" [1
0 1 1

~J0 I 0
0 0 I
1 0 0
0 1 1

And so Fieure 2.13

r 0 1 1

~} [1
1 0 I

l} [i
1 1 2 l]2 1 0 1 0 0 2 3 0 3 3

A=M+M = ~ 0 0 1 1 0 0 1 0 1
1 0 0 0 1 0 1 1 0
0 I 1 1 1 2 1 2 3

The row sums of Aare:

1st row sum = 4
2nd row sum = 9
3rd row sum = 2
4th row sum = 4
5th row sum = 7.

Since the second row has the 1argest row sum, the vertex P2 must
have a l-step or 2-step connection to any other vertex. This is
easi1y verified from Fig. 2.13.

• • •
We have informa11y suggested that a vertex with the largest

number of l-step and 2-step connections to other vertices is a "pow-
erfu1" vertex. Let us forma1i ze this concept wi th the following
definition:

DEFINITION 2.3 The power of a vertex of a dominance di-

rected graph is the total number of l-step and 2-step

connections from it to other vertices. Alternately, the

power of a vertex P. is the sum of the entries of the~ ,

i-th row of the matrix A = M + M 2, where M is the uertiex
matrix of the directed graph.
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ExAMPlE 2,8 Let us rank
according to their powers.
in that examp1e we have:

the five baseball teams in Examp1e 2.7
From the ca1cu1ations for the row sums

Power of team PI = 4
Power of team P2 = 9
Power of team P3 = 2
Power 6f team P4 = 4
Power of team Ps = 7

Hence, the ranking of the teams according to their powers wou1d be:
first, P2; second, PS; third, PI and P4 (tie); fifth, P3·

EXERCISES
2.1 Construct the vertex matrix for each of the directed graphs

illustrated in Fig. 2.14.

PI "'P2
P2

~P3 P4

PI~P3P1

~12 P3 ~
Ca) (b) Cc)

Fi!!ure 2.14

2.2 Draw a diagram of the directed graph corresponding to each of
the following vertex matrices.

Cb) [;

0 1 0 ] Ce) f!
1 0 I 0 I

Ca) [! 1 I

f] 0 0 0 0 0 0 I 0
0 0 I 0 I

0 0 0 0 0
0 0 0 0 0

1 0 0 I 0
0 1 1 1 0 0 0 I 0 1

I 0 0 I 0
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2.3 Let M be the fo1Iowing vertex matrix of a directed graph:

) [
Oll 1]I 000
o 1 0 1 .
Oll 0

Ca) Draw a diagram of the directed graph.
eb) Use Theorem 2.1 to find the number of 1-, 2-, and 3-step

connections from the vertex PI to the vertex P2. Verify
your answer by 1isting the various connections as in
Exampie 2.3.

(c) Repeat part eb) for the 1-, 2-, and 3-step connections from
PI to P4~

2.4 By inspection, locate all c1iques in each of the directed graphs
i1Iustrated in Fig. 2.15.

PI
PI P2

P3

P2~P3

Ca)

P2kH>-+-<l--t>-+ ~P4

P3 P7 P6

Cc)
Ps

Cb)
Fi!!ure 2.15

2.5 For each of the fo11owing vertex matrices, use Theorem 2.2 to
find any cliques in the corresponding directed graphs.

Ca) [1
I 0 I

I] Cb) rl
1 0 1 I 0

0 I 0
0 1 0 1 1

I 0 1 1 0 I 0 1
0 0 0

0 1 0 I 1
0 I I

I 0 1 0 0
0 1 I 1 0
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2.6 For the dominance directed
graph i11ustrated in Fig.
'2.16, construct the vertex
matrix anduse Definition
2.3 to find the power of
each vertex.

2.7 Five baseball teams p1ay each
other one time with the fo1-
lowing resu1ts:

A beats B,C,D
B beats C,E
C beats D,E
D beats B
E beats A,D.

Rank the five baseball teams in accordance with the powers of
the vertices they correspond to in the dominance directed graph
representing the outcomes of the games.

P3 r Co .")\; P2
Fi/:!ure 2.16

Theory of Games
g

A general game in which two competing players

choose separate strategies to reach opposing

objectives is discussed. Using matrix tech-

niques, the optimal strategy of each player is

found for a few special cases.

PREREQUISITES: Matrix mu1tip1ication

INTRODUCTION
To introduce the basic concepts in the theory of games, let us

consider the following carniva1-type game which two peop1e agree to
p1ay. We sha11 ca11 the participants of the game p1ayer Rand p1ay-
er C. Each p1ayer has a stationary whee1 with a movab1e pointer on
it as in Fig. 3.1. For reasons which will become clear, we sha11
ca11 p1ayer R's whee1 the row-whee1, and p1ayer CIS whee1 the co1-
umn-whee1. The row-whee1 is divided into three sectors numbered 1,
2, and 3, and the co1umn whee1 is divided into four sectors number-
ed 1, 2, 3, and 4. The fractions of the area occupied by the var-
ious sectors are indicated in the figure. To p1ay the game, each
p1ayer spins the pointer of his whee1 and lets it come to rest at
random. The numberof the sector in which each pointer comes to

25
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Row-WheeZ
of FZayer> R

CoZwnn-WheeZ
of PZayer> C

Fi~ure 3.1

rest is called the move of that player. Thus, player R has three
possible rnoves, and player C has four possible moves. Depending on
the move each player rnakes, player C then makes a payment of money
to player R according to the following table:

Player C's move
1 2 3 4

H ~ 1 $3 $5 -$2 -$1
~~ 2 -$2 $4 -$3 -$4•••••• CI)p..- 3 $6 -$5 $0 $3Q;

Table 3.1

For exarnple, if the row-wheel pointer comes to rest in sector 1
(player R makes move 1), and the column-wheel pointer comes to rest
in sector 2 (player C makes rnove 2); then player C must pay player
R the sum of $5. Some of the entries in this table are negative,
indicating that player C makes a negative payment to player R. By
this we mean that player R makes a positive payment to player C.
For exarnple, if the row-wheel shows 2 and the column wheel shows 4,
then player R pays player C the sum of $4, since the corresponding
entry in the table is -$4. In this way, the positive entries of the
table are the gains of player Rand the losses of player C, and the
negative entries are the gains of player C and the losses of player
R.
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In this game, the players have no control over their moves;
each move is determined by chance. However, if each player can de-
cide whether or not he wants to play, then each would want to know
how much he can expect to win or lose over the long term if he
chooses to play. We discuss this question in the first part of the
next section. Later in the section we consider a more complicated
situation in which the players can exercise sorne control over their
moves by varying the sectors of their wheels.

TWO-PERSON ZERO-SUM f1ATRIX GAMES

The game described above is an exarnple of a two-person zero-
sum matrix' game. .The.term "zero-sum" means that in each play of the
game the positive gain of one player is equal to the negative gain
(1055) of the other player. That is, the sum of the two algebraic
gains is zero. The term "matrix game" is used to describe a two-
person game in which each player has only a finite number of moves,
so that all possible outc~mes of each play, and the corresponding
gains of the players, may be displayed in tabular or matrix form, as
in Table 3.1.

In a general game of this type, let player R have m possible
moves and let player C have n possible rnoves. In a play of the
garne, each player makes one of his possible moves, and then a payoff
is made from player C to player R dependi.ng on the moves. For i = 1,
2, ... ,m and j=1,2, ... ,n, let us set

a· .'Z-J
payoff that player C makes to player R if player R
makes move i and player C makes move j.

This payoff need not be money; it may be any type of commodity to
which we can attach a numerical value. As before, if an entry aij
is negative, we mean that player C receives a payoff of !aij! from
player R. We arrange these mn possible payoffs in the form of an
mx n matrix

all
a ••• a

12 In
a2l a ••• a

22 2n

A = I ···
amI a ••• am2 mn

which we shall call the payoff matY'ix of the game.
Each player is to make his moves on a probabilistic basis. For

exarnple, for the game discussed in the introduction, the proportion
of the area of a sector to the area of the wheel would be the proba-
bility that the player makes the move corresponding to that sector.
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Thus, from Pig. 3.1, we see that p1ayer R wou1d make move 2 with
probabili ty 1/3, and player C wou1d make move 2 with probability
1/4. ' In the gener al case, let us set

P· = probabil ity tha t player R makes move i (i = 1,2, ... ,m) ,,~ .

and
qj = probability that player C make s move j (j = 1,2, ...,n).

By their definitions,we have that

PI + P2 + ••• + Pm = 1

and
ql + q 2 + • • • + qn = 1.

With these probabilities, p. and q., we form two vectors
~ J

P rp P ••• P ]lJ 12m

qn

ql
q2

and Q

We call the row vector P the strategy of player R, and call the col-
umn vector Q the strategy of player C. For example, from Fig. 3.1
we have

P [1/6 1/3 1/2]
[

1/4]1/4Q =
1/3

. 1/6

and

for the game described in the introduction.
From the theory of probability, if the probability that player

R makes move i is pi,and independently the probability that player
C.makes move j is q., then p.q. is the probability that for any one

J ~ J
p1ay of the game player R makes move i ~ player C makes move j.

The payoff to player R for such a pair of moves is a ... Thus p.q.
~J ~ J

is also the probability that for any one p1ay of the game the payoff
to player R is entry a . .. If we multiply each possible payoff by its. ~J
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corresponding probability and sum over all possible payoffs, we ob-
tain the expression

allPlql + a12Plq2+a21P2ql + ••• +amnPmqn· (3.1)

Equation (3.1) is a weighted average of the payoffs to player R,
with each payoff-being weighted according to the probability of its
occurrence. In the theory of probability this weighted average is
called the e~pected payoff to player R. It can be shown that if the
game is played many t imes , the long term average payoff per play to
player R is given by this expression. We shall denote this expected
payoff by E(p, q) to emphasize the fact that it depends on the strat-
egies of the two players. From the definition of the payoff matrix
A and the strategies p"and Q, it may be verified that we .may express
the expected payoff in matrix notation as

a11 a12 ••• a'l ql

E(p, Q) = [PI 'r2l a" ... a2,
q2

p ..• p].. . : 1= pAQ. (3.2)2 m·· ... .
a a ..• a qnm1 m2 m

Observe that since E(p, Q) is the expected payoff to player R,then
-E(p, Q) is the expected payoff to player C.

EXAMPLE 3.1 For the game described in the introduction, we have

~

3 5 -2 -1] [1/4JE(p, Q) = pAQ = [1/6 1/3 l/2J -2 4 -3 -4 1/4 = 13/72 = .1806 ...
6 - 5 0 3 1/3

1/6

Thus, in the long run player R can expect to receive an average of
about 18~ from player C in each play of the game.------So far we have been discussing the situation in which each
player has a predet.ermined strategy. We shall now consider the more
difficult situation in which both players may change their strate-
gies independently. For example, in the game described in the in-
troduction, we would allow both players to alter the areas of the
sectors of their wheels and thereby control the probabilities of
their respective moves. This qualitatively changes the nature of
the problem and puts us firmly into the field of true game theory.
It is understood that neither player knows the strategy the other
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will choose. It will also be assumed that each player will make the
best possible choice of strategy, and that the other player knows
.this. Thus player Ratternpts to choose a strategy P such that
E(p, Q) is as large aspossible for the best strategy q that player C
can choose; and similarly player C attempts to choose a strategy q
such that E(p, q] is as small as possible for the best strategy P
that player R can choose. First, to seethat such choices are pos-
sibLe;:let us state the following theorem, called the Fundamental
Theorem 0/ 2-person Zero-sum Games:

THEOREM 3.1 There exist strategies p* and q* such that

E(p*, q) ~ E(p*, q*) > Et t», q*) (3.3)

for all strategies p and q,

(The proof of this theorem involves ideas from the theory of Linear
Pr-og rammi.ng, and we shall not'give it here. In the next two sec-
tions we sha H prove the theorem for two special cases.)

This result guarantees that each player has a best possible
strategy. To see why, let p* and q* be the strategies stated in the
theorem, and let v=E(p*, q*). The lefthand inequality of Eq. (3.3)
then reads

E(p*, q) ~ v, for allstrategies q,

This means that if player R chooses the strategy P*, then no matter
what strategy q player C chooses, the expected payoff to player R
will never be below v. Furthermore, the expected payoff v is the
best possible. For suppose there is some strategy p** that player
R can choose such that

E(p** ,q) > v, for allstrategies q.
Then, in particular,

E(p'**,q*) > v.

But this is a contradiction to the righthand inequality of Eq. (3.3)
which requires that E(p**, q*) .::.V. Consequently, the best player R
can do is preventhis expected payoff from falling below the value
v.

Similarly, if player C chooses the strategy q*, then from the
righthand inequality of Eq. (3.3) we have

v ~ E(p, q*), for allstrategies P.
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.That is, the expected payoff to player R never exceeds the value v
if player C chooses the strategy q*, no matter what strategy player
R chooses. This bound similarly cannot be lowered, since player R
may always choose the strategy p* to force his expected payoff to be
at least the value v.

On the basis of thi s discussion, we make the following def.ini.-
tions:

DEFINITION 3.1 If p* and q* are strategies such that

E(p*, q) ~ Et o ", q*) > Et «, q*) . (3.4)

strategies p and q, then

p* is cal led'an op t ima I s t r-a t eav for p ]aver R

q* is called an optimal strate~y for player C,

u=Bt o", q*) is cal.Led the value of the qame ,

for all

(i)

(ii)

(iii)

The wording in this definition suggests that optimalstrategies are
not necessarily unique. This is indeed the case, and in Exercise
3.2 we ask the reader to show thi2' However, it can be proved that
any two sets of optimalstrategies always result in the same value
v of the game. That is, if P*, q* ancl'p**, q** are optimal strate-
gies, then

E(p*, q*) = E(p**, q**). (3.5)

The value of agame is thus the expected payoff to player R when
both players choose any possible optimalstrategies.

To find optimalstrategies, we must find vectors p* and q*
which satisfy condition (3.4). This is generally done by using Lin-
ear Programming techniques. (See Chapter 13 for an introduction to
this field.) In the next two sections we discuss special cases for
which optimalstrategies may be found by more elementary techniques.

STRICTLY DETERMINED GAMES
Let us introduce the following definition:

DEFINITION 3.2 An entry ars in a payoff matrix Ais
called a ~addle point if
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(i) a is the smallest entry in its row, and. rs
(ii) ars i.e the l.arqeet: entry in its co lumri,

A game'whose payoff matrix has a saddle point is called

strittly determined.

For-example;,the shaded element in each of the fo11owing payoff
matrices is a saddle point:

[ 30 -50 -5J ~l
-3 5

-'J[ 3 J
:,:1:; :(;(f 90 75 -8 -2 10

-4 0 .:1'0 60 -30 10 %. 9 .
11 ~3 2

If a matrix has a saddle point ars' it turns out that the fol-
iowing stra t egi es are 'optdrnal strategies for the two players:

p* [0 0 •.. I

I
rth entry o

o
o

__ sth entry.. oJ, q*
1

That is, an optimal strategy for player R is to always make the rth
move, and an optimal strategy for player C is to always make the sth
move. Such strategies for which only one move is possible are call-
ed pure strategies. Strategies for which more than one move is pos-
sible are called mixed strategies. To showthat the above pure
strategies are optimal, the reader may verify the following three
equations (see Exercise 3.6):

E(p*, q*) = p*Aq* = ars (3.6)

(3.7)

(3.8)

E(p*, a) = p*Aq .:: ars for any strategy q,

E(p , q*) = pAq* .2. ars for any strategy P.

Together, these three equations imply that

E(p*, q) .:: E(p*, q*) .:: E(p, q*)

for all strategies p and q. Since this is exactly condition (3.4),
it follows that p* and q* are optimalstrategies.

From Eq. (3.6), the value of a strictly determined game is sim-
ply the numerical vaiue of a saddle point ars It is possible for a
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payoff matrix to have severa1 sadd1e points, but then the uniqueness
of the value of agame guarantees that the numerical va lues of all
sadd1e points are the same.

EXAMPLE 3,2 Two competing television networks, Rand C, are sch;~d-
u1ing l-haur programs in the same time period. Network R cartsched-
ule one of three possible programs, and network C can schedule one
of four passible programs. Neither network knows which program the
other will schedule. Both networks ask' the same outside polling
agency to give them an estimate of how all possib1e pairings of the
programs will divide the viewing audience. The agency gives them
each the following table, whose (i,j)th entry is the percentage of
the viewing audience that will watch network R if network R's pro-
gram i is paired against network C's program j.

Network.C's
Program

1 2 3 4
1 60 20 30 55

Network R' s 2 50 75 45 60Program
(1,5 35 303 70

What program should each network schedule in order to maximize its
viewing audience?
SOLUTION Let us subtract 50 from each entry in the above table to
construct the fo110wing matrix:

[

10 -30 -20

o 25 -5
20 -5 -15

l~].
-20

This is the payoff matrix of the two-person zero-sum game in which
each network is considered to start with 50% of the audience, and
the (i,j)th entry of the matrix is the percentage of the viewing au-
dience that network C loses to network R if programs i and j are
paired against each other. It is easily seen that the entry

a23=-5

is a saddle point of the payoff matrix. Hence, the optimal strategy
of network R is to schedule program 2 and the optimal strategy of
network C is to schedule program 3. This will result in network R
receiving 45% of the audience and network C receiving 55% of the au-
dience.
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2 x 2' MATRIX GAMES

Another case in which the optimal strategies may be found by
e1ementary means is when each p1ayer has on1y two possible moves.
In this case, the payoff matrix Ls a 2 x 2 matrix

A = [all a12].
a21 a22

If the game is strict1y determined, at least one of the four entries
of A is a sadd1e point, and the technique of the previous section
can then be app1ied to determine optimal strategies for the two
p1ayers. If the game is not strict1y determined, we proceed as des-
cribed be10w. First, we compute theexpected payoff for arbitrary
strategies P and q:

E(p, q) = pAq = [PI P2] r:ll a
12

] rq1
]

L( 21 a22 Lq2

al1P1q1 +a12P1q2+a21P2q1 +a22P2q2' (3.9)

Since

P1+p2=1 and (3.10)q1+q2=1

we may substitute P2 = 1- PI and q2 = 1- q1 into (3.9) to obtain

E(p, q) =anP1q1 +a12PlCI -q1) +a21Cl-P1)Q1 +a22(I-P1)(I-Q1)'

(3.11)

If we rearrange the terms in Eq. (3.11), we may write

E(p, q ) = [(all + a22 - a12 - a21)P1 - (a22 - a21) ]Q1 + (a12 - a22)P1 + a22·

(3.12)

By examining the coefficient of the Q1 term in (3.12), we see that
if we set
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PI = pi
a22 - a21 (3.13)

a
ll

+ a22 - a12 - a21

then that coefficient is zero, and Eq. (3.12) reduces to

E(p*, q)
al1a22 - a12a21 (3.14)an + a22 - a12 - a21

Eq. (3.14) is independent of q. That is, if p1ayer R chooses the
strategy determined by (3.13), p1ayer C cannot change the expected
payoff by varying his strategy.

In a similar manner, it may be verified that if p1ayer C
chooses the strategy d~termined by

Q1 ;= Qi
a22 - a12 (3.15),a

ll
+ a22 - a12 - a21

then substitution in Eq. (3.12) gives

E(p, q*)
ana22 - a1P21 (3.16)

"i i + a22 - a12 - a2l

Equations (3.14) and (3.16) show that
E(p*, q) = E(p*, Q*) = E(p, q*) (3. 17)

for allstrategies p and q. Thus, Definition 3.1 is satisfied, so
that the strategies determined by Eqs. (3.13) and (3.15) are optimal
strategies for p1ayers Rand C, respective1y. Let us summarize this
in the fo11owing theorem, where we have computed the va1ues of P2and Qi from Eq. (3.10).

THEOREM 3.2 FOT' a 2 x 2 qame which is not strictly detier-

mined, optimal etirateqi.ee for players R and C are

and

[

a22-a21
p* =

a 111- u22 - a12 - a21

all-a12 ]
all+a22-a12-a21
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a22 - a12
a11 + a22 - a12 - a21

q*

a11 - a21
an+ a22 - a12 - a21

The ,vaZue of the game is

a11a'22 - a12a21v a11 + a22 - a12 - a21

In order to be coroplete, we roust show that the entries in the vec-
tors p* and q* are numbers between 0 and 1. In Exercise 3.7 we ask
the reader to show that this is the case as long as the garneis not
strictly determined.

Equation (3.17) is interesting in that it implies that either
player may force the expected payoff to be the value of the game by
choosing his optimalstrategy, regardless of which strategy the
other player chooses. This is not true, in general, for garnes in
which either player has more than two moves.

EXAMPLE 3.3 The Federal governrnent desires to inoculate its citl-
zens against a certain flu virus. The virus has two strains, and it
is not known in what proportions the two strains occur in the virus
population. Two vaccines have been developed with different effect-
lvenesses against the two strains. Vaccine 1 is 85% effective
against strain 1 and 70% effective against strain 2. Vaccine 2 is
60% effective against strain 1 and 90% effective against strain 2.
What inoculation policy should the governrnent adopt?

SOLUTION We may consider this a two-person game in which player R
(the government) desires to rnake the payoff (the fraction of citi-
zens resistant to the virus) as large as possible, and player C (the
virus) desires to make the payoff as small as possible. The payoff
matrix is
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Vaccine

Strain
1 2

1 [.85 .701
2 .60 .90J·

It can be seen that this matrix has no ·saddle poi.nts, so that Theo-
rem 3.2 is applicable. Consequently,

pi
a22 - a21 .90 - .60 .30 2

.85 + .90 - .70 - .60 = .45 = 3'all + a22 - a12 - a21

Pz 2 1
1- pi = 1- 3' = 3'

qi
a22 - a12 .90 - .70 .20 4

.45 = 9".85 + .90.:. .70 - .60all + a22 - a12 - a2i

4 5qi = 1- qi = 1- '9 = '9

Qlla22 - a12a2lv = --~~~~~~--
an + a22 - a12 - a2l

(.85) (.90) - (.70) (.60)
.85 + .90 - . 70 - . 60

.345 = .7666 ...-:4S

Thus, the optimal strategy for the government is to inoculate 2/3 of
the citizens with vaccine 1 and 1/3 of the citizens with vaccine 2.
This will guarantee that 76.7% of the citizens will be resistant to
a virus attack regardless of the distribution of the two strains.

On the other hand, a virus distribution of 4/9 of strairt 1 and
5/9 of strain 2 will result in the same 76.7% of resistant citizens
regardless of the inoculation strategy adopted by the government.

EXERCISES
3.1 Let agame have payoff matrix

[' 6 -4 :JA = 5 -7 3

-8 0 6 -2

(a) If players Rand C use strategies
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p = [:> 0 y,] and
q "[~] ,

eb)
respectively, what is the expected payoff of the game?
If player C keeps his strategyfixed as in part (a), what
strategy should player R choose to maximize his expected
payoff?
If player R keeps his strategy fixed as in part (a), what
strategy should Player C choose to minimize the expected
payoff to player R?

( c)

3.2 Construct a simple example to show that optimal strategies de-
fined in Definition 3.1 are not necessarily unique. For exam-
pIe, find a payoff matrix with several equal saddle points.

3.3 For the strictly determined games with the following payoff ma-
trices, find optimalstrategies for the two players and find the
values of the games.

(a) D (b) [-~ -:]
-4 1 [2 -2 0J-6 O-S

S 2 3 [-3 2 -IJ-2 -1 S
-4 1 0
-3 4 6

;] (c) (d)

3.4 For the 2x 2 games with the following payoff matrices, find op-
timal strategies for the two players and find the values of the
games.

(a) ~~ ~J r 40
(b) 1.:"10 20J

30 (c) C~ ~J (d) D ;J [
7 -3]

(e) ~S _~

3.5 Player R has two playing cards: a black ace and a red four.
Player C also has two cards: a black two and a red three. Each
player secretly selects one of his cards. If both selected
cards are the same color, player C pays player R the sum of the
face values in dollars. If the cards are different colors, pla-
yer R pays player C the sum of the face values. What are opti-
mal strategies for both players and what is the value of the
game?

3.6 Verify Equations (3.6), (3.7), and (3.8).

3.7 Show that the entries of the optimal strategies p* and q* given
in Theorem 3.2 are numbers strictly between zero and one.

Markov Chains 4

A general model of a system which moves from

state to state is describ~d and applied to
several concrete problems. It is shown that

such systems tend to a steady-state configu-
ration for large times.

PRERE9.UISITES: Linear systems
Matrices
Intuitive understanding of limits

INTRODUCTI ON

Suppose a physical or mathematical system is such that at any
moment it can occupy one of a finite number of states. For example,
the weather in a certain city could be in one of three possible
states: sunny, cloudy, or raining. Or an individual could be in one
of four possible emotional states: happy, sad, angry, or apprehen-
sive. Suppose such a system moves with time from one state to an-
other. Let us construct a schedule of observation times and keep a
record of the states of the system at these times. If we find that
the transition from one state to another is not predetermined, but
rather can only be specified in terms of certain probabilities which

39
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depend on the previous history of the system, then the process is
is called a stochastic process. If, in addition, these transition
prqbabi li ti.esdepend only on the immediate history of -th e system,
th~t is, if the state of the system at any observation is dependent
only on its state at the Imnedi.at ely preceed.ing obs ervation , then
the process is caUed a 'Markov process or a narkov.cnain, .

Let the system under observation have k possible states, which
we label as states 1, 2,..., k . We define the following quantities
to describe the transitions of the system from one state to another:

DEFINITION 4.1 The transition'probability
1,2, ..., k) is the probabiZity that if the

state j at any one observation, it wiZZ be

at the next observation.

p .. {i,j=
~J

system is in

in state i

For example, if state 2 corresponds to a rainy day in Detroit, and
state 3 corresponds to a cloudy day, then P32 is the probability
that the weather in Detroit changes from rainy to cloudy in two suc-
cessi.ve days.

As probabilities, the numbers Pij must all lie in the interval
[0, 1]. Furthermore, for any fixed j = 1,2, ..., k., we must have:

Plj + P2j + ••• + Pkj = l, (4.1)

which expresses the fact that if the system is in state j at one ob-
servation, it will with certainty be in one of the k states at the
next observation.

With these k2 transition probabili ties, we may form a k: x k: rna-
trix P = [Pij] , called the t.ransi tion matrix of the Markov proceee .
Equation (4.1) expresses the fact that the sum of the entries in
each column of P is one. More generally, we.have the following def-
inition:

DEFINITION 4.2 A t ransi t i on ma tri x P= [p ..] is any, ~J
square matrix with nonnegative entries, aZZ of whose

coZumn sums are one.

Thus, any Markov process determjnes a transltlon matrix. Transition
matrices are also called Markov' matrices, probabiZity matrices, or
stochastic matrices.
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EXAMPLE 4.1 By reviewing its donation records, the alumni office
of a college finds that 80% of its alumni who contribute to the an-
nual fund one year will also contribute the next year, and 30% of
those who do not contribute one year will contribute the next. This
may be described in terms of a Markov process with two states: state
1 corresponds to an alumnus giving a donation in any one year, and
state 2 corresponds to the alumnus not giving a donation in that
year. The transition matrix of the process is

P
[
.8 .31
.2 .7J

Our objective in this chapter is to predict the state of a sys-
tem described'by a Markov process at future observation times. How-
ever, since the syst em is not determinis tic, our predictions wi11 be
in terms of probabilities. To this end we introduce the following
defini tion:

DEFINITION 4.3 A probability vector ~8 a coZumn vector

. ioi.th nonnegative entries iohoee sum is! one .
z

We may then specify a future observation of a system described by a
Markov process in terms of a probability vector as follows:

DEFINITION 4.4 The probabiZity oec tore /n) for n = 0, 1,

... are said to be the state vectors of a Markov process
·f h . h (n) f· (n). h b b·Z·i. t e i=t: component: Xi 0 x : ce t e pro a t. 1..ty

that the system is in the i-th state at the n-th obser-

vation.

In particular, the state vector x(O) is called the initiaZ state
vector of the Markov process. Using the next theorem, we shall see
that the initial state vector determines all future state vectors.

THEOREM 4.1 If P is the transition matrix of a Markov

process and x(n) is the state vector at the n-th obser-
. h (ri-t-L) (ri)uatn.on, t: en x = Px .
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The proof ofthis theorem involves ideas from probability theory and
wrll not be given here. From this theorem it follows that

X(I) = Px(O)

x(2) = Px(1) = p 2 x(O)
x(3) = Px(2) = P 3 x(O)

x(n) = px(n-l) = pnx(O).

In this way, the initial state vector x(O) and the
p determine x(n) for n = 1, 2, ....

transition matrix

EXAMPLE 4.1 (REVISITED) The transition matrix in Example 4.1
was

p = [.8 .3l.
.2 .7J

Let us construct the probable future donation record of a new grad-
uate who did not give a donation in the initial year after his grad-
uation. In this way, the system is initially in state 2 with cer-
tainty, and so the initial state vector is

x(O) = GJ
From Theorem 4.1, we then have

x(1) = Px(O) = [8 .3J 10J= [.3l
. 2 .7 LI .U

x (2) [.8 .3J [.3J [.451
.2 .7 ..7 = .5~

Px(l)

x (3)
[
.8 .31 [45l = [.5251.
.2 .7J .55J .475J

Px (2)

Thus, after three years, the alumnus can be expected to make a dona-
tion with probability .525. Beyond three years, we find the follow-
ing state vectors (to three decimal places) :
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x(4) = [.5631,
.438J [581J,

.419
x (7)

[
.595J,
.405[

.59~,

.40~
X(5) X(6)

x(8) =[.5981 x(9) = [5991 x(lO) = [.5991, x(11) = [.600l.
.402J .40lj .401J .400J

For a11 n beyond eleven, we have x (n) = [:~~~Jto three decimal

places. In other words, the state vectors converge to a fixed vec-
tor as the number of observations increases. We shall discuss this
further in the next section.

EXAMPLE 4.2 A car rental agency has three rental 10cations, which
we label as locations 1, 2, and 3. A customer may rent a car from
any of the three locations and return the car to any of the three
locations. The manager finds that the customers return the cars to
the various locations according to the following probabilities:

Rented from location

1 2 3

[' .3 :] 1
Returned

.1 .2 2 to

.1 .5 .2 3 location

This matrix is the transltl0n matrix of the system considered as a
Markov process. The i-th component of astate vector is the proba-
bility that a car is returned to the i-th location. In the t ab le
be1ow, we list the state vectors x(n) for n = 0,1, ..., 11 when a car
is initially rented from location 2.

~ n 2 4 5 6 7 8 9 10 11x{n} <, 0 1 3
(n) 0 .300 .400 .477 .511 .533 .544 .550 .553 .555 .556 .557Xl

(n) 1 .200 .370 .252- .261 .240 .238 .233 .232 .231 .230 .230x2

(n) 0 .500 .230 .271 .228 .227 .219 .217 .215 .214 .214 .213x3
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For all values of n greater than eleven, all state vectors are equal
(11) .to x to three decimal places.
Two things should be observed in this examp1e. First, it was

notnecessary to knowhow long a customer kept his car. That is,
in a Markov process ,the time period between observations need not be
regular. Second, th~ state vectors. approach a fixed vector as n in-
creases, just as in the first example.

EXAMPLE 4 13 A traffic officer
is assigned to control the traffic
at the eight intersections indica-
ted in Fig. 4.1. He is instructed
to remain at each intersection for
an hOUT and then to either remain
at that same intersection or move'
to a neighboring intersection.
To avoid establishing a pattern,
he is toldto chdose his new in-
tersection on a random basis,
with each possible choice equa11y
likely. For examp1e, if he is at
intersection 5, his next inter-
section can be 2, 4, 5, or 8,
each with probability 1/4. Every
day he starts at the location
where he stopped the day before.
As a Markov process, we may con-
struct the fo110wing transition
matrix:

~' ~ ~
1 2

~.l1II1
3 . 4 5

111I11I1
6

l1l VA
7

VA
8

~

Filwre 4.1

Old Interseotion
1 2 :3 4 5 6 7 B

1/3 1/3 0 1/5 0 0 0 0 1

1/3 1/3 0 0 1/4 0 0 0 2 ~
~

0 0 1/3 1/5 0 1/3 0 0 :3 ~
1/3 0 1/3 1/5 1/4 0 1/4 0' 4 c+

(\l
":i

0 1/3 0 1/5 1/4 0 0 1/3 5
Ci)
(\l
(0

0 0 1/3 0 0 1/3 1/4 0 6
<t-•...
Cl

0 0 0 1/5 0 1/3 1/4i 1/3 7
;:$

0 0 0 0 1/4 0 1/4 1/3 8

~~
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If the officer initially begins at intersection 5, his probable 10-
cations, hour by hour, are given by the fo110wing state vectors
written in tabular form.

~ 0 1 2 3 4 5 10 15 20 P
(n) 0 .000 .133 .116 .130 .123 .113 .109 .108 .107Xl
(n) 0 .250 .146 .163 .140 .138 .115 .109 .108 .107x2
(n) 0 .000 .050 .039 .067 .073 .100 .106 .107 .107x3

(n) 0 .250 .113 .187 .162 .178 .178 .179 .179 .179x4
(n) 1 .250 .279 .190 .190 .168 .149 .144 .143 .143x5
(n) 0 .000 .000 .050 .056 .074 .099 .105 .107 .107x6
(n) 0 .000 .133 .104 .131 .125 .138 .141 .143 .143x7

x(n) 0 .250 .146 .152 .124 .121 .108 .107 .107 .1078

For all values of n greater than 22, all state vectors are equa1 to
x(22) to three decima1 p1aces. So as with the first two examp1es,
the state vectors approach a fixed vector as n increases.

LIMITING BEHAVIOR OF THE STATE VECTORS
In our three examples, we saw that the state vectors approached

some fixed vector as the number of observations increased. We now
ask whether the state vectors always approach a fixed vector in a
Markov process. A simple examp1e shows that this is not the case:

ExAMPlE 4,4

3and P = P, we
Let P = [~ ~Jand x(O) = UJ
have that

Then, since P 2 = I
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x(O)=x(2)=X(4)= ••. = DJ
and

x(l) = X(3) = x(6) = •.• = UJ
This system oscillates indefinitely between the two state vectors[~Jand [~J,and so does not approach any fixed vector.-----However, if we impose a mild condition on the transition matrix, we
can show that a fixed limiting state vector is approached. This
condition is described by the following definition:

DEFINITION 4.5 A transition matrix is re~ular if some

integer power of it has all positive entries.

Thus, for a regular transition matrix P, there is some positive in-
teger m such that all entries of pm are positive. This is the case
with the transition matrices of Examples 4.1 and 4.2 for m= 1. In
Example 4.3, it turns out that p4 has all positive entries. Conse-
quently, in all three examples the transition,matrices are regular.

A Markov process which is governed by a regular transition ma-
trix is called a regular Markov process. We shall see that every
regular Markov process has a fixed state vector q such that pnx(ü)

approaches q as n increases for any choice of x(ü). This result
is of major importance in the theory of Markov chains. It is based
on the following theorem: "

THEOREM 4.2 If P is a regular transition matrix, then
as n +00

ql ql
q2 q2

ql

q2
e" _..•.

qk qk··· qk

where the qi are positive numbers such that

ql+q2+ ... +qk=l.
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We shall not prove this theorem here. The interested reader is re-
ferred to a more\specialized text, such as "Finite Markov Chains" by
J. Kemeny and J. Snell (Springer-Verlag New York Inc., 1976).

Let us set

r
ql ql ••. ql I ql
q2 ": ... q2 q2

Q = I : · and q =. ·. . ·
qk qk .•• qk I qk

Thus Q is a transition matrix, all of whose columns are equal to the
probability vector q. Q has the property that if x is any probabil-
ity vector, then

ql ql ••. q111 xl I Iqlxl + qlx2 + ••• + qlxk
q2 q •.• q x q2xl +q2x2 + ••• + q2xk,2 2 2

Qx = I : ..
qk qk···qkllxkl l.qkxI+ qkx2 + ••• + qkxk

(x + x + ••• + xk)I 2 (l)q=q.

That is, Q transforms any probability vector x into the fixed prob-
ability vector q. From this, we can conclude the following:

ql

q2

qk

THEOREM 4.3 If P is a regular transition matrix and x
is any probability ueotor-, then as n+<x>

qll"q2
• = q,

~kJ
e" x +
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iohexe Q is a fixed probability ueetor independent of n

atz of iohose entries are positive.

This follows since from Theorem 4.2 we have that pn+ Q as n+oo •

This in turn implies that P n x + Qx = Q as n + 00 • D
Thus, for a regular'Markov process, the system eventually ap-

proaches a fixed state vector Q. The vector Q is called the steady-
state veator of the regular Markov chain.

For systems with many states,usually the most efficient t ech-
nique of computing the steady-state vector Q is simply to calculate
p n x for some large n. Our three exarnples illustrate this proce-
dure. Each is a regular Markov process, so that convergence to a
steady-state vector is assured. Another ~ay of computing the
s t eady=st ate vec tor is to milke use of the following theorem:

THEOREM 4.4 The steady-state veator Q of a regular
transition matrix P is the unique probability veator
ioh.icti satisfies the equation pQ = Q.

To see this, consider the matrix identity r r" =pn_+l By Theorem
4.1, both pn and pn+l approach Q as n +00. Thus we have PQ = Q. Any
one colurnn of this matrix equation gives pQ = Q. To show that Q is
the only probability vector which satisfies this equation, suppose
r is another probability vector such that Pr = r. Then also pn r = r
for n= 1,2,... Letting n+oo, Theorem 4.3 leads to Q= r.D

Theorem 4.4 may also be expressed by the statement that the
homogeneous linear system

(I-P)Q=O

has a unique vector solut ion Q such that ql + q2 + ••• + qk = 1. Let
us apply this technique to the computation of the steady-state vec-
tors for our three exarnples.

EXAMPLE 4,1 (REVISITED) In Exarnple 4.1, the transition matrix
was

p = [.8 .3J,
.2 .7

so that the linear system (I - P)Q = 0 is
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~.2 -.3J ~lJ = [OJ.t·2 .3 ~2 °
(4.2)

This leads to the single independent equation

.2ql-·3q2=0

or
ql = 1.5Q2·

Thus, setting q2=s, any solution of (4.2) is of the form Q=sri5J
where s is an arbitrary constant. To make Q a probability vector we
set s = 1/ (1. 5 + 1) = .4 . Consequently,

, Q = [::J
is the steady-state vector of this regular Markov process.iThis means
that over the long run, 60% of the alumni will give a donation in
any one year, and 40% will not. Observe that this agreeswith the
result obtained nurnerically in Exarnple 4.1.

EXAMPLE 4,2 (REVISITED) In Example 4.2, the transition matrix
was

[
8 .3 '2J

P = .1 .2 .6,

.1 .5 .2

so that the linear system (I - P) Q = 0 is

r'
2 -.3 - . 2J tll rOJ~.l _.8 -.6 Q2 = O.
.1 .5 .8 Q3 0

The reduced row-echelon form of the coefficient matrix is (verify)

[: °1
°

-34/1

J-14/13 ,

°
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so that the original linear system is equivalent to the system

ql = (34/13)q3

q2 = (14/13)q3

Setting q3 = e , any solution of the linear system is of the form

~4/l~
q = e C~lJ'

To make this a probability vector, we set s 1 Thus13
6134 +.!i+ 1

13 13
the steady-state vector of the system is

[
34/61J [. 5573"'J

q = 14/61 = .2295... .
13/61 .2131 ...

This agrees with the result obtained numerica1ly in Example 4.2.
The entries of qlgive the long-run probabilities that any one car
will be returned to location 1, 2, or 3 respeetively. If the ear
rental agency has a fleet of 1000 cars, it should thus design its
facilities so that there are at least 5581spaees at location 1, at
least 230 spaces at location 2, and at least 214'spaees at Io cat i.on
3.

EXAMPLE 4.3 (REVISITED) We shall not give the details of the
calcu1ations, but sha1l simply state that the unique probability
vector solution of the linear system (I - P) q = 0 is

3/28 .1071. ..
3/28 .1071. ..
3/28 .1071 ...

q = I 5/28 .1785 ...=
4/28 .1428 ...
3/28 .1071. ..
4/28 .1428 ...
3/28 .1071. ..

Markov Chains I 51

The entries in this vector indieate the proportion of time the offi-
cer spends at eaeh intersection over the long term. Thus, if the
objective is for hirn to spend the same proportion of time at each
intersection, then the strategy of random movement with equal prob-
abilities trom one intersection to another is not a good one. (See
Exercise 4.5.)

EXERCISES

4.1 For the transition matrix P = [:: :~J,
(a) calcu1ate x(n) for n = 1,2,3,4,5 if x(O) = DJ
(b) state why P is regular and find its steady-state vector.

4.2 For the transition matrix

'['2 .1 '7JP = .6 .4 .2,

.2 .5 .1

(a) caleulate x(l), x(2), and x(3.) to three decimal places if

,CO) = m
(b) state why P is regular and find its steady-state vector.

4.3 Find the steady-state vectors of the fo1lowing regular transi-
tion matrices:

[
1/3

(a) 2/3 f
l/3

(c) 1/3
1/3

1/2
o

1/2
1~4J
3/4

3/4J
1/4 [

.81
.19

.26J

.74(b)

4.4 Let P be the transition matrix

[
1/2 0J
1/2 i r

(a) Show that P is not regular. [OJ
(b) Show that as n inereases, pn x(O) approaches 1 for any

initial state.vector x(O).
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(e) What eonelusion of Theorem 4.3 is not valid fot the steady-
state veetor of this transitiortmatrix?

4.5 Ve ri fy that if P is a k x 7< regulart'tartsition inatrix all of
whose row sums are equal to one , then the en'tr'i.esof'its steady-
state veetor are all equal to l/k.

4.6 Show that the transition matrix

P.= [~2
1/2

l/~

l~J
1/2
1/2

o
is regular, and use Exereise 4.5 to find its steady~state vee-
tor.

4.7 John is either happy or sad. If he is happy one day, he is hap-
py the next day four times out of five. If he is sad one day,
he is sad the next day one time out of three. Over the long
term, what are the ehanees that John is happy on any givcn day?

4.8 A eountry is divided into three demographie regions. It is
found that each year 5% of the residents of region 1 move to re-
gion 2 and 5% move to region 3. Of the residents of region 2,
15% move to region 1 and 10% move to region 3. And of the resi-
dents of region 3, 10% move to region 1 and 5% move to region 2.
What pereentage of the population resides in eaeh of the three
regions after a long period of time?

Leontief
Economic Models

5

Two linear models for economic systems are

diseussed. Some results äbout nonnegative

matrices are applied to determine equili-

brium price structures and outputs necessary

to satisfy demand.

PREREB.UISITES: Linear systems
Matriees

INTRODUCTI ON

Matrix theory has been very suceessful in deseribing the in-
terrelations between priees, outputs, and demands in an eeonomie
system. In this chapter, we discuss some simple models based on the
ideas of the Nobel-laureate Wassily Leontief .. Two different, but
related, models are diseussed: the elosed, or input-output, model;
and the open, or produetion, model. In eaeh, we are given eertain
eeonomie parameters whieh deseribe the interrelations between the
"industries" in the eeonomy under eonsideration. Using matrix the-
ory, we then evaluate eertain other parameters, sueh as priees or
output levels, in order to satisfy a desired eeonomie objeetive. We
begin, in the next section, with the elosed model.
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LEONTIEF CLOSED (INPUT-OUTPUT) MODEL
We begin with a simple example, and then proceed to the general

theory of the model.

EXAMPLE 5.1 Three homeowners - a carpenter, an·electric.ian, and
a plumber - mutually agree to make repairs in their three hornes..
They agree to work a total of ten days each according to the follow-
ing schedule:

Work performed by
carpenter electrician plumber

Days of work in horne of carpenter Z 1 6
Days of work in horne of electrician 4 5 1
Days of work in horne of plumber 4 4 3

For tax purposes, they must report and pay each other a reasonable
daily wage, even for the work each does on his own horne. Their nor-
mal daily wages are in the $60- $80 range, but they agree to adjust
their respective daily wages so that each homeowner will come out
even; that is, so that the total amount paid out by each is the same
as the total amount each receives. Let us set

PI = daily wage of carpenter
Pz = daily wage of electrician
P3 = daily wage of plumber.

To satisfy the "equilibrium" condition that each homeowner comes out
even, we require that

total expenditures = total income

for each of the homeowners for the ten day period. For example, the
carpenter pays a total of ZPI + PZ + 6P3 for the repairs in his own
home , and receives a total income of 10Pl for the repairs.that he
performs on all three hornes. Equating these two expressions then
gives the first of the following three equations:

zPl + Pz + 6P3 = 10Pl
4Pl + 5PZ + P3 = 10PZ
4Pl + 4pz + 3P3 = 10P3 .
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The rema1n1ng. two equations are the equilibrium equatiohs for the
electrician and the plumber. Dividing these equations by ten and
rewriting them in matrix form yields

[
z .1 .61 r1] fPl].4 .5 .1 Pz = Pz .
.4 .4 .3 P3 P3

(5.1)

Equation (5.1) can be rewritten as a homogeneous system by subtract-
ing the lefthand side from the righthand side to obtain

[
,8 -.1 -.~ [PI] fOj~.4 _.5 -.1 Pz = 0 .

.4 .4 .7 P3 0

The solution of this homogeneous system is easily found to be
~~if~

l::l"'~J
where s is an arbitrary constant. This constant is a scale factor
which the homeowners may choose for their convenience. For example,
they may set s = Z so that the corresponding daily wages - $6Z, $64
and $72 - fall in the $60 -$80 range.-------This example illustrates the salient features of the Leontief
input-output model of a closed economy. In the basic equation
(5.1), each column sum of the coefficient matrix is one, correspond-
ing to the fact that each of the homeownßrs' "output" of labor is
completely distributed among these same homeowners in the propor-
tions given by the entries in the column. Our problem was to deter-
mine suitable "prices" for these outputs to put the system in equi-
librium; that is so that each homeowner's total expenditures equal
his total income.

In the general model, we have an economic system consisting of
a finite number of "industries", which we number as industries 1, Z,
... , k. Over some fixed period of time, each industry produces an
"output" of some good or service which is completely utilized in a
predetermined manner by the kindustries. An important problem is
to find suitable "prices" to be charged for these k outputs so that
for each industry total expenditures equal total income. Such a
price structure represents an equilibrium position for the economy.



56 I Leontief ModeI s

For the fixed time period in question, let us set

p.
i:

price charged by the ith industry for its total output,

e ..
'-J

fraction of the total output of the jth industry pur-
chased by the ith industry.

for i,j=l, 2, ••• ,k. By definition, we have

(i)
(H)

(d.i i )

Pi~O, i=1,2, ,k.
eij ~ 0, i, j = 1, 2, , k .
e .+ e .+ ••• '+ e = 1 . = 1 2 klJ 2J kj' J " ••• , .

With these quantities, we form the price vector

P =

Pk

PI

P2

and the exchange or input-output matrix

E

ek1 ek2••• ekk

ell e12••• elk
e2l e22••• e2k

Condition(iii) above expresses the fact that all of the column sums
of the exchange matrix are one.

As in the example, in order that the expenditures of each in-
dustry be equal to its income, the following matrix equation must be
satisfied (see (5.1)):

Et: = P (5.2)

or
(I-E)p=O. (5.3)

Equation (5.3) is a homogeneous linear system for the price vector
P. It will have a nontrivial solution if and only if the determi-
nant of its coefficient matrix I- E is zero. In Exercise 5.6 we ask
the reader to show that this is the case for any exchange matrix E.
Thus, (5.3) always has nontrivial solutions for the price vector P.
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Actually, for our economic model to make sense we need more
than just the fact that (5.3) has nontrivial solutions for P. We
also need that the prices Pi of the k outputs are nonnegative num-
bers. We express this condition as P' > O. (In general, if A is any
vector or matr Lx, the notation A..:: 0 means that every entry of A is
nonnegative, and the notation A> 0 means that every entry of A is
positive. Similarly, A>B denotes A-B>O, andA>B denotes
A - B > 0.) To show that (5.3) has a nontri vial solution for which
P > 0 is a bit more difficult than showing merely that sQme nontriv-
iäl solution exists. But it is true, and we state this fact without
proof in the following theorem:

THEOREM 5.1 If E is an exchange matmioi, then EP = P
always has a nontrivial solution P whose entries are
nonnegative.

Let us consider a few simple examples of this theorem.

EXAMPLE 5.2
Let

E 0 C/2 J1/2

Then (I - E) P = 0 is

[ 1/2 :]~:J0 ~J-1/2

which has the general solution

P = s [~l
where s is an arbitrary constant. We then have nontrivial solutions
P > 0 for any s > O.

EXAMPLE 5.3
Let

E = G ~J
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Then CI-E)p=O has the general solution

P = s [~] + t [~].

where sand t are independent arbitrary constants. Nontrivial solu-
tions p > 0 then resul t from any s ~ 0 and t ~ 0, not both zero.

• • •
Example 5.2 indicates that in some situations one of the prices

must be zero in order to satisfy the equilibrium condition. Exam-
pIe 5.3 indicates that there may be several linearly independent
price structures available. Neither of these situations describes a
truly interdependent economic structure. The following theorem
gives sufficient conditions for both cases to be excluded.

THEOREM 5.2 Let E be an exchange matrix such that for

some positive integer m, all of the entries of ~ are

positive. Then there is exactly one linearly indepen-

dent solution of (I-E)p=O, and it may be choeen So

that al.l: of its entries are positive.

We shall not give a proof of this theorem. The reader who has read
Chapter 4 on Markov Chains may observe that this theorem is essen-
tially the same as Theorem 4.3. What we are calling exchange matri-
ces in this chapter were called transition or Markov matrices in
Chapter 4.

EXAMPLE 5.4 The exchange matrix in Example 5.1 was

[
,2 .1 '6J

E = .4 .5 .1.
.4 .4 .3

Since E> 0, the condi tion Ern> 0 in Theorem 5.2 is satisfied for
m = 1. Consequently, we are guaranteed that there is exactly one
linearly independent soluticn to CI - E)p = 0, and it may be chosen so
that p » O. In that examp le, we found that

'" [:~
is such a solution.
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LEONTIEF OPEN (PRODUCTION) MODEL
In contrast with the closed model in which the outputs of k

industries are distributed only among themselves, the open model
attempts 'tosatisfy an outs ide demand for the output s, Portions of
these outputs may still be distributed among the industries them-
selves, to keep them operating, but there is to be some excess, some
net production, with which to satisfy the outside demand. In the
closed model, the outputs of the industries were fixed, and our ob-
jective was to determine prices for these outputs so that the equi-
Li.bri.um condition, that expenditures equal incomes, was satisfied.
In the open model, it,is the prices which are fixed, /and our objec-
tiv~ will be to determine levels of the outputs of the industries
needed to satisfy the outside demand. We shall measure the levels
of the outputs in terms of their economic va lues using the fixed
prices. To be precise; over some fixed period of time let

xi = monetary value of the total output of the ith industry,

di = monetary value of the output of the ith industry needed
to satisfy the ou~side demand,

c ..1.-J monetary value of the output of the ith industry needed
by the jth industry to produce one unit of monetary
value of its own output.

With these quantities, we define the production vector

xl ( ,Ix2

x = I :
xk

'- -
1 the demand vector

~
dl
d2

d = I :
-dl<,.

and the consumption matrix
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c

°kl °k2 ••• °kk

... alk

°2k
°11

°21
°12
°22

By their nature, we have that
x .::0, d .::0, and C.:: 0 •

From the definition of 0 •. and x., it can be seen that the quantity
1.-J J

°ilXl + 0ir2 +- ••• + °ikxk

is the value of the output of the ith industry needed by all k in-
dustries to produce a total output specified by the production vec-
tor x. Since this quantity is simply the ith entry of the column
vector Cx, we ean further say that the ith entry of the eolumn vec-
tor

x - Cx

is the value of the excessoutput of the ith industry available to
satisfy the outside demand. The value of the outside demand for the
output of the ith industry is the ith entry of the demand vector d.
Consequently, we are led to the following equation

x - Cx = d

or
(I-C)x=d (5.4)

for the demand to be exactlymet, without any surpluses or short-
ages. Thus, given C and d, our objective is to find a production
vector x.::Owhieh satisfies Equation (5.4).

EXAMPLE 5.5 A town has three main industries: a coal-mining oper-
ation, an electrie power generating plant, and a loeal railroad. To
mine $1 of eoal, the mining operation must purchase $.25 of electri-
city to run its equipment and $.25 of transportation for its ship-
ping needs. To produce.$l of eleetricity, the generating plant re-
quires $.65 of eoal for fuel, $.05 of its own electricity to run
auxilliary equipment, and $.05 of transportation. To provide $1 of
transportation, the railroad requires $.55 of eoal for fuel, and$.IO
of electrieity for its auxilliary equipment. In a certain week, the
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eoal-mining operation reeeives orders for $50,000 of coal from out-
side the town, and the generating plant receives orders for $25,000
of eleetricity from outside c Th-ere is no outside demand for the
local railroad. How much must eaeh of the three industries produce
in that week to exaetly'satisfy their own demand and the outside de-
mand?

SOLUTION
For the one week period, let

Xl = value of total output of coal-mining operation,
x2 = value of total output of power generating plant,
x3 = value of total putput of local railroad.

From the information supplied, the consumption matrix of the system
is

C = r. ~5
l·25

.65

.05

.05

.55l

.1~J
The linear system (I - C) x = d is then

roo -.65
-'S~ lX~ lSO'OOO]-.25 .95 -.10 x2 = 25,000.

-.25 -.05 1.00 x3 0

The eoefficient matrix on the left is invertible,.and the solution
is given by

[

756 542
x = CI - C)-ld = 5~3 220690

200 170

470] ~O'OOO] [102,087J190 25,000 = 56,163.
630 ° 28,330

Thus, the total output of the coal-mining operation should be
$102,087, the total output of the power generating plant should be
$56,163, and the total output of the railroad should be $28,330.-----Let us reconsider Eq. (5.4):

(I - C) x = d .

If the square matrix I- C is invertible, we may write
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-1x=(I-C) d. (5.5)

In add.iti.on, if the matrix CI - C)-l has only nonnegative entries,
then we are guar arrte ed that for any d > 0, Eq. (5.5) determines a (
unique nonnegative s oLution for x. This is a particularly desirable
situatä on since it means that any outside demarid can be met. The
terminology used to describe this case is given in the following
definition:

DEFINITION 5.1 A ooneump t.ion matrix C is said to be

productive if (I-Cr1 exi.et:e and (I- Cr1 > o.

We sha Il now consider some simple' criteria which will guarantee th~t
a co nsump t'i.onmatrix is productive. The first is given in the fo l>
lowing theorem:

THEOREM5.3 A conswnption matrix C is productive if

and only if there is some production uector x > 0 such

that x > Cx.

(The proof is outlined in Exercise 5.8.) The condition x > C:~ means
that there is some production schedule possible such that each
industry produces more than it consumes.

Theorem 5.3 has two interesting corollaries. Suppose all of
the row sums of C are less than one. Then if

,·m
Cx is a column vector whose entries are these row sums. Thus
x'> Cx, a nd the condition of Theorem 5.3 i.s satisfied. We state this
as

liE------------------------------------------------------------~'1
COROLLARY 5.1 A conswnption matrix is productive if

each of its row swns is less than one.
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As we ask the reader to show in Exercise 5.7, this corollary leads
to

COROLLARY 5.2 A ~onswnption matrix is productive if

each of its column swns'is less than one.

Recalling the definition of the entries of the consumption matrix C,
we see that the jth column sum of C is the total value of the out-
puts of all kindustries needed to produce one unit of value of out-
put of the jth industry. The jth Indus try is thus said to be prof-
itable if that jth column sum is less than one. In other words,
Corollary 5.2 says that a consumption matrix is productive if all k
industries in the economi.csystem are profitable.

EXAMPLE 5.6 The consumption matrix in Example 5.5 was

c{~s .65 s~.05 .10 .
.25 .05 0

All three column sums in this matrix are less than one, and so all
three industries are profitable. Consequently, by Corollary 5.2,
the consurnption matrix C is productive. This can also be 3een
in the calculations in Example 5.5 since (I - C) -1 is nonnegative.

EXERCISES
5.1 For the following exchang e matrices, find nonnegative price vec-

tors which sa t isfy the equil ibrium condition (5.3).

e/2 l/~J [/2 0
l/~ l3S .50 .3~(a) 1/2 2/3 (b) 1/3 0 1/2 (c) .25 .20 .30

1/6 1 0 .40 .30 .40
5.2 Using Theorem 5.3 and its corollaries, show that each of the

following consumption matrices is productive.

(a) [8 .1J
.3 .6

[

70

(b) . 20
.05

.30 25].40 .25

.15 .25

'I.,

[
7 .3 ,2]

(c) .1 .4 .3
.2 .4 .1
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5.3 Using Theorem 5.2, show that there is on1y one linear1y mdepen-
dent price vector for the closed economic system with exchange
matrix

E
[

0 .2 .5l
1 .2 .5.

o .6 0

5.4 Three neighbors have backyard vegetable gardens. Neighbor A
grows tomatoes,neighbor B grows corn, and neighbor C grows 1et-
tuce. They agree to divide their crops among themse1ves as fol-
lows: A gets 1/2 of the tomatoes, 1/3 of the corn, and 1/4 of
the lettuce. B gets 1/3 of the tomatoes, 1/3 of the corn~ and
1/4 of the 1ettuce. C g~ts 1/6 of the tomatoes, 1/3 of the
corn, and 1/2 of the lettuce .. What prices should the neighbors
assign to their respective crops if the equi1ibrium condition of
a closed economy is to be satisfied, and if the lowest-priced
crop is to have a price of $100?

5.5 Three engineers -- a civi1 engineer (CE), an electrical engin-
eer (EE), and a mechanical engineer (ME) -- each have a consult-
ing firm. The consulting they do is of a multidisciplinary
nature, and so they buy a portion of each others' services.
For each $1 of consulting the CE does, he buys $.10 of the EE's
services and $.30 of the ME's services. For each $1 of consult-
ing the EE does, he buys $.20 of the CE's services and $.40 of
the ME's services. And for each $1 of consulting the ME does,
he buys $.30 of the CE's services and $.40 of the EE's services.
In a certain week, the CE receives outside consulting orders of
$500, the EE receives outside consu1ting orders of $700, and the
ME receives outside consulting orders of $600. What dollar
amount of consulting does each engineer perform in that week?

5.6 Using the fact that the co1umn sums of an exchange matrix E are
all one, show that the co1umn sums of I - E are zero. From this,
show that I - E has zero determinant, and so (I - E) P = 0 has non-
trivialsolutions for P.

5.7 Show that Corollary 5.2 follows from Corol1ary 5.1. Hint: use
the fact that (A t)-l = (A-l)t for any invertib1e matrix A.

5.8 Prove Theorem 5.3 as follows:

I. Prove the "on1y if" part of theorem; i.e. show that if C is a
productive consumption matrix, then there is a vector x > 0
such that x > Cx.
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II. Prove the "if" part of theorem as follows:

Step 1. Show that if there is a vector x* > 0 such that
Cx*<x*,thenx*>O. -

Step 2. Show that there is a number /.,such that 0< /.,< 1 and
Cx* < /"x*.

Step 3. Show that Cnx*</.,nx* for n=l, 2,....
n .Step 4. Show that C +O as n+oo•

Step 5. By direct verification, show that
2 n-1 n(I - C) (I + C + C + ••• + C ) = I - C .

for n=l, 2,....
Step 6. By letting n+oo in step 5, show that the matrix in-

finite sum

S=I+C+C2+ ••

exists and that (I - C)S = I.
-1Step 7. Show that S ~ 0 and that S = (I - C) .

Step 8. Conc1udefrom Definition 5.1 that C is a productive
consumption matrix.
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Forest Management

A matrix modeZ for the management of a forest

whose trees are grouped into height cZasses
is presented. The optimaZ sustainabZe yieZd

of a periodic harvest is caZcuZated when the

trees of different height classes can have

different economic vaZues.

PREREQUISITES: Matrix multiplication and addition

INTRODUCTION

In this chapt er, we shall introduce a simplified model for the
sustainable harvesting of a forest whose trees are classified by
height. The lreight of a tree is assumed to determine its economic
value when it is cut down and sold. Initially, there is a distribu-
tion of trees of various heights. The forest is then allowed to
grow for a certain period of time, after which some of ~he trees of
various heights are harvested. But the trees left unharvested are
to be of the same height configuration as the original forest, so
that the harvest is sustainable. As we shall see, there are many
such sustainable harvesting procedures. We want to find one for
which the total economic value of all the trees removed is as large
as possible. This determines the optimal sustainable yield of the
forest, and is the largest yield which can be attained continually
without depleting the forest.

67
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THE MODEL
Suppose a harvester has a forest of Douglas fir trees which he

wants to sell'as Christmas trees year \ifteryear. Every Deeember
he cuts down some of the trees to be .soId .. For each tree he euts
down, he plants a seedling in its place. In this way, the total
number of trees in the forest is always the same. (Inthis simpli-
fied model, we,shall not take into aceount trees whieh die between
harvests. We assume that every seedling planted survives and grows
until it is harvested.)

In the market place, trees of different heights have different
economic values. Suppose there are n different priee classes cor-
responding to certain height intervals as foliows:

Class Value in Height
Dollars Interval

1 (seedlings) none [0, h1}

2 P? [hp h?)

3 P3 [h2, h3)

· · ·· · ·· · ·
n-l Pn-l [hn_2, hn_l)

n Pn [hn_l, (0)

Q)
Q)
f-<
E-
4-<
o•..
~
'H
Q)
::r::

: : ~: ~~,~~~~::::::w.".'~~~'~,:",=:~'~:~~M':':~~:~::~~"

h 3 ..w.w.w.w.w

h 2 "•.""..,.,w w""." ".M.w,,··············...oo·..····1w.w ..·..m.·'.·w wno.·.·.·..wm.·".·
• • •

h~~~:~~~~.:.:i:~~~~~i'.·~.'~~.oo...W."'NN."..'W__..
° P2 P3 Pn-l Pn

Va1ue of Tree
Fil!ure 6.1
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The first elass consists of seedlings with heights in the interval
[0, hl) , and these seedlings are of no eeonomic value. The n-th
class eonsists of trees with heights greater than or equal to hn-l.Let xi (i = 1, 2, ...,n) be the number of trees wi thin the i-th
class whieh remain after each harvest. We form a colurnn vector with
these nurnbers

x

Xn

Xl
x2

and eall it the nonharvest vector. For a sustainable harvesting
poliey, the forest is to be returned after each harvest to the fixed
eonfiguration given by the nonharvest vector x. Part of our problem
will be to find those nonharvest vectors x for which sustainab1e
harvesting is possible.

Since the totalnumber of trees in the forest is fixed, let us
set

X +x +'''+X =sI 2 n (6.1)

where 8 is predeterrnined by the amount of land avai1ab1e and the
amount of space each tree requires. Referring to Fig. 6.2, we have
the following situation: The forest configuration is given by the
vector x after each harvest. Between harvests, the trees grow and
produee a new forest configuration before each harvest. A certain
number of trees are removed from each elass at the harvest. Final-
ly, a seedling is planted in place of each tree removed, to return
the forest again to the configuration x.

Let us first consider the growth of the forest between har-
vests. During this period, a tree in the i-th class may grow and
move up to a higher 'height class. Or its growth may be retarded for
some reason, and it will remain in the same class. We consequently
define the following growth parameters, gi' for i = 1,2, ..., n-l:

g, = the fraction of trees in the i-th class that grow into
~ the (i + 1)-st class during a growth period .

For simplicity, we shall assume that a tree can move at most one
height class upward in one growth period. With this assumption we
have

I-gi the fraetion of trees in the i-th elass that remain in
the i-th class during a growth period.
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hU 'I'r eesRemoved

duddtl AAR%ST tUJ! I IJ
Forest after Growtn Trees not Removed

M . '6'-1)

+!~l+d+l~n:'~:~~i~!tu+b~~+l
Forest before Growth
(nonha rves t vector x)

Forest after Harvest
(nonharvest vector x)

Fi~ure 6.2

Wi th these n - 1 growth parameters, we form the following n x n
[frowth matrix:

(6.2)

I-gI 0 0 ... 0

gl l-[f2 0 ... 0

0 g2 1-[f3 ... 0

G

o
o

o
o

o
o

1-gn_1

[fn-l

o
1

Since the entries of the vector x are the nurnbers of trees in the n
classes before the growth period, the reader can verify that the
entries of the vector
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Gx

gn-2xn-2 + (1 - gn-l)xn-l
g x +x
n-l n-l n

(1 - [fl)xl
[flxl+ (1 - (2)x2
g2x2+ (1-g3)x3

(6.3)

are the numbers of trees in the n classes after the growth period.
Suppose dur ing the harvest we remove y. (i = 1, 2, ... , n) trees

from the i-th class. We shall call the co1frmn vector

y

Yn

Y1

Y2

the harvest vector. Thus, a total of

Yl+Y2+····+Yn

trees are removed at each harvest. This is also the total nurnber of
trees added to the first class (the new seedlings) after each har-
vest. If we define the following n x n rep l-acement: matrix

R {j 1 1 ... 1

J
0 0 ... 0
· . ·· ·· . ·
0 0 ... 0

then the column vector
r-

Yl +Y2+'" +Yn
0

Ry = I
0

(6.4)

(6.5)

o

specifies the configuration of trees planted after each harvest.
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At this point, we are ready to write the fo11owing eqvation
whieh eharaeterizes a sustainab1e harvesting po1iey:

(
eonfiguratiOn)

at end of -
growth period (harvest) + (new seedling) _ (eonfi?ur~tion)rep1aeement - at~beg.inni.ng of

growth period

or mathematiea11y

Gx - y + RY = X.

This equation ean be rewritten as

CI - R) Y =: (G - I) x , (6.6)

or, more fu11y,

0 -1 -1 ••• -1 -li~11 r-
g1 0 0 ... 0 0 Xl

0 1 0 ·.. 0 o Y2 gl -g2 0 ... 0 0 X2
0 0 1 ·.. 0 o Y3 = 0 g2 -g3 ••• 0 0 X3

···0 0 0 ·.. 1
~ 11::-1

1 1 ~

0 0 ••• -gn-1
~ 11=:-10 0 0 ·.. 0 0 0 ...

gn-1

We sha11 refer to Eq. (6.6) as the sustainable harvesting condition.
Any veetors x and Y with nonnegative entries, and such that
xl + x2 + ••• +xn = e , whieh satisfy this matrix equation determine a
sustainab1e harvesting policyfor the fotest. Let us note that if
Y1> 0, then the harvester is removing seedlings, of no eeonomie va t-
ue, and then replaeing them with new seed1ings. Sinee there is no
point in doing this, we sha1l assume

Yl = o.

With this assumption, it may be verified that (6.6) is the matrix
form of the following set of equations:

(6.7)
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Y2+Y3+'''+Yn
Y2
Y3

= glxl

= glx1 - g2x2

= gr2 - g3x3

(6.8)

Yn-1
Yn

gn-2xn-2 - gn-1xn_l

= gn-1xn-1'

Notiee that the first of Eqs. (6.8) is the sum of the r ema i.ni.ng n- 1equations. '
Since we must have y. > 0 fo r i = 2,3, ... , n , Eqs. (6.8) requirethat 'l--

glx1 ~g2x2~ •• ; ~gn-1xn-l ~ O. (6.9)

Converse1y, if x is a eo1umn veetor with nonnegative entries whieh
satisfy Eq. (6.9), then Eqs. (6.7) and (6.8) define a co1umn vector
Y with nonnegative entries. Furthermore, x and Y then satisfy the
sustainab1e harvesting condition (6.6). In other words, a neeessary
and suffieient eondition that a nonnegative co1umn vector x deter-
mine a forest eonfiguration whieh is capab1e of sustainab1e harvest-
ing is that its entries satisfy (6,.9).

OPTIMAL SUSTAINABLE YIELD
Sinee we remove Yi trees from the i-th c1ass (i = 2, 3, ... , n)

and since eaeh tree in the i-th e1ass has an eeonomie va1ue of Pi,
the total yie1d of the harvest, Yld, is given by

sts = P2Y2+P3Y3+'" +PJfn' (6.10)

Using (6.8), we may substitute for the Yi's in (6.10) to obtain

Yld = PP1x1 + (P3-P2)g2x2+'" + (Pn-Pn-1)gn-1xn-1' (6.11)

Combining Eqs. (6.11), (6.1), and (6.9), we may now state the
problem of maximizing the yie1d of the forest over all possib1e sus-
tainab1e harvesting po1icies as
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Problem Find nonnegative xl' x2"'" xn which maximize

tu: = P2glxl + (P3 - P2)g2x2 + .•• + (Pn - Pn-l)gn-lx n-L

subject to

X+X+"'+X=s1 2 n
and

"i": ~g2x2 ~ ••• ~gn-lxn-l ~ O.

As formu1ated above, this problem be10ngs to the fie1d of Linear
Programming. (See Chapter 13 for an introduction to this fie1d.)
Howeve r , we shall onfy need the following resu1 t from Linear Pro-
gramming theory applied to this problem:

The optimal sustainable yield is achieved by harvesting
al.l: of the tireee from one part ioular height o laee and

none of the trees from any other height class.

Below, we prove this result without Linear Programming theory by
actually exhibiting such a sustainable harvesting policy.

Let us first set

Yldk = yield obtained by harvesting all of the k-th
class and none of the other classes.

The largest
sustainable
class which
sustainable
have

value of Yldk for k = 2, 3, ..., n will then be the optimal
yield, and the corresponding value of k will be the
should be completely harvested to attain the optimal
yie1d. Since no class but the k-th is harvested, we

Y2=Y3='''=Yk-l=Yk+l ="·=Yn=O. (6.12)

In addition, since all of the k-th c1ass is harvested, no trees are
1eft unharvested in the k-th c1ass, and no trees are ever present in
the height classes above the k-th class. Thus,
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Xk = xk+ 1 = ••• = xn = O. (6.13)

Substitution of (6.12) and (6.13) into the sustainable harvesting
condition (6.8) then gives

Yk=glxl
o =glx1-g2x2
o =,g2x2 - g3x3

(6.14)

o = gk-2xk-2 - gk-1xk-1
Yk = gk-1xk-1'

Equations (6.14) mayaiso be written as

Yk=glx1 =g2x2='" =gk-1xk-l' (6.15)

from which it fol1ows that

X2=glX1/g2
x3 = glxI/g3

(6.16)

Xk_l = glx/gk_l'

If we substitute Eqs. (6.13) and (6:16) into (6.1),

Xl +x2 +.•• +xn = e ,

we may solve for xl and obtain

s
Xl (6.17)gl gl gl

1+-+-+ .. ·+--
g2 g3 gk-l

.Fo r the yield Yldk, we combine Eqs. (6.10), (6.12), (6.15) and
(6.17) to obtain
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Yld =py +py +"'+pyk 2 2 3 3 n n
= PkYk

= Pkg lXI

Pk8

111-+-+ ..• +--
gl g2 gk-1

(6.18)

Equation (6.18) determines Yldk in terms of the known growth and
economic parameters for any k = 2, 3, ...,n. Thus, the optimal sus-
tainable yie1d is found as foliows:

THEOREM 6.1 The optimal 8u8tainable yield i8 the large8t

value of

Pk8

l' 1 T"-+-+ ...+--
gl g2 gk-l

for k = 2, 3,."" n. The cor-reepondi.nq value of k ie the
number of the cla88 which i8 completely ha.r>ve8ted.

In Exercise (6.4), we ask the reader to show that the nonharvest
vector x for the optimal sustainab1e yie1d is

8
X = 1 1 1-+-+ ••• +--

gl' g2 gk-l

o

l/g1

1/g2

(6.19)1/gk_1
o
o

Theorem 6.1 imp1ies that it is not necessari1y the highest-
priced class of trees which shou1d be totally_cropped. The growth
parameters, gi, must also be taken into account to determine the
optimal sustainab1e yield.

Fores t ~1anali!ement/ 77

EXAMPLE 6.1 For a Scots Pine forest in Scot1and with a growth
period of six years, the fo110wing growth matrix was found (M. B.
Usher, "A Matrix Approach to the Management of Renewab1e Resources,
with Special Ref erence v to Se1ection Forests," Journal of Applied
Ecology, Vol. 3, 1966, pages 355,-367):

.72 0 0 0 0 0

.28 .69 0 0 0 0
G = I 0 .31 .75 0 0 0

0 0 .25 .77 0 0
0 0 0 .23 .63 0
0 0 0 0 .37 1.00

Suppose the prices of trees in the five tallest height classes are

P2 = $50, P3 = $100, P4 = $150, P5 = $200, P6 = $250.

Which class shou1d be comp1ete1y harvested to obtain the optimal
sustainab1e yield, and what is the yie1d?

SOLUTION From the matrix G we have that

gl=·28, g2=,31, g3=·25, g4=·23, g5=.37.

Equation (6.18) then gives

Yld2

Yld3

Yld4

Yld5

Yld6

-1508/(.28 ) = 14.08
-1 -11008/(.28 + .31 ) = 14.78
-1 -1 -11508/(.28 + .31 + .25 ) = 13.98
-1 -1 -1 -12008/(.28 + .31 + .25 + .23 ) = 13.2s
-1 -1 -1 -1 -1250s/(.28 +.31 +.25 +.23 +.37 ) 14.Os.

We see that Yld3 is the largest of these five quantltles, so from
Theorem 6.1 the third c1ass should be completely harvested every
six years to m~ximize the sustainable yie1d. The corresponding op-
timal sustainab1e yie1d is $14.7s, where s is the total number of
trees in the forest.
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EXERCisES
6.1 A eertain forest is divided into three height elasses and has a

growth matrix between harvests given by

. [i/2
G = 1/2

o

o
1/3
2/3 n

If the priee of trees in the seeond elass is $30 and the priee
of trees in the third elass is $50, whieh elass should be eom-
~~etely barvested to attain the optimal sustainable yield?
What is the optimal yield if there are 1,000 trees in the for-
est?

6.2 In Example 6.1, to what level must the priee of trees in the
fifth elass rise so that elass is the one to eompletely harvest
in order to attain the optimal sustainable yield?

6.3 In'Example 6.1, what must the ratio of the priees P2 : P3 : P 4 :
PS: P6 be in order that the yields Y~dk' k= 2,3,4,5,6, all be
the same? .(In this ease, any sustainable harvesting poliey will
produee the same optimal sustainable yield.)

6.4 Derive Eq. (6.19) for the nohharvest veetor x eorresponding to
the optimal sustainable harvestifig poliey deseribed in Theorem
6.1.

6.5 For the optimal sust ai.nabl.eharves ti.ngpoliey deseribed in The-
orem 6.1, how many trees are removed früm the forest during eaeh
harvest?

6.6 If all of the growth parameters gi; g1l: .. gn-l in the growth ma-
trix Gare equal, what shou ld the r'atio of the priees P

2
: P

3
:

... : p he in order that any sustainable harvesting poliey ben
an optimal sustaihable harvesting poliey? (See Exereise 6.3.)

.Equilibrium
Temperature
Distributions

7

The ~qui~ibrium temperature distribution

within a trapezoida~ plate is found when the

temperature around the edges of the p~ate is

specified. The prob~em is reduced to solving

a Zinear system of equations and an iterative

technique for soZving the system is described.

A "random walk" approach to the problem is

also discussed.

PREREQUISITES: Linear systems
Matriees
Intuitive understanding of limits

INTRODUCTION
Suppose we are given a thin trapezoidal plate (Fig. 7.l(a)),

whose two faees are insulated from heat. Suppose we are also given
the temperature along the four edges of the plate. For example, let
the temperature be eonstant on eaeh edge with values of 0°, 0°, 1°,
and 2°, as in the diagram. After aperiod of time, the temperature

f inside the plate will stabilize. Our objeetive in this ehapter is
"II 79



80 I Temperature Distributions

o
N

Cb)

2

0,00

Q)
H
;:l...,
eil
H
Q)

~E-<

2.00

1.00

Fi~ure 7.1

to determine this equilibrium temperature distribution,at the points
inside the plate. As we shall see, the interior equilibrium temper-
ature is completely determined by the boundary data, that is, the
temperature along the edges of the plate.

The equilibrium temperature distribution can be visualized by
the use of curves which connect points of equal temperature. Such
curves are called isotherms of the temperature distribution. In
Fig. 7.lCb) we have sketched a few isotherms using information we
derive later in the chapter.

Though all of our calculations will be for the trapezoidal
plate illustrated, our techniques generalize easily to a plate of
any shape. They also generalize to the problem of finding the tem-
perature within a three-dimensional body. In fact, our "plate"
could be the cross-section of some solid object if the flow of heat
perpendicular to the cross-sectlon is negligible. For example,
Fig. 7.1 could represent the cross-section of a long 'dam. Thedam
is exposed to three different temperatures: the temperature of the
ground at its base, the temperature of the water on one side, and
the temperature of the air on the other side. A knowledge of the
temperature distribution inside the dam is necessary to determine
the thermal stresses which it is subjected to.

In the next section, we begin with a certain thermodynamic
principle which characterizes the temperature distribution we are
seeking.
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THE MEAN - VALUE PROPERTY .
There are many different ways to obtain a mathematical model

for our problem. The approach we shall use is based on the follow-
ing property of equilibrium temperature distributions:

The Mean - Va I ue .Prcc er tv

Let a pZate be in thermaZ equi-

Zibrium and' Zet P be a point

inside the pZate. Then if C is

any circZe with center at P
which il$compZeteZy contained

in the pZateJ the temperature

at P is the average vaZue of

the temperature on the circZe.
Fi~ure 7.2

This property is a consequence of certain basic laws of molecular
motion and we shall not attempt to detive it. Basically, this prop-
erty states that in equilibrium thermal energy tends to distribute
itself as evenly as possible consistent with the boundary conditions.
It can be shown that the mean - value property uniquely determines
the equilibrium temperature distribution of a plate.

Unfortunately, the determination of the equilibrium temperature
distribution from the mean - value property is not an easy matter.
However, if we restrict ourselves to finding the temperature only at
a finite set of points within the plate, the problem can be reduced
to solving a linear system. We shall pursue this idea in the next
section.

DISCRETE FORMULATION OF THE PROBLEM
Let us overlay our,trapezoidal plate with a succession of finer

and finer square nets or meshes CFig. 7.3). In Ca) we have a rather
course net; in Cb) we have a net with half the spacing as in Ca);
and in Cc) we have a net with the spacing again reduced by half.
The points of intersection of the net lines are called mesh points.
We classify them as boundary mesh points if they fall on the bound-
ary of the plate or interior mesh points if they lie in the interior
of the plate. For. the three net spacings we have chosen, there are
1, 9, and 49 interior mesh points respectively.
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z

z

z

1 1 1
1 Interior Meshpoint

(a)

o

1 1 1 1 I 1 111 1 1 I 1 1
9 Interior Meshpoints 49 Interior Mesbpoints

(b) (c)

In the discreteformulation of our problem, we try to find the
temperature only at the interior mesh points of some particular net.
For a rather fine net, such as in (c), this will provide an excel-
lent picture of the temperature distribution throughout the entire
plate.

At the boundary mesh points, the temperature is given by the
boundary data. (In Fig. 7.3 we have labeled all of the boundary
mesh points with their corresponding temperatures.) At the interior
mesh points, we shall apply the following discrete version of the
mean - va Iue property:

Fü!ure 7.3

Discrete Mean - Va Iue Pruo e r tv

At each interior mesh point, the temperature is the aver-

age of the temperatures at the four neighboring mesh points.

This discrete version is a reasonable approximation to the true
mean - value property. But since it is only an approximation, it
will provide only an approximation to the true temperatures at the
interior mesh points. However, the approximations will get better
as the mesh spacing decreases. In fact, as the mesh spacing ap-
proaches zero, the approximations approach the exact temperature
distribution, a fact proved in advanced courses in Numerical
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Analysis. We shall illustrate this convergence by computing the
approximate temperatures at the mesh points for the three mesh spac-
ings given in Fig. 7.3.

Case (a) of Fig. 7.3 is quite simple since there is only one
interior mesh point. If we let to be the temperature at this mesh
point, the dlscrete mean - value 'property immediately gives

to = J,. (Z + 1 + 0 + 0) = . 7S.

In case (b), let us label the temperatures at the nine interior
mesh po ints.vsj , tz, ... , tg, as in Fig. 7.3(b). (The particular or-
dering is not important.) By applying the discrete mean - value
property successively to each of these nine mesh points, we obtain
the following nine equations:

tl = J,. (tz + Z + 0 + 0)
t = J,. (t + t + t + 2)2 1 3 4
t3 = J,. (tz + ts + 0 + 0)
t4=J,.(tZ+tS+t7+ 2)
t = J,. (t + t + t + t ) (7.1)S 3 4 6 g
t6 = J,. (ts + tg + 0 + 0)
t7 = J,. (t4 + tg + 1 + 2)
tg = J,. (ts + t7 + tg + 1)
tg = J,. (t6 + tg + 1 + 0)

This is a linear system of nine equations in nine unknowns. We may
rewrite it in matrix form as

t = Mt + b (7.Z)
where

~ J,. 1/2tl 0 0 0 0 0 0 0 0
t2

J,. 0 J,. J,. 0 0 0 0 0 1/2
t3 0 J,. 0 0 J,. 0 0 0 0 0
t4 0 J,. 0 0 J,. 0 J,. 0 0 1/2

t = I ts ' M = 0 0 J,. J,. 0 J,. 0 J,. o , b = 0
t6 0 0 0 0 J,. 0 0 0 J,. 0
t7 0 0 0 J,. 0 0 0 J,. 0 3/4
tg 0 0 0 0 J,. 0 J,. 0 J,. 1/4
tg 0 0 0 0 0 J,. 0 J,. 0 1/4
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To solve Eq. (7.2), let us
write it as

(I - M) t = b.

The solution for t is thus
-1t = (I -M) b (7.3)

2
as Long as the matrix CI - M)
is invertible. This is indeed
the ease, 'and the solution for
t as cal.cuIat ed by (7.3) is 2

0.7846
1.1383
0.4719
1.2967

t =1 0.7491
0.3265
1.2995
0.9014
0.5570

Fieure 7.4

2

(7.4) 2

1 1 11

Figure 7.4 is a diagram of the plate with the nine interior mesh
points labeled with their temperatures as given by this solution.

For ease (e) of Fig. 7.3, we repeat this same procedure. We
label the temperatures at the 49 interior mesh points as tl' t2'·.·
t49 in some manner. For example, we may begin at the top of the
plate and proceed from left to right along each row of mesh points.
Applying the discrete mean - value property to each mesh point gives
a linear system of 49 equations in 49 unknowns:

tl = 1;, (t2 + 2 + 0 + 0)

t
2

= 1;, (tl + t3 + t 4 + 2)
(7.5)

t48=1;,(t41 +t
47

+t
49

+1)

t49=1;,(t42+t48+ 0 +1)

o

o

1
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In matrix form, Eqs. (7.5) are

t = Mt + b

wh ere t and bare column vectors with 49 entries and M is a 49 x 49
matrix. As in (7.3), the solution for t is

-1t = (I -M) b. (7.6)

In Fig. 7.5 we display the temperatures at the 49 mesh points found
by Eq. (7.6). The nine unshaded temperatures in this f igurs fall on
the same mesh points of Fig. 7.4. In Table 7.1 we compare the tem-
peratures at these nine common mesh points for the three different
mesh spacings used.

Temper atur-esat Common Mesh Points
Case (a) Case (b) Case (c)

tl - 0.7846 0.8048
t2 - 1.1383 1.1533
t3

- 0.4119 0.4778
t4 - 1.2967 1.3078
t5 0.7500 0.7491 0.7513
t6

- 0.3265 0.3157
t7

- 1.2995 1.3042
t8

- 0.9014 0.9032
t
9

- 0.5570 0.5554

Table 7.1

Knowing that the temperatures of the discrete problem approach
the exact temperatures as the mesh spacing decreases, we may surmise
that the 9 temperatures obtained in case (c) are eloser to the exact
va lues than those in ease (b).



1 1 1 1 1 11 1

Fi~ure 7.5
86

1

/

t.

d
I~
I~

Temperature Distributions 187

A NUMERICAL TECHNIQUE
To obtain the'49 temperatures in case (c) above, it was neces-

sary to solve alinear system with 49 unknowns. A finer net might
involve a linear system with hundreds or even thousands of unknowns.
Exact algorithms for the sOlutions of such large systems are imprac-
tical, and for this reason we shall now discuss a numerical tech-
nique for the practical solution of these systems.

To describe this technique, let us look again at Eq. 7.2:

t = Mt + b . (7.7)
The vector t we are seeking appears on both sides of this equation.
We consider a way of generating better and better approximations to
the vector solution t. For the initial approximation t(O) we may
take t(O) =0 if no bett er choice is available. If we substitute
t(O) into the righthand side of (7.7) and label the resulting left-
hand side as tel), we have

t(I)=Mt(O)+b. (7.8)

Usually tel) is a better approximation to the solution than is t(O).
If we substitute tel) into the righthand side of (7.7) we generate
another approximation, which we label as t(2):

t(2) = Mt(1) + b , (7.9)

Continuing in this way, we generate a sequence of approximations as
folIows:

tel) = Mt(O) + b
t(2) =Mt(l) + b
t(3) = Mt(2) + b (7.10)

t(n) =Mt(n-l) + b

Hopefully, this sequence of approximations t(O), tel), t(2), ...
converges to the exact solution of (7.7). We do not have the space
in this book to go into the theoretical considerations necessary to
show this. However, suffice it to say that for the particular
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problem we are considering, the sequence converges to the exact so-
lution for any mesh size and for any initial approximation tCO)

This technique of generating successive approximations to the
solution of a linear system is cal1ed Jacobi iteration, and the ap-
proximations themselves are called iterates. As a numerica1 examp1e,
let us 'apply Jacöbi iteration to the ca1culationof the nine mesh
point t emper a tur-es of case (b) . Setting t(O) =0, we haveErom Eq.
(7.2)

t (1) b

.5000

.5000

.0000

.5000
'.0000
.0000
.7500
.2500
.2500

t(2) '"Mt(l) + b
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0.6875 0.7791 0.7845 0.7846
0.8906 1.1230 1.1380 1.1383
0.2344 0.4573 0.4716 0.4719
0.9688 1.2770 1.2963 1.2967

t(3) =/0.3750 , tC10) = 0.7236 , tC20) = 0.7486 tC30) = 0.7,491•.,
0.1250 0.3131 0.3263 0.3265
1.0781 1.2848 1.2992 1.2995
0.6094 0.8827 0.,9010 0.9014
0.3906 0.5446 0.5567 0.5570

All iterates beginning with the thirtieth are equa1 to tC30) to four
decima1 p1aces. Consequent1y, t(30) is the exact solution to four
decimal p1aces. This agrees with our prexious resu1t given in Eq .
(7.4) .

The Jacobi iteration scheme app1ied to the linear system (7.5)
with 49 unknowns produced iterates which begin repeating to four
decima1 p1aces after 119 iterations. Thus, t(119) wou1d provide the
49 temperatures of case Cc) correct to four decima1 p1aces.

0 !.o 0 0 0 0 0 0 0 .5000 .5000 .6250
!.o 0 !.o !.o 0 0 0 0 0 .5000 .5000 .7500 I I A MONTE CARLO TECHNIQUE
0 !.o 0 0 !.o 0 0 0 0 .0000 .0000 .1250
0 !.o !.o !.o

In this section, we describe
0 0 0 0 0 .5000 .5000 .8l25 " a so-ca11ed Monte Carlo technique

0 0 !.o !.o 0 !.o 0 !.o 0 .0000 .0000 .1875 for computing the temperature at 2
+ =

0 0 0 0 !.o 0 0 0 !.o .0000 .0000 .0625
a single interior mesh point of
the discrete problem without 2

0 0 0 !.o 0 0 0 !.o 0 .7500 .7500 .9375 havirig to compute the temperatures

0 0 0 0 !.o 0 !.o !.o .2500
at the remaining interior mesh 20 .2500 .5000 points. First we define a dis-

0 0 0 0 0 !.o 0 !.o 0 .2500 .2500 .3125 crete randOm walk along the net.
By this we mean a directed path 2
a10ng the net 1ines (Fig. 7.6)

Some additional iterates are I which joins a succession of mesh 2 IC;;;;:::f;':::::t;:;;:::J:: "J 0
points such that the direction of
departure from each mesh point is 2 IfC;;:;;;;' •.:::::;;]:;;; ::,t;.;;C;;;t 0chosen at random. Each of the
four possible directions of depar-
ture from each mesh point along 1 1 1 1 1the path is to be equally probable.

FiEZure 7.6
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By the use of random walks, we can compute the temperature at
a specified interior mesh point on the basis of the fo11owing prop-
erty:

~

Let 41;,412"", Wn be a eucoeeeion of random ual.ke, all

of which begin at a specified interior mesh point. Let

t1, t2, ... , t~ be the temperatures at the boundary mesh

points first encountered along each of these random

ioal.ks , Then the average value (ti + t2 + .•• + t~'J/n of

these boundary temperatures ap'proaches the temperature

at the specified interior mesh point as the number of

random walks n increases without bound.

Random Walk Property '"

This property is a consequence of the discrete mean - va1ue property
which the mesh point temperatures satisfy. The proof of the random
wa1k property invo1ves elementary concepts from probability theory
and we shal1 not give it here.In Tab1e 7.2 we display the resu1ts of a 1arge number of com-
puter-generated random wa1ks for the evaluation of the temperature
ts of the nine-point mesh of case (b) (Fig. 7.6). The first co1umn
1ists the number n of the random walk. The second co1umn 1ists the
t emperature t~ of the boundary point first encountered along the
corresponding random wa1k. The last co1umn contains the cumu1ative
average of the boundary temperatures encountered a10ng the n random
wa1ks.

n t* (ti + ••• + t~)/n n t* (t* + ••• + t*)/n
n n 1 n

1 1 1.0000 20 1 0.9500
2 2 1.5000 30 0 0.8000
3 1 1.3333 40 0 0.8250
4 0 1.0000 SO 2 0.8400
5 2 1.2000 100 0 0.8300
6 0 1.0000 150 1 0.8000
7 2 1.1429 200 0 0.8050
8 0 1.0000 250 1 0.8240
9 2 1.1111 500 1 0.7860

10 0 1.0000 1000 0 0.7550

Table 7.2
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Thus, after 1000 random wa1ks w~ have the approximation ts ~ .7550.
This compares with the exact value ts = .7491 we had previously eva1-
uated. As can be seen, the convergence to the exact va1ue is not
too rapid.

EXERCISES
7.1 A plate in the form of a cir-

cu1ar disk has boundary tem-
peratures of 0° on half of its -
circumference and 1° on the
remaining-half of its circum-
ference. A net with four in-
terior mesh points is overlaid
on the disk (Fig. 7.7).
(a) Using the discrete mean-

value property, write the
4 x 4 linear system t =
Mt + b which determines
the approximate tempera-
tures at the four interior
mesh points.

(b) Solve the linear system in 'part (a).
(c) Use the Jacobi interation scheme with t(O) = 0 to generate

the iterates t(l) t(2) t(3) t(4) and t(s) for the linear, , J ,

system in part (a) . What is the "error vector" t(s) - t

where t is the solution found in part (b)?
(d) By certain advanced methods, it can be determined that the

exact temperatures at the four mesh points are t
1

= t3 = .2371
and t2 = t4 = .7629. What are the percentage errors in the
values found in part (b)?

Fi~ure 7.7

7.2 Using the exact mean- value property (page 81) find the exact
equi1ibrium temperature at the center of the disk in Exercise
7.1.

7.3 Calculate the first two iterates t(l)and t(2)
nine interior mesh points (Eq. (7.2)) when the
is chosen as

for case (b) with
initial iterate

t(0) = [1 1 1 1 1 1 1 1 1]t .
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7.4 The random walk illustrated in Fig. 7.6 may be described by six
arrows

++404ot4o

which specify the directions of departure from the successive
mesh points along the path. Below isan array of 100 compute~-
generated, randomly-oriented ar rows, arranged in a 10 x 10 array.
Use these arrows to determine teil random walks to approximate
the temperature ts as in Table 7.2. Proceed as foliows:

(1) Take the last two digits of yout telephone number. Use the
last digit to specify a row andthe other to specify a
column. .
Go to the arrow in the array with that row and column number.
Using this arrow as a starting'ppint, move through the array
of arrows as you would read a book (left to right artd fop to
bottom). Beginning at the point labeled ts in Fig. 7.6 and
using, this sequence'of arrows to 'specify a sequence of di-
rections, move from mesh point to mesh point until you reach
a boundary mesh point. This completes Y04r first random
walk. Record the temperature at the boundary mesh point.
(If you reach the end of the arrow array, continue with,the
arrow in the upper lefthand corner.)
Return to the interior mesh point labeled ts and begin where
you left off in the arrow array and generate your next ran-
dom walk. Repeat this process until you have completed ten
random walks and have recorded ten boundary temperatures.

(2)

(3)

(4)

(5) Calculate the average of the ten boundary temperatures re-
corded. (The exact value is ts = .7491.)

0 1 2 3 4 5 6 7 8 9 2

0 + + + + + + + + + + 2
1 -e- + + + + t + + 4o--+--

2 + t + + + + + + + + 2
3 + + + + + + + + + t
4 + t + + + + + + + +
5 + + + + + + t -e- t + 2

6 t t t + + t t + t +
7 -e- + + t -+ -+ t + + -<- 2 PltliHff'%ii';>\\WI:>':'1,l::':-'":~.?t0
8 + t + + + + + ..- + -<-

9 t t + + t + + -+ + -+

1 1 1 1 1

FiE!ure 7.6

g
Some Applications in
Genetics

Using the diagonaZization of a matrix to
compute its powers, the propagation of an
inherited trait in succe~sive generations
is investigated.

PREREQUISITES: Eigenvalues and eigenvectors
Diagonalization of a matrix
Intuitive understanding of limits

INTRODUCTION
In this chapter, we shall examine the inheritance of traits in

animals or plants. The inherited trait under consideration is as-
sumed to be governed by a set of two genes, which we designate by
the letters A and a. Under autosomaZ inheritance each individual in
the population, of either sex, possesses two of these genes: the
possible pairings being designated AA, Aa, ancl aa. This pair of
genes is called the individual's genotype, and it determines how the
trait controlled by the genes is manifested in the individual. For
example, in snapdragons a set of two genes determines the color of
the flower. Genotype AA produces red flowers, genotype Aa produces
pink flowers, and genotype aa produces white flowers. In humans,
eye coloration is controlled through autosomal inheritance. Geno-
types AA and Aa have brown eyes, and genotype aa has blue eyes. In

93
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this case, we say that gene A dominates gene a, or that gene a is
recessive to gene A, since genotype Aa has the same outward trait
as genotype AA.

In addition to autosomal inheritance, we shall also discuss X-
l.inked inheritance. In"this type.of inheri tance the male of the
species pos ses ses oply one of-: thEl,twqpo~sible. genes CA oral, and
the fema l-e po ssesse s a ' pair of .the tW9 genes (AA, Aa, oraa). In
humans, color blindness, hereditary baldness, hemophilia, and muscu-
lar dystrophy, to name a few, are traits controlled by X-linked in-
heritance.

In the next sections, we explain the manner in which; t'he·genes
of the parents are passed on to their offspring for the two types of
inheritance. We construct matrix models which give the probable
genotypes of the offspring in terms of the genotypes of the parents,
and use these matrix mode ls to fo l.l.owthe genotype distribution of a
population,through successive generations.

AUTOSOMAL INHERITANCE
In autosomal inheritance, an individual inherits one gene from

each of its parents' pairs of genes to form its own particular pair.
As far as we knöw, it is a matter of chance which of the two genes a
parent passes on to the offspring. Thus, if one parent is of geno-
type Aa, it is equally likely that the offspring will inherit the A
gene or the a gene from that parent. If one parent is of genotype
aa and the ether parent is of genotype Aa, the offspring will always
receive an a gene from the aa parent, and will receive either an A
gene or an a gene, with equal probability, from the Aa parent. Con-
sequently, the offspring has equal probability'of being genotype AA
or Aa. In Tab le 8.1, we list the probabilities of the possible
genotypes of the offspring for all possible combinations of the
genotypes of the parents.

Genotypes of Parents
AA -AA AA -Aa AA - aa Aa -Aa Aa - aa aa - aa

<!) ~
>:: AA 1 ~ 0 J" 0 0~ .,.;

..., ~ H
0 Y, 1 ~ ~ 0o 0 p.. Aa>:: U)

<!) ~
J" Y,c..'l ~ aa 0 0 0 I0

Table 8.1
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EXAMPLE 8,1 Suppose a farmer has a large population of plants
consisting of some distribution of all three possible genotypes AA,
Aa, and aa. He desires to undertake a breeding program in which
each plant in the population is always fertilized with a plant of
genotype AA. We want to derive an expression for the distribution
of the three possible genotypes in the population after any number
of generat ions .

For n=O, 1, 2, ... , let us set

an = fraction of plants of genotype AA in n-th generation,
bn = fraction of plants of genotype Aa in n-th generation,
cn = fraction of plants of genotype aa in n-th generation.

Thus, aO' bO' and Co specify the initial distribution of the geno-
types. We also have that

a+b+c=ln n n for n=O, 1, 2, ...

From Table 8.1, we may determine the genotype distribution of each
generation from the genotype distribution of the preceeding genera-
tion by the following equations:

a = a + ~bn n-I n-I

b = c + ~bn n-I n-l

c = O.n

n=I,2, •.. (8.1)

For example, the first of these three equations states that all the
offspring of a plant of genotype AA will be of genotype AA und er
this breeding program, and half of the offspring of a plant of geno-
type Aa will be of genotype AA.

Equations (8.1) can be written in matrix notation as

x(n) = Mx(n-l) n = 1, 2, ... (8.2)

where

x(n) [::J [

an-

lJbn_l '

cn_l

M

[

1 Y, 0Jo Y, 1.

000

x(n-I) and
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Notice that the threeGitJlumns of the matrix Mare the same as the
first threecolumns of Table 8.1.

From Eq. (8.2) it follows that

x(n) =Mx(n-l) ;;o.M2x(n-2) = ••• =Mn x(O). (8.3)

Consequently, if we can find an explici texpression for Mn, we can
use Eq. (8.3) to obtain an explicit expression x(n). To find an ex-
plicit expression for Mn, we first diagonalize M. Tha t is, we find
an invertible matrix P and a diagonal matrix D such that

M = PDP-l. (8.4)

With such a diagonalization, we then have (see Exercise 8.1)
Mn= PD n p-'l for n= 1, 2, ...

where
dl 0 o ..• 0 ln Id; 0 o ••. 0
0 d2 o "'0 J o dn o ... 0

o" = I . 2. .
;' . .

o ..• dk 1
0 0 n0 0 o ... dk

The diagonalization of M is accomplished by finding its eigenvalues
and corresponding eigenvectors. These are easily found to be (veri-
fy)

Eigenvalues: Al = 1, A = k A3 = 02 2 ,

Corresponding
'1" m ',"tu ,,{HEigenvectors:

In Eq. (8.4), we then have

l'l 0 :lf 0 :lD = ~ A2 !z

0 A3 0 0

and
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r 1'\ J [ 1 ~P = LeI: e2l e3 = 0 -1 -2.
001

Thus, we have

[
1 1 l~ [1 0 ~ [ 1 ~ [a~x(n) = PDnp-l x(O) = 0 -1 -2 0 (!z)n 0 0 -1 -2 b

O
001 0 0 000 1 C

or

x
Cn

) "[:} [:
1- (!z)n-l ~oJ(!z)n-l bo

o Co

1- (!z) n

(!z)n

o

[

b n n-l jaO + 0 + Co - (!z) b,O - (!z) Co

(l)nb (l)n-l= '2, 0 + "2 Co .

o

Using the fact that aO + b
O

+ Co = 1, we thus have

an
1 - (!z)nb _ (!z)n-lco 0

1 n n-l("2) bo + (!z) Co n=1,2, ... (8.5)bn

C = O.n

These are explicit formulas for the fractions of the three genotypes
in the n-th generation of plants in terms of the initial genotype
fractions.

Since (!z)n tends to zero as n approaches infinity, it follows
from these equations that

a -+ 1n
b -+ 0n
C = 0n

as n approaches infinity. That is, in the limit all plants in the
population will be genotype AA.
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EXAMPLE 8.2 Let us modify Bxampl e 8.1 so that instead of ferti-
lizing each plant with one of genotype AA, each plant is fertilized
with a plant of its own genotype. Using the same notation as in
Example 8.1, we then find

x(n) = Mn x(O)

where

II k 0J
M=O:' o.

o ~ 1

The columns of this new matrix Mare the same as the columns of'
Tab le 8.1 corresponding to parents with genotypes AA - AA, Aa - Aa,
and aa - aa.

The eigenvalues of Mare easily found to be (verify)

Al = 1, 1.3 = ~1.2 = 1,

The eigenvalue Al = 1 has multiplicity two and its corresponding ei-
genspace is two-dimensional. Picking two linearly independent eigen-
vectors el and e2 in that eigenspace, and a single eigenvector e3
for the simple eigenvalue 1.3=~, we have (verify)

'1 {:} ',0 m '3 {:}

The calculations for x(n) are then
x(n) = Mnx(O)=PDnp-Ix(O)

II 0 lj ~ 0 0 ~ ~ ~ O~ ~aOJo 0 -2 0 1 0 1 1 1 bO
-r 1 1 0 0 (~) n 0 -~ 0 Co

1 1 C )n+l 0 aO~ - Yz

0 (lz)n 0 bO

0 1 C )n+l 1 CoYz - Yz

tl'
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We thus have
a = a + [lz- (lz)n+IJbn 0 0

b = (k)nb n = 1, 2, ... (8.6)n 2 0

C
n

= Co+ [lz- (lz)n+IJbo'

In the limit, as n tends to infinity, (~)n + 0 and (lz)>'l+l+ 0 so that

a + a + ~bn 0 0

b + 0n

cn + Co + lzbO'

Thus, fertilization of each plant with one of its own genotype pro-
duces a population which in the limit contains only genotypes AA
and aa.

AUTOSOMAL RECESSIVE DISEASES

In human populations, there are many genetic diseases governed
byautosomal inheritance in which a normal gene A dominates an ab-
normal gene a. Genotype AA is a normal individual; genotype Aa is a
carrier of the disease, though is not afflicted with the disease;
and genotype aa is .afflicted with the disease. In some cases, such
genetic diseases are associated with a particular racial group; e.g.,
cystic fibrosis (predominant among Caucasians), sickle cell anemia
(predominant among Blacks), Cooley's anemia (predominant among peo-
pIe of Mediterranean origin), and Tay-Sachs disease (predominant
among Eastern European Jews). It is quite often the case with such
diseases that the afflicted individuals die before reaching maturity,
so that all afflicted children are the offspring of parents who are
both carriers. Suppose a pro gram to identify the carriers of such a
disease is carried out, and all of the carriers identified agree not
to produce offspring among themselves. In this way, all future
children will either have two normal parents (AA-AA matings) or one
normal parent and one carrier parent (AA -Aa matings). Consequently,
no future children will be afflicted with the disease, though there
will still be carriers in future generations. Let us now determine
the fraction of carriers in future generations under such a control-
led mating program. We set

(n) _ [an]
x - b '

n
n=I,2, .•.



100 1 Genetic AppI ications

where

an fraction of population of genotype AA in n-th
generation,
fraction of population of genotype Aa (carriers)
inn-th generation.

bn

Since each offspring has at least one normal parent, we may consider
the controlled mating prograrn as one of continual mating with geno-
type AA, as in Example 8.1. Thus, the transition of genotype dis-
tributions from one generation to the next is governed by the equa-
tion

x(n) = Mx(n-l) ., n = 1, 2, ... ,

where

M [

1 y,l
o Y,J

Knowing the initial distribution x(O), the distribution of genotypes
in the n-th generation is thus given by

x(n) = Mn x(O) , n = 1, 2, ...

The diagonalization of M is easily carried out (see Exercise 8.4),
and leads to.

(n) n -1 (0) [1 IJ [1 0 ~ [1 IJ ~oJx = PD P x = no -1 0 (lz) 0 -1 bo

.[: 1- (lz)nJ po]=[aO+bO- (lz)nbo]
(lz)n ~O (Y,)nbo

Since aO + bo = 1, we have

an 1 - (lz) nb 0

(lz)nbo' n = 1, 2, ... (8.7)
bn

As n tends to infini ty, we thus have
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a + 1n
bn + 0,

so that in the limit there will be no carriers in the population.
From (8.7) we see that

b =!.:.b
n 2 n-l . n=1,2, ..• (8.8)

That is, the fraction of carriers in each generation is one-half the
fraction of carriers in the preceeding generation. It would be of
interest to also investigate the propagation of carriers under random
mating, when two individuals mate without regard to their genotypes.
Unfortunately, such random mating leads to nonlinear equations, and
the techniques of this chapter are not applicable. However, by
other t echn i.ques it can be shown that under random mating Eq. (8.8)
is replaced by.

bn

bn-l n=1,2, ... (8.9)1+ lzbn_l

As a nurnerical example, in the Uni ted States, approximately 10% of
Blacks are presently carriers of the gene for sickle cell anemia.
Under a .controlled mating prograrn governed by Eq. (8.8), the per-
centage of carriers can be reduced to 5% in one generation (about
27 years). But under random mating, Eq. (8.9) predicts that 9.5% of
the population will b e carriers after one generation (i.e., bn = .095
if bn-l = .10). In addition, under controlled mating no offspring
will ever be afflicted with the disease, but with random mating it
can be shown that about 1 in 400 Black children will be born with
sickle cell anemia when 10% of the population are carriers.

X-LINKED INHERITANCE
As mentioned in the introduction, in X-linked inheritance the

male possesses one gene (A or a), and the female possesses two genes
(AA, Aa, or aa). The term "X-linked" is used because such genes are
found on the X-chromosome, of which the male has one and the female
has two. The inheritance of such genes is as folIows: a male off-
spring receives one of his mothers two genes with equal probability,
and a female offspring receives the one gene of h~r father and one
of her mother's two genes with equal probability. Readers familiar
with basic probability can verify that this type of inheritance
leads to the following table of genotype probabilities.
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Genotypes of Parents (father, mother)
(A, AA) (A, Aa) (A, aa) (a, AA) (a, Aa) (a, aa)

0) A 1 !z 0 1 !z 04-< .....•o eo l1l10:: ::;,: a 0 ~ 1 0 !z 10) ·cip,.f-< !z 0>-.p,. AA 1 0 0 0j...l Vl 0)04-< .....•
10::4-< l1l Aa 0 !z 1 1 !z 00)0 Sc.:J 0)>r.. aa 0 0 0 0 !z 1

Table 8.2

We shall discuss a program of inbreeding in connection with X-
linked inheritance. We begin initially with a male and. female; se-
lect two of their offspring at random, one of each sex, and mate
them; select two of the resu1ting offspring and mate them; and so
forth. Such inbreeding is commonly performed with animals. Among
humans, such brother-sister marriages were used by the rulers of
ancient Egypt to keep the royal line pure.

The original rnale-female pair can be one of the six types, cor-
responding to the six co1umns of Tab1e 8.2:

(A, AA), (A, Aa) , (A, aa), (a, AA) , (a, Aa) , (a, aa) •

The sibling-pairs mated in each successive generation have certain
probabilities of being one of these six types. To compute these
probabilities, for n = 0, 1, 2, ..., let us set

an = probability sibling-pair mated in n-th generation is type (A, AA)

b = " " " " " " " " " (A, Aa)n
C = " " " " " " " " " (A, aa)n
d = " " " " " " " " " (a,AA)n
e = " " " " " " " " " (a, Aa)n
f = " " " " " " " " " (a, aa)n

With these probabi1ities we form a column vector

x(n) n=O,1,2, ...

an
bn
Cn
dn
en
fn
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From Tab1e 8.2, it is found that

x(n) = Mx(n-1), n = 1, 2, ... (8.10)
where

(A,AA) (A,Aa) (A,aa) (a,AA) (a,Aa) (a,aa)

1 1;, 0 0 0 0 (A ,AA)

0 1;, O' 1 1;, 0 (A,Aa)

M = I 0 0 0 0 ~ 0 (A,aa)

0 1;, 0 0 0 0 (a,AA)

0 1;, 1 0 1;, 0 (a,Aa)

0 0 0 0 ~ 1 (a,aa) .

For example, suppose in the (n-l)st generation the sib1ing-pair ma-
ted is type (A,Aa). Then their male offspring will be either geno-
type A or a with equal probability, and their female offspring will
be either genotype AA or Aa with equa1 probability. Since one of
the male offspring and one of the female offspring are chosen at
random for mating, the next sibling-pair will be one of type (A,AA),
(A, Aa), (a, AA), (a, Aa), with equa I probability. Thus, the second
column of M contains "~" in each of the four rows corresponding to
these four sibling-pairs. (See Exercise 8.9 for the remaining
co1umns.)

As in our previous examp1es, from (8.10) we obtain

x(n) = Mn x(O), n = 1, 2, ... (8.11)

After some lengthly ca1cu1ations, the eigenva1ues and eigenvectors
of M turn out to be

"I = 1, "2 = 1, " = k x =-!z "5 = ~(1 + 15), "6 = 1;,(1 - 15)3 2, 4 '

1 0 -1 1 ~( - 3 - 15) ~(-3+15)
0 0 2 -6 1 1

e1 = I ~ 0 -1 -3 ~(-1 + 15) ~(-1 - 15), e2 = , e3 =
1

' e4 =
3

' eS =
~(-1 + 15)

, e6 =
\(-1-15)0

0 0 -2 6 1 1
0 1 1 -1 ~(-3 - 15) \(-3+15)
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The diagona1ization of M then leads to

x(n) = PDnp-1 x(O), n=1,2, ...

where

1 0 -1 1 !.o(-3 - 15) !.o(-3+15)

0 0 2 -6 1 1
0 0 -1 -3 !.o( -1 + 15) !,r(-1-15)

P = I 0 1 3 !.o(-l + 15) !,r(-1-/5)0

0 0 -2 6 1 1
0 1 1 -1 !,r(-3 - 15) !,r(-3+15)

1 0 0 0 0 0
0 1 0 0 0 0
0 0 (!z)n 0 0 0

Dn=1
0 0 (-!z) n 0 00

0 0 0 0 [!.o(1 + 15) ]n 0
0 0 0 0 0 [!,r(1- /5)]n

1 2/3 1/3 2/3 1/3 0
0 1/3 2/3 1/3 2/3 1

-1 I 0 1/8 -1/4 1/4 -1/8 . 0
P = -1/24 -1/12 1/12 1/24 00

0 (5+15)/20 15/5 15/5 (5+ 15)/20 0
0 (5 - 15) /20 -15/5 -15/5 (5 - 15)/20 0

(8.12)

We sha11 not write out the matrix product in (8.12) since it is
rather unwie1dy. However, if a specific vector x(O) is given, the
calcu1ation for x(O) is not too cumbersome (see Exercise 8.6).

Since the absolute va1ues of the last four diagonal entries of
D are 1ess than one, we see that as n tends to infinity
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1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0

Dn_1 0 0 0 0 00
0 0 0 0 0 0

0 0 0 0 0 0
L-

And so from Eq. (8.12):
r-r- -1 0 0 0 0 0

0 1 0 0 0 0
0 0 0 0 0 ~lp-1x(0)x(n)_p I

0 0 0 00
0 0 0 0 0 0
0 0 0 0 0 0

Performing the matrix mu1tip1ication on the right we obtain (verify)

x(n)_ (8.13)

2 1 2 1
aO+ 3bO+ 3cO+ 3dO+ 3eO

o
o
o
o

1 2 1 2
fO+ 3bO+ 3cO+ 3dO+ 3eO

That is, in the limit all sibling-pairs will be either type (A, AA)
or type (a, aa). For example, if the initial parents are type (A, Aa)
(i.e., bO= 1 and aO=cO=dO=eO=fO=oL then as n tends to infinity

2/3
ox(n)_1 0

o
o

1/3
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Thus, in the limit, there is probability 2/3 that the sibling-pairs
will all be (A, AA), and probability 1/3 that they will all be
(a, aa) .

EXERCISES
. -1 n n .-18.1 Show that Lf M=PDP ,then M =PD P for n= 1,2, ....

8.2 In Example 8.1, suppose the plants are always fertilized with a
plant of genotype Aa, rather than one of genotype AA. Derive
formulas for the fractions of. the plants of genotypes AA, Aa,
and aa in the n-th generation. Also, find the limiting genotype
distribution as n tends to infinity.

8.3 In Example 8.1, suppose the initial plants are fertilized with
genotype AA, the first generation is fertilized with genotype
Aa, the second generation is fertilized with genotype AA, and
this alternating pattern of fertilization is kept up. Find for-
mulas for the fractions of the plants of genotypes AA, Aa, and
aa in the n-th generation ..

8.4 In the section on autosomal recessive diseases, find the eigen-
values and eigenvectors of the matrix M and verify Eqs. (8.7).

8.5 It is known that carriers of the sickle cell gene have a high
resistance to malaria. Consequently, in regions where malaria
is common, a balance is reached such that this benevolent aspect
of the sickle cell gene balances its malevolent aspect of pro-
ducing individuals with sickle cell anemia. In certain regions
of Africa, this has resulted in an equilibrium situation in
which up to 25% of the population are carriers. In the Uni ted
States, however, malaria is not a problem. Thus, when Blacks
from Africa were brought here, only the malevolent aspect of the
sickle cell gene remained. The percentage of carriers then be-
gan to fall among the Blacks in this country, as described in
this chapter, to the point where approximately 10% of Blacks are
present1y carriers. Using Eq. (8.9), ca1culate how many genera-
tions wou1dbe required for the percentage of carriers to -f'a lI
from 25% to 10% when mating is irrespective of genotype. What
wou1d be the corresponding drop for the same number of genera-
tions under the control1ed mating program determined by Eq. (8.8)?

8.6 In the section on X-1inked inheritance, suppose the initial par-
ents are equa1ly like1y to be of any of the six possib1e geno-
type parents; i.e.,
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x (0)

1/6

1/6

1/6

1/6

1/6

1/6

Using Eq. (8.12), ca1culate x(n), and also calculate the limit
of x(n) as n tends to infinity.

8.7 From Eq~ (8.13), show that under X-linked inheritance with in-
breeding, the probability that the limiting sibling-pairs will
be of type (A, AA) is the same as the proportion of A genes in
the initial population.

8.8 In X-linked inheritance, suppose none of the females of genotype
Aa survive to·maturity. Under inbreeding the possible sibling-
pairs are then

(A,AA), (A, aa) , (a, AA), and (a, aa) .

Find the transition matrix which describes how the genotype dis-
tribution changes in one generation.

8.9 Derive the matrix M in Eq. (8.10) from Table 8.2.



Age-Specific
Population Growth

9

The growth in time of a female population di-
vided into age classes is investigated using
the Leslie matrix model. The limiting age
distribution and growth rate of the population
are de t erm-ined .

PREREQUISITES: Eigenvalues and eigenvectors
Diagonalization of a matrix
Intuitive understanding of limits

INTRODUCTION

One of the most common model~ of population growth used by
demographers is the so-called "Leslie model", developed in the nine-
teen forties. This model describes the growth of the female portion
of a human or animal population. In this model, the females are di-
vided into age classes of equal duration. To be specific, suppose
the maximum age attained by any female in the population is L years
(or some other time unit) and we divide the population into nage
classes. Then each class is L/n years in duration. We label the
age classes according to the following table:

109
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Age Class Age Interval

1 [0, L/n)

2 [L/n, ZL/n)

3 [ZL/n,3L!n)

· ·,. · ·· ·
n - 1 [(n- 2)L/n, .(n-l)L/n)

n [(n-l)L/n; L]

Suppose we know the number of females in each of the n classes at
time t = O. In particular, let there be xi

O
) females in the first

c1ass, x~O) females in the second cfass, and so forth. With these
n numbers we form a column vector x(O) as folIows:

, x (0)

x(O)
n

x(O)
1

x(O)
Z

We call this vector the initial age distribution vector.
As time progresses, the number of females within each .of the n

classes changes because of three biological processes: birth, death,
and aging. By describing these three processes quantitatively, we
shall see how to project the initial age distribution vector into
the future.

The easiest way to study the aging process is to observe the
population at discrete times, say to, tl' tz, ..., tk"" . The
Leslie model requires that the duration between any two successive
observation times be the same as the duration of the age intervals.
We therefore set

to = 0

t
l

= L/n

tz = ZL/n

tk = kL/n
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With this assumption, all females in the (i+l)st class at time tk 1
were in the i-th class at time tk. +

The birth and death processes between two successive observa-
tion times may be described by means of the following demographic
parameters :..

a. The average number of daughters
1- born to a single female during the

i= 1,2, ..., n time she is in the i-th age class.

The fraction of females in the i-th
b. age class that can be expected to1- survive and pass into the (i+l)st age

i = 1, 2,...,n-l class.

By their definitions, we have that

(i) zz . > 0 fori=l,Z, ...,n-z.-

(ii) O<b.<l for i = l, Z,..., n-l-z.-

Notice that we do not allow any bi to equal zero, since then no fe-
males will survive beyond the i-th age class. We also assume that
at least one ai is positive so that some births occur. Any age
class for which the corresponding value of ai is positive is called
a fertile age class.

We next define the age distribution vector x(k) at time tk by

x(k)
1

x(k) I x~k)

(~xn~
where x~k) is the number of females in the i-th age class at time-z.

tk. Now, at time tk, the females in the first age class are just
those daughters born between times tk_l and tk. Thuswe can write
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number of
daughters
born to

females in
class 1

between times
tk_1 and tk

+

number of
daughters
born to

females in l +000+
class 2

between times
tk_1 and tk .

number of
females

in c1ass 1
at time tk

or mathematically,

(k) (k-I) (k-I)x =ax +ax +1 1 1 2 2 ••• + ax(k-I)
n n .

number of
daughters
born to

females in
class n

between'times
tk_I and tk

(9.1)

Thenumber of females in the (i+I)st age c1ass (i = 1,2, ..., n-I) at
time tk are those females in the i-th class at time tk-I who are
still alive at time tk. Thus,

number of
females in

c1ass i
at time tk_1

fraction of
females in

c1ass i
who survive

and pass into
class i+I

number of
females in
c1ass i+l

at time tk

or mathematica1Iy,

x~k{ = b .x~k-l) , i = 1, 2,..., n-I (9.2)1.-+ 1.-1.-

Using matrix notation, Eqs. (9.1) and (9.2) can be written

(k) a2
a ••• a a (k-l)

xl al 3 n-1 n xl
(k) bl 0 0 00. 0 0 (k-I)x2

x2
x(k) 0 b2 0 o 00 0 0 (k-l)

3 =
x3

0 0 . 0 0 0 00 0 0 0 0 0 00 0 0 0 0 0 .
(k) 0 0 0 000 b 0 (k-I)x n-1

x
n n

or more compact1y,
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x(k) Lx(k-I) , k = 1, 2, ... (9.3)

where L is the Leslie matrix

al a2
a ••• a a3 n-I n

b1 0 0 o 00 0 0

0 b2 0 o 00 0 0L =
0 0 00 0 00 0 0
0 0 0 ••• b 0-, n-l

From Eq. (9.3) it fol1ows that

x(l) = Lx(O)

x(2) = Lx(I) = L2x(0)

x(3) = Lx(2) = L3x(0)

x(k) = Lx(k-I)': L k x(O)

(9.4)

(9.5)

Thus, if we know the initial age distribution x(O) and the Les1ie
matrix L, we can determine the female age distribution at any Iater
time.

EXAMPLE 9.1 Suppose the oidest age attained by the females in a
certain anima 1 population is 15 years, and we divide the popula>tion
into three equal age c1asses of durations five years. Let the Les-
He matrix for this population be

L "[~

4

o n~

If there are initially 1,000 females in each of the three age class-
es, then from Eq. (9.3) we have
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X(O) ['OOOJ1,000 ,
1,000

Lx(O) • ~

4 'J l'OO~ ["00']0 o 1,000 = 500,
~ o 1,000· 250

Lx(l) {~

4 1[,ooJ ["7SJ0 o 500 = 3,500 ,
~ o . 250 .. 125

X(I)

/2)

x(3) = Lx(2) = r~L~
3~ [2' 750~ [14'37~o 3,500 = 1,375.
o 125 875

4

o
~

Thus, after 15 years there are 14,375 females between 0 and 5 years
of age, 1,375 females between 5 and 10 years of age, and 875 females
between 10 and 15 years of age.

LIMITING BEHAVIOR
Although Eq. (9.5) gives the age distribution of the population

at any time, it does not immediately give a general picture of the
dynamics of the growth process. For this we need to investigate the
eigenvalues and eigenvectors of the Leslie matrix. The eigenvalues
of L are the roots of its characteristic po Iynomra l-. As we ask the
reader to verify in Exercise 9.2, this characteristic polynomial
is

P (I.) = IAI - LI

n n-l n-2 n-3=1. =a:» =a.b .): -abbA -···-abb ·"b1 2 1 3 1 2 n 1 2 n-l

To analyze the roots of this polynomial, it will be convenient to
introduce the function

q(A)
al a2bl a3blb2= -+--+ +.•. +
I. 1.2 I.3

a b b ••• b
n 1 2 n-l

An
(9.6)

Ponul at ion Growth /115

Using this function, the characteristic equation p(A) = 0 can be
wri tten (verify)

qCA) = 1 for I. F o. (9; 7)

Since all of the Gi- and bi are nonnegative, we see -that q(A) is mono-
tonically decreasing for I. greater than zero. Furthermore, q(A) has
a vertical asymptote atA = 0 and approaches zero as I. -Ho. Cons e-
quently, as Fig. 9.1 indicates, there is aunique 1., say Al' such
that q(A) = 1. That is, the matrix L has a unique positive eigen-
value. Itmay further be shown (see Exercise 9.3)that Al is simple;
i.e., Al has multiplicity one , Although we shall omit the computa-
tional details, the reader can verify that an eigenvector correspond-
ing to Al, that is, a non zero vector solution of

LXI = A1xI '

is

Xl

b b •• ~b JA n-l
1 2 .. n-l 1

1

b/Al
2blb/Al

blbiiA~
(9.8)

q (A)

11 ""

01 1.'1 ."

Fi~ure 9.1
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Since Al is simple, its corresponding eigenspace has dimension one,
and so any eigenvector corresponding to it is some multiple of xl'
Let us summarize these results in the following theorem:

THEOREM 9.1 A Leel.ie matrix L hae a unique positive
eigenvalue Ar This eigenvalue is simple and hae an

eigenvector xl all of whose entries are positive.

We shall' now show that the long-term behavior of the age distribu-
tion of the popu Lati.on is de t erm.i.nedby the positive eigenvalue Al
and its eigenvector xl'

In Exercise 9.9, we ask the reader to prove the following re-
sult:

THEOREM 9.2 If Al is the unique positive eigenvalue of
'a Leslie matrix L and A. is any otiher real or oompl.ex1.-

eigenvalue of L~ then IAil ~Al'

Because of Theorem 9.2, Al is called a dominant eigenvalue of L.

For our purposes we actually need more; namely, that IAil < Al for
all other eigenvalues of L. In this case, we say that Al is a
strictly dominant eigenvalue of L. However, as the following exam-
pIe shows, not all Leslie matrices satisfy this condition.

EXAMPLE 9.2 Let

lo 0 6J
L = 1/2 0 o.

o 1/3 0

Then the characteristic polynomial of L is

p(A) = ln-LI =1.3_1.

The eigenvalues of L are thus the solutions of 1.3
= 1; namely,

A 1,_l+/3·2 Tl,
1 /3 .
"2 - Tl
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All three eigenvalues have absolute value one, and so the unique
]J~sitive eigenvalue Al = 1 is not stri.ct Iy dominant. Note that this
matrix has the property that L 3 = I. This means that for any choice
of the initial age distribution x(O), we have

X(O) = x(3) = x(6) = ••• = x(3k) =

The age distribution vector thus oscillates with aperiod of three
time units. Such oscillations (or population waves, as they are
called) could not occur if Al were strictly dominant, as we shall
see below.

It is beyond the scope of this book to discuss necessary and
sufficient conditions for Al to be a strictly dominant eigenvalue.
However, we will state the following sufficient condition without
proof:

THEOREM 9.3 If tioo eucceeeive entries a. and a. 1 in1.- 1.-+

the first row of a Leslie matrix L are nonzero, then
the positive eigenvalue of L is strictly dominant.

Thus, if the female population has two successive fertile age class-
es, then its Leslie matrix has a strictly dominant eigenvalue. This
is always the case for realistic populations if the duration of the
age classes is sufficiently small. Notice that in Example 9.2 there
is only one fertile age class (the third), and so the condition of
Theorem 9.3 is not satisfied. In what foliows, we shall always as-
sume that the condition of Theorem 9.3 is satisfied.

Let us assume that L is diagonalizable. This is not really
necessary for the conclusions we shall draw, but it does simplify
the arguments. In this case, L has n eigenvalues, 1.1,1.2"'" An'

not necessarily distinct, and n linearly independent eigenvectors,
Xl' x2"'" xn' corresponding to them. In this listing we place the
strictly dominant eigenvalue Al first. We construct a matrix P

whose columns are the eigenvectors of L:

P = [Xl: x2 :x3 I
I I I

I x T.
112:J

The diagonalization of L is then given by the equation
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Al 0 0
0 A2 0

L = P ~ · .· '.· .
0 0

From this it fo11ows that
~k 0 0Al
0 Ak 0

Lk = p
I 2

'.
o o o ••. Ak

n

o
o

p -1

An

o
o

P -1 ,

for k = 1, 2,... For any initial age distribution vector x(O) we
then have

Ak 0 o ••• 01 ).,k0 o ••• 0
Lkx(O) = pi: 2 Ip-1x(0)···

0 0 ko •.. A
n

for k = 1, 2,... Dividing both sides of this equation by A~ and
using the fact that x (k) = Lkx (0), we have

1 0 o .•• 0
k o ... 00 (AzlA1)

~x(k) = pi. . . . Ip-1 x(O) . (9.9)
l1 I k0 0 o •.. (A /A )n 1

Since Al is the strict1y dominant eigenva1ue, lA/All< 1 for i = 2,3,
... , n. It follows that

(Ai/A1)k4-0 as k4-00 for i=2,3, ..• ,n.
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Using this fact, we may take the limit of both sides of (9.9) to
obtain

= p ~

0
o ... ~

1· 11 (k)
0 o ••• 0 -1 (0)

am -:tz x · : : p x . (9.10)·k4-OO A · . .1 0 o •.. 0

-1 (0)Let us denote the first entry of the co1umn vector P x by the
constant c. As we ask the reader to show in Exercise 9.4, the
righthand side of (9.10) can be written as CX1' where C is a posi-
tive constant which depends only on the initial age distribution
vector x(O). Thus (9.10) becomes

Li.m I.l...x (k)
k4-oo Ak

1
cx1· (9.11)

Equation (9.11) gives us the approximation

kx(k) c: cA
1

xl (9.12)

for 1arge va1ues of k. From (9.12) we also have

(k-1) _ k-1x - cA1 xl. (9.13)

Comparing Eqs. (9.12) and (9.13), we see that

x(k) '" A x(k-1)
1 (9.14)

for 1arge va1ues of k. This means that for 1arge va1ues of time
each age distribution vector is a sca1ar multiple of the preceding
age distribution vector, the sca1ar being the positive eigenva1ue'of
the Les1ie matrix. Consequent1y, the proportion of fema1es in each
of the age c1asses becomes constant. As we sha11 see in the fo11ow-
ing examp1e, these 1imiting proportions can be determined from the
eigenvector Xl.
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EXAMPLE 9.1 (REVISITED) The Leslie matrix in Example 9.1 was

L =l~:]4

o
l;,

Its characteristic polynomial is p(A) = I.3 - 21.- 3/8,
can verify that the positive eigenvalue is Al = 3/2.
corresponding eigenvector xl is

and the reader
From (9.8) the

[1 J [1 J[lJxl = b/Al = (1/2)/(3/2) =. 1/3

bibi>; (1/2)(1/4)/('/2) 2 • 1/18

From (9.14) we have

X(k) ~ (3/2)x(k-l)

for large values of k. Hence, every five years the number of fe-
males in each of the three classes will increase by about 50%, as
will the total number of females in the population.

From (9.12) we have

X(k) ~ C(3/2)k rl~3J .
~/18

Consequently, eventually the females will be distributed among the
three age c1asses in the ratios 1 : 1/3 : 1/18. This corresponds to
a distribution of 72% of the females in the first age c1ass, 24% of
the fema1es in the second age class, and 4% of the fernales in the
third age c1ass.

EXAMPLE 9.3 In this example we sha1l use birth and death para-
meters from the year 1965 for Canadian females.· Since few women
over SO years of age bear children, we shall restriet ourse1ves to
the portion of the fema1e population between 0 and SO years of age.
The data are for 5-year age c1asses, so there are a total of ten
age classes. Rather than write out the 10x 10 Leslie matrix in
full, we list the birth and death parameters as foliows:
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Age Interval a. b.1- 1-

[0, 5 ) 0.00000 0.99651
[5, 10) 0.00024 0.99820
[10, 15) 0.05861 0.99802
[15, 20) 0.28608 0.99729
[20, 25) 0.44791 0.99694
[25, 30) 0.36399 0.99621
[30, 35) 0.22259 0.99460
[35, 40) 0.10457 0.99184
[40, 45) 0.02826 0.98700
[45, 50) 0.00240 -

Using numerical techniques, the positive eigenvalue and correspond-
ing eigenvector turn out to be

Al

1.00000
0.92594
0.85881
0.79641

and xl = 10.73800
0.68364
0.63281
0.58482
0.53897
0.49429

1.07622

Thus, if Canadian wornen continued to reproduce and die as they did
in 1965, eventual1y every five years their numbers would increase by
7.622%. Frorn the eigenvector xl, we see that, in the limit, for
every 100,000 females between 0 and 5 years of age, there will be
92,594 fema1es between 5 and 10 years of age, 85,881 fema1es between
10 and 15 years of age, and so forth.

Let us look again at Eq. (9.12) which gives the age distribu-
tion vector of the population for large times:
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kx(k) " cAl Xl . (9.15)

Three eases arise aeeording to the value of the positive eigenvalue
Al:

(i) The population is eventually inereasing if Al> 1.
(H) The population Ls eventually deereasing if Al < l.

(Hi) The population stabi li.zes if Al = 1.

The ease Al = 1 is partieularly Lnt.er-esti.ngsinee it determines a
population whieh has zero population growth. For any initial age
distribution, the population approaehes a limiting age distribution
whieh is some multiple of the eigenveetor xl' From Eqs. (9.6) and
(9.7), we see that Al = 1 is an eigenvalue if and only if

a +ab +abb +"'+abb •• <b =l.1 2 1 3 1 2 n 1 2 n- 1 (9.16)

The expression
>,', R=a +ab +abb +"'+abb ···b1 2 1 3 1 2 n 1 2 n-l (9.17)

is ealled the net reproduction rate of the population. (See Exer-
eise 9.5 for a demographie interpretation of R.) Thus we ean say
that a population has zero population growth if and only if its net
reproduetion rate is one.

EXERCISES
9.1 Suppose a eertain anima 1 population is divided into two age

elasses and has a Leslie matrix

L = G~2 3/2Jo .

(a) Caleulate the positive eigenvalue Al of Land the eorres-
ponding eigenveetor xl'

(b) Beginning with the initial age distribution veetor

x(O) = Co~J
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caleulate x(l) x(2) x(3) x(4) and x(s) rounding off to, , , " ,
the nearest integer when neeessary.

(e) Caleulate x(6) us~ng the exaet formula x(6) =Lx(S) and the
approximate formula x(6) "Al x(s) .

9.2 Find the eharaeteristie polynomial of a general Leslie matrix
given by Eq. (9.4).

9.3 Show that the positive eigenvalue Al of a Leslie matrix is al-
ways simple. Reeall that a root AO of a polynomial q(A) is sim-
ple if and only if q' (AO) F O.

9.4 Show that the righthand side of Eq. (9.10) is CXl where c is the
-1 (0)first entry of the eolumn veetor P x .

9.5 Show that the net reproduetion rate R, defined by (9.17), ean be
interpreted as the average number of daughters born to a single
female during her expeeted lifetime.

9.6 Show that a population is eventually deereasing if and only if
its net reproduetion rate is less than one. Similarly, show
that a population is eventually~inereasing if and only if its
net reproduetion rate is greater than one.

9.7 Calculate the net reproduetion rate of the anima 1 population in
Exampl e 9.1.

9.8 (For readers with a 'hand ealeulator) Caleulate the net reprodue-
tion rate of the Canadian.female population in -Bxample 9.3.

9.9 (For readers who have had a course in Complex Variables) Prove
Theorem 9.2. Hint: write Ai=rei8, substitute into (9.7), take
the real parts of both sides, and show that r~Al'
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Harvesting of
Animal Populations

10

The Leslie ~atrix model of population growth

is used to model the sustainable harvesting

of an animal population. The ~ffect of har-

vesting different 'fractions of different age

groups is investigated.

PREREQUISITES: Chapter 9: Age-Specific Population Growth

INTRODUCTI ON

In Chapter 9, the Leslie matrix model for the growth of a fe-
male population divided into discrete age classes was described. In
this chapter, we shall investigate the effects of harvesting an ani-
mal population growing according to such a model. By harvesting we
mean the removal of animals from the population. The word "harvest-
ing" is not necessarily a euphemism for "slaughtering"; the animals
may be removed from the population for other purposes.

We shall restriet ourselves to what are called sustainable
harvesting policies. By this we mean the following:

125
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Sustainable Harvestin~ Policy
A harvesting poliay in which an animal population is

periodicaUy hairoeetied i.8 eai.d to be euet.ai.nabl.e if the

yield of each harvest is' th~Sarf!eßnd the age distrib1!-

tion of the population remaining after each harvest is

the eame,

Thus, the anima I population is not depleted by a sustainable har-
vesting policy; only the excess growth is exploited.

As in Chapter 9, we shall only discuss the females of the pop-
ulation. If the number of males in each age class is equal to the
number of females -- a reasonable assUmption for many populations --
then our harvesting policies will also apply to the male portion of
the population.

THE HARVESTING MODEL
Figure 10.1 illustrates the basic idea of the model. We begin

with a population having a particular age distribution. It under-
goes a growth period which will be described by the Leslie matrix.
At the end of the growth period, a certain fraction of each age
class is harvested. The duration of the harvest is to be short in
cornparison with the growth period so that any growth or change in
the population during the harvest period may be neglected. Finally,
the population left unharvested is to have the same age distribution
as the original population. This cycle repeats after each harvest,
so that the yield is sustainable.

To describe this harvesting model mathematically, let

x =
x n

Xl
x2

be the age distribution vector of the population at the beginning of
the growth period. Thus xi is the number of females in the i-th
class left unharvested. As in Chapter 9, we require that the dura-
tion ofeach age class be identical with the duration of the growth
period. For example, if the population is harvested once a year,
then the population is to be divided into one-year age classes.
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~
~~~~~~ ~~~~~~~~pt",,..,,, pt",,,,,,,,,,,

pr",,,,Population
before

Growth Period
N01' /fARVESTE~---

filfpf

'"","'",Population
Harvested

Fraur e 10.1

Population
after

Growth Period

If L is the Leslie matrix describing the growth of the popula-
tion, then the vector Lx is the age distribution vector of the popu-
lation at the end of the growth period, immediately before the
periodic harvest. Let hi' for i = 1, 2,..., n, be the fraction of
females from the i-th class which is harvested. We use these n num-
bers to form an n x n diagonal matrix
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-h
1 0 0 ... 0
0 hz 0 ... 0

H = I 0 0 h ••• 03

0 0 0 ••• h
n

:"

(10.1)

O<h.<l- '/..-

which we shall cal1 the harvesting matrix. By definition, we have

That is, we may harvest none (h. = 0), a11 (h. = 1), or some proper'/.. '/..

fraction (0< hi < 1) of each of the n classes. Since the number of
females in the i-th class immediate1y before each harvest is the
i-th entry (Lx). of the vector Lx, it can be seen that the i-th'/..

entry of the column vector

HLx

h (Lx)n n

h1(LX)1
hZ (Lx)z

for i = 1, Z,...,n.

hav e

is the number of females harvested from the i-th c1ass.
Prom the definition of a sustainab1e harvesting p01icy, we

(
age distribution)

at end of
growth period ( ) (

age distribution)
- harvest = at beginnin~ of

growth perlod

or mathematical1y,

Lx - HLx = x .

If we write Eq. (10.1) in the form

(I - H)Lx = x

we see that x must be an eigenvector of the matrix (I-H)L
.sponding to the eigenvalue one. As we shal1 now describe,
places certain restrictions on the va1ues of h. and x.

'/..

(10. Z)

corre-
this
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Suppose the Les1ie matrix of the population is

a1 aZ
a ••• a a3 n-1 n

b1 0 0 ... 0 0
L = I 0 bz 0 ... ,0 0

I'
(l0.3). ·. ··0 0 0 ••• b

n-1 0
~

Then the matrix (I - H)L is easily computed:

(1 - hl)a1 (1-h1)aZ (l-h)a ••• (l-h)a (1- hl)an1 3 1 n-l

(1 - hZ)bl 0 0 ... 0 0
(I - H)L = I 0 Cl - h3)bZ 0 ... 0 0

.. ..
0 0 0 • •• (1- h)b 1 0n n-

We thus see that (I- H)L is a matrix which has the same rnathematica1
form as a Leslie matrix. In Chapte~ 9, we showed that a necessary
and sufficient'condition for a Leslie matrix to have one as an eigen-
va1ue is that its net reproduction rate also be one. (See Eq. (9.16)
on page 1ZZ.) Ca1cu1ating the net reproduction rate of (I-H)L and
setting it equa1 to one, we obtain (verify):

(1 - h ) [a + a b Cl - h ) + a b b (1 - h )(1 - h ) + •••1 1 Zl Z 31Z Z 3

+ a b b ••• b (1 - h ) (1 - h ) ••• (1 - h )] = 1.n 1 Z n-1 Z 3 n (10.4)

This equation places a restriction on the a110wab1e harvesting frac-
tions. Only those values of hl,hZ, ... ,hn which satisfy Eq. (10.4)

and whi ch 1ie in the LntervaI [0, 1] can produce a sustainab1e yie1d.
If hl, hZ'"'' hn do satisfy (10.4), then the matrix (I-H)L has

the desired eigenvalue Al = 1; and furthermore this eigenva1ue has
multiplicity one since the positive eigenva1ue of a Les1ie matrix
always has mUltiplicity one (Theorem 9.1, page 116). This means
that there is only one 1inear1y independent eigenvector x satisfying
Eq. (10.2). As in Chapter 9 (Eq. 9.8, page 115), we pick the f01-
lowing normalized eigenvector:



Any other solution x of (10.2) is a multiple of Xl' The veetor xl
thus determines the proportion of females within eaeh of the n
classes after a harvest under a sustainable harvesting poliey. But
there is an ambiguity in the total number of females in the popula-
tion after eaeh harvest. This ean be de t errni.ned by some auxilliary
condition, sueh as an eeological or eeonQmie eonstraint. For exam-
pIe, for a population eeonomieally supported by the harvester, the
largest population the harvester ean afford to raise between har-
vests would determine the partieular eonstant xl is multiplied by
to produee the appropriate veetor x in (10.2). For a wild popula-
tion - deer, wha Les ; bears, ete. - the natural habitat of the
population would determine how large the total population may be
be tween ~arvests.

Summarizing our results so far, we see that there is a wide
ehoiee in the values of hl, h2, ... , hn whieh will produee a sustain-
ableyield. But onee these values are seleeted, the proportional
age distribution of the population after eaeh harvest is uniquely
determined by the normalized eigenveetor xl defined by Eq. (10.5).
Let us now eonsider a few partieular harvesting strategies of this
type.
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Xl

h = 1 - I/Al' (10.6)
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Henee, l((l-h) must be the unique positive eigenvalue Al of the
Leslie growth matrix L. That is,

1

bl(1-h2)

blb2(1 - h2) (1- h3)

blb2b3(1- h2)(1- h3)(1- h4)
Al 1

l-h
(10.5)

Solving for the harvesting fraetion h, we obtain

b b b ••• b (1 - h ) (1 - h ) ••• (1 - h )
1 2 3 n-l 2 3 n

The veetor Xl' in this ease, is the same as the eigenveetor of L
eorresponding to the eigenvalue Al' From Chapter 9 (Eq. (9.8), page
115), this is

Xl (10.7)

1

b/Al
2

blb/Al
3

blbi3(Al

b b •.•.• b (An-l1 2 rt- 1 1

UNIFORM HARVESTING

From Eq. (10.6), we ean see that the larger Al is, the larger is the
fraetion of animals we ean harvest without depleting the population.
We also notiee that we need Al> 1 in order that the harvesting frae-
tion h lie in the interval (0, 1]. This is to be expeeted sinee
Al> 1 is the eondition that the population be inereasing.

With many populations
animals of speeifie ages.
reasonably assume the same
Let us therefore set

it is diffieult to distinguish or eateh
If animals are eaught at random, we may
fraetion of eaeh age elass is harvested.

EXAMPLE 10,1 For a eertain species of domestie sheep in NeW
Zealand with a growth period of one year, the following Leslie ma-
trix was found (G. Caughley, "Parameters for Seasonally Breeding
Populations," Ecol-oqu , Vol. 48, 1967, pages 834 - 839):

h = hl = h2 = ••• = hn.

Equation (10.2) then reduees to (verify):

(_1 )x.Lx =. 1_h
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.000 .045 .391 .472 .484 .546 .543 .502 .468 .459 .433 .421

.845 0 0 0 0 0 0 0 0 0 0 0
0 .975 0 0 0 0 0 0 0 0 0 0
0 0 .965 0 0 0 0 0 0 0 0 0
0 0 0 .950 0 0 0 0 0 0 0 0
0 0 0 0 .926 0 0 0 0 0 0 0

L =1 0 0 0 0 0 .895 0 0 0 0 0 0
0 0 0 0 0 0 .850 0 0 0 0 0
0 0 0 0 0 0 0 .786 0 0 0 0
0 0 0 0 0 0 0 0 .691 0 0 0
0 0 0 0 0 0 0 0 0 .561 0 0
0 0 0 0 0 0 0 0 0 0 .370 0~

The sheep have a 1ifespan of 12'years so that they are divided into
12 age e1asses of duration one year eaeh. By the use of numeriea1
teehniques, the unique positive eigenva1ue of L ean be found to be

"1=1.221

From Eq. (10.6), the harvesting fraetion h is

h= 1- 1/"1 = 1- 1/1.221 = 0.181

Thus, the uniform harvesting po1iey is one in whieh 18.1% of the
sheep from eaeh of the 12 age e1asses is harvested every year. From
Eq. (10.7), theage distribution veetor of tpe sheep after eaeh har-
vest is proportional to

1.000
0.692
0.552
0.436
0.339
0.257
0.189
0.131
0.084
0.048
0.022
0.007

(10.8)Xl
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From (10.8) we see that for every 1000 sheep between 0 and 1 years
ofage whieh are not harvested, there are 692 sheep between 1 and 2
years of age, 552 sheep between 2 and 3 years of age, and so forth .

HARVESTING ONLY THE YOUNGEST AGE (LASS
In some populations, on1y theyoungest fema1es are of any eeo-

nomie va1ue, and so the harvester seeks to harvest on1y the fema1es
from the youngest age e1ass. Aeeording1y, let us set

h1 = h,
h2 = h3 = ••• = hn = O.

Equation (10.4) then reduees to
(1 - h) (a + Cl: b + a b b + ••• + a b b ···b ) = 11 2 1 3 1 2 n 1 2 n-l '

or
(l-h)R=l

where R is the net reproduetion rate of the population. (See Eq.
(9.17), page 122.) Solving for h, we obtain

h=1-1/R. (10.9)

We notiee from this equation that only if R> 1 is a sustainable har-
vesting poliey possible. This is reasonable sinee only if R> 1 is
the population inereasing. From Eq.(10.5), the age distribution
veetor after eaeh harvest is proportional to the veetor

Xl

blb2b3•• 'bn_l

1

b1
blb2
blb2b3 (10.10)

EXAMPLE 10,2 Let us apply this type of sustainable harvesting
poliey to the sheep population in Example 10.1. For the net repro-
duetion rate of the population, we find:



R.» a +a b +a bb +"'+ab b ···bI 2 I 3 I 2 n I 2 n-I

= (.000) + (.045)(.845) + ••• + (.421)(.845)(.975)"'(.370)

Prom Eq. (10.9), the fraetion of the first age elass harvested is
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= 2.513.

Xl
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The vector LXI is the age distribution vector immediate1y before the
harvest. The total of all entries in LXI is 8.518, so that the
first entry 2.513 is 29.5% of the total. This means that immediate-
ly before each harvest, 29.5% of the population is in the youngest
age class. Since 60.2% of this class is harvested, it fol10ws that
17.8% (= 60.2% of 29.5%) of the entire sheep population is harvested
each year. This can be eompared with the uniform harvesting poliey
of Examp1e 10.1, in whieh 18.1% of the sheep population is harvested
each year.

h= l-l/R= 1-1/2.513= .602 .

1.000
0.845
(.845) (.975)
(.845) (.975) (.965)

(.845)(.975)"·(.370)

Prom Eq. (10.10), the age distribution of the sheep population after
the harvest is proportional to the vector

A direct ea1eu1ation gives us the fo1lowing (see also Exercise
(10.3):

LXI

2.513
0.845
0.824
0.795
0.755
0.699
0.626
0.532
0.418
0.289
0.162
0.060

OPTIMAL SUSTAINABLE YIELD
We saw in Example 10.1 that a sustainable harvesting policy in

which the same fraction of each age class is harvested produees a
yield of 18.1% of the sheep population. In Example 10.2, we saw
that if only the youngest age class is harvested, the resulting yield
is 17.8% of the population. There are many other possible sustain-
able harvesting po1ieies, and each will provide a generally differ-
ent yield. It would be of interest to find a sustainable harvesting
po1iey which produces the largest possible yield. Sueh a poliey is
called an optimaZ sustainabZe harvesting poZicy and the resulting
yield is cal1ed the optimaZ sustainabZe yieZd. However, the deter-
mination of the optimal sustainable yield requires Linear Program-
ming theory, and we eannot diseuss it in detail in this chapter.
(See Chapter 13 for an introduction to Linear Programming theory.)
We sha1l, though, state the following result for reference (C. Rorres,
"Optimal Sustainable Yield of a Renewable Resource," Bi.ometir-iee ,
Vol. 32, 1976, pages 945 - 948):

1.000
0.845
0.824
0.795
0.755
0.699
0.626 I· (10.11)

0.532
0.418
0.289
0.162
0.060 Optimal Sustainable Yield

An optimaZ sustainabZe harvesting poZicy is one in which

either one or two age cZasses are harvested. If two age

cZasses are harvested, then the oZder age cZass is com-

pZeteZy harvested.

(10.12)
As an illustration, it can be shown using Linear Programming that
the optimal sustainable yield of the sheep population is attained
when

hl = 0.522
h9 = 1.000 (10.13)
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and all other va lues of hi are zero. Thus, 52.2% of the sheep be-
tween 0 and 1 years of age and all of the sheepbetween 8 and 9
years of age are harvested. As we ask the reader to show in Exer-
eise 10.2, the resulting optimal sustainable yield is 19.9% of the
population.

EXERCISES
10.1 Let a .eertain anima 1 population be divided into three one-year

age elasses and have as its Leslie matrix

L {~

4

o n~

(a) Find the yield and the age distribution veetor after eaeh
harvest if the same fraetion of each of the three age
classes is harvested every year.

(b) Find the yield and the,age distribution veetor after each
harvest if only the youngest age c1ass is harvested every
year. Also, find the fraction of the youngest age class
which is harvested.

10.2 For the:optimal sustainable harvesting poliey deseribed by Eqs.
(10.13), find the veetor xl whieh speeifies the age distribu-
tion of the population after eaeh harvest. Also, caleulate the
veetor LXI and verify that the optimal sustainable yield is
19.9% of the population.

10.3 If only the first age elass of an animal population is harvest-
ed, use Eq. (10.10) to show that

LXI - xl Tl
where R is the net reproduetion rate of the population.

10.4 If only the I-th elass of an animal population is to be period-
ieally harvested (I = 1, 2, ..., n), find the eorresponding har-
vesting fraetion hI.

10.5 Suppose all of the J-th elass and a eertain fraetion hI of the
I-th elass of an anima 1 population is to be periodieally har-
vested (l::"'I<J::...n).Caleulate "i:

J~

,Ir!
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Least Squares Fitting
toData

A technique of best fitting a line or other

polynomial curve to a set of experimentally

determined points in the plane is described.

PREREQUISITES: Linear systems
Matriees
Euelidean spaee Rn
Column spaee of a matrix

INTRODUCTION
A eommon problem in experimental work is to obtain a mathema-

tieal relationship y = fex) between two variables x and y by "fitting"
a eurve to points in the plane eorresponding to various experimen-
tally determined va lues of x and y, say

(Xl' Yl)' (x2' Y2)' .•. , (xn' Yn)

Based on theoretieal eonsiderations, or simply on the pattern of the
points, one deeides on the general form of the eurve y=f(x) to be
fitted. Some possibilities are (Fig. 11.1):

137
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Y

x xx

Ci) CH) CHi)

Fi~ure 11.1

(i)

(H)
(iH)

A straight lin~--
A quadratic polynomial
A cubic polynomial --

Y = a + bx
2Y = a + bx + cx
2 3Y = a + btc + cx + dx .

Because the points are obtained experimentally, there is usually
some "error" in the data making it impossible to find a curve of the
desired form that passes through all of the points. Thus, the idea
is to choose the curve (by determining its coefficients) which
"best" fits the data. We begin with the simplest case: fitting a
straight line to the data points.

LEAST SQUARES FITTING OF A STRAIGHT LINE
Suppose we want to fit a straight line

Y = a + bx

to the experimentally determined points

(xl,yl), (x2,y2), .. ·, (xn,yn)·

If the data points are collinear, the line would pass through all n
points, and so the unknown coefficients a and b would satisfy
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Yl = a + bXl
Y2 = a + bX2..
Yn = a + bx .n

We may write this system in matrix form as

Yl 1
:~ 1 ~JY2 1

= ·· .· .
Yn 1 x n

or more compactly as

y = Mv (11.1)

where

Yl 1
1

Xl
Y2 1 x2

Y = I·' M

~ I ~ xn n

v = [:J (11.2)

If the data points are not collinear, it is impossible to find
coefficients a and b that satisfy (11.1) exactly; thus no matter how
we choose v, the difference

Y - Mv

between the two sides of (11.1) will not be zero. In this case, our
objective will be to find a vector v which minimizes the Euclidean
length of this difference

11 Y - Mv 11 .

If v* = ~:Jis such a minimi zing vector, we ca11 the line
Y = a* + b*x the least squares straight Une fit to the data.

To see how to find such a vector v*, refer to Figure 11.2. The
vector y is a fixed vector in Rn. And as v varies over a11 possible
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~i

Fü!ure 11.2

,

values, the vectors Mv form a subspace of Rn - the range space or
column space of the matrix M. As suggested by Fig. 11.2, if Y _ Mv
is to have minimum 1ength it must be orthogonal to the range space.
Let v* be that vector such that Y-Mv* is orthogonal to the range
space. This means that the Euclidean inner produc t of Y - Mv* wi th
Mv is zero for any vector v. Thus,

(Mv) t(y - Mv*) = 0

for all vectors v. Or, since (Mv)t=VtMt,

Vt(MtY_MtMV*) =0

for all vectors v. But this equation states that the fixed vector
MtY_MtMv* is orthogonal to every vector v. This is possible only
if this fixed vector is the zero vector; that is, if

MtMV* = Mty . (11.3)
Since M is an n x 2 matrix (see Eq. (11.2)), the matrix MtM is a 2 x 2

matrix. Thus if MtM is invertible, (11.3) has the unique solution
v* = (MtM) -l#y.
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REMARK In Exercise 11.6 we ask the reader to show that

MtM fails to be invertible if and only if the n data

points lie 5n a vertical line in the xy-plane.

Using this remark, we may summarize OUT results as follows
(where we now write v'instead of v* to simp1ify the notation):

ij

Given n >1 points (xl'Yl)' (x2,y2), ••• , (xn' Yn), not
al.l. lying on a vert-ioal=l ine, the least squares straight

line fit to these points,

y =a + bx ;

has coefficients given by

v = (MtMr1Mt
Y

iohere

1
Xl I

v = [:} M = 1

1 x2
I Yl

and Y = Y2

1 xn I I »;

EXAMPLE 11.1 Find the least
squares straight 1ine fit to the
four points (0,1), (1,3), (2,4),
and (3,4).

5

4

SOLUTION We have 3

Y

M " [1 n 2

1

MtM = D l~J o
-1 2o 1

(MtM) -1 1 [7 -3]
10 -3 ~ ,

X

Fü~ure 11.3

3 4
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EXAMPLE 11. 2 Hook e's 1aw in Physics states that the 1ength x of a
uniform spring is a linear function of the app1ied force y. If we
write y = a + bx , then the coefficient b is called the spring constant
Suppose a'particu1ar unstretched spring has a measured 1ength of 6.1
inches (Le. x= 6.1 when y = 0). Forces of 2 pounds, 4 pounds, and
6 pounds are then app1ied to the spring, and the corresponding
1engths are fou~d to be 7.6 inches, 8.7 inches, and 10.4 inches.
Find the spring constant of this spring.
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v (MtM)-lMty r 7 -3l ~
1~ L-3 zJ Lü ~[~lf;J1

1

1

2

And 'So the desired !ine is y = 1.5 + x.
-~

Figure 11.4 provides an a.Lternate interpretation of least
squares fitting of a straight !ine. We note that "y _Mv" and SalUT ION We have

[1 '.J '{l1 7.6
M = , ,

1 8.7
1 10.4

and

~ CY.[
~ Length
~ x1~

1 11
2 2 2 2

1 y - Mv = (y - a - bx) + (y - a - bx) +... + (y - a - bx )
1 1 2 2 n n

are minimized by the same vector v. From Fig. 11.4 we see that
ly·-a-bx·1 is the ver ttca I distance d . from the data point (x.,y.)1.- 1.-, 1.- 1.- 1.-

to the !ine y = a + bi:~ If we think of d , as the "vertical error" at1.-

the point (xi' Yi)' then the least squares straight line fit mini-
mizes

ja] t -1 t [-8.6l
v = l? = (M M) M Y = 1.4J·

Force y

d2 + d2 + ••• + d2
1 2 n

The spring constant is thus
b = 1.4 pounds/inch.

which is the sum of the squares of the vertica1 errors.

LEAST SQUARES FITTING OF A POLYNOMIAL
y

}d"
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x: Yi1.-

6.i: 0
7.6 2

8.7 4
10.4 6

Fi~ure 11.5

The technique described for fitting a straight 1ine to data
points genera1izes easi1y to fitting a po1ynomia1 of any specified
degree to data points. Let us attempt to fit a po1ynomia1 of fixed
degree m

{xl' (xn' Yn)
my=a +ax+"'+a x

Olmy.1.-

x
Substituting these n va1ues of x and y into (11.4) yie1ds the n
equations

to n points
a + =:

(xl' Y1)' (x2' Y2)' ... , (xn' Yn)·

Fi~ure 11.4

(11.4)
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iI

",:i,

-1 r 2 mYl 1 xl
X~ ••• X~ 11 aO

ii I Y2 _ 1 x2 x2 ••• x
2

al
':i
,\,

:ii
!j! .•..

l~nJ LI 2 m1! x x ••• x
n n n...J La17!

or, more simply,
;11

y =Mv , (11.5)ill
~Ij

'li where~q

lil

, "r::l MJ: 2 m!, Xl Xl ••• Xl
1 a

O';!

1;1
2. mx2 x2 ••• x2 al, :11 , v =

LI 2 m
~nJ X x •.• x

La,,:n n nJ
I
:i
i'l

as before, it can be shown that the least squares solutionI· Exact1y
j I~;' for v is given by

v = (MtM) -lMt y , (11.6)

j

which determines the coefficients of the polynomial. (See Exercise
11.8 for a discussion of the invertibility of the matrix MtM.)

.,1

EXAMPLE 11.3 According to Newton's second law of motion, a body
near the earth's surface falls vertically downward according to the
equation

28=8
0
+V

O
t+y,gt (11.7)

where

8 = vertical displacement downward relative to some fixed
point,

1 80
Vo
g

initial displacement at time t = 0,
ini t iaI velo city at time t = 0,
acceleration of gravity at earth's surface.1J
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Suppose a laboratory experiment is performed to eva1uate g using
this equation. A weight is released with unknown initial displace-
ment and velocity and at certain times the distances fallen from
some fixed referince point are measured. In particular, suppose
that at times t= .1, .2, .3, .4, and .5 seconds it is found that the
weight has fallen $=-0.18,0.31, 1.03, 2.48,and 3.73 feet, respec-
tively, from the reference point. Find an approximate va1ue of g
using these data ..

SOLUT ION The mathematical prob 1em is to fit a quadratic curve

8 = aO + a1 t + a2t
2 (11.8)

to the five data points:

(.1, -0.18), (.2,0.31), (.3, 1.03) , (.4,2.48), (.5,3.73) .

The necessary ca1culations are

t21 \1
j

1 t1 1 .1 .01

1 t2 t2 I I 1 .2 .042
M = I 1 t3 t

21 = I 1 .3 .093
1 t4 t21 I 1 .4 .164
1 t5 t21 1 .5 .255

81 -0.18
82 0.31

y = 183 = 1.03
84 2.48

':5 3.73

and

~aol f-O']v = a
1

= (MtM)-lMty = 0.35.
La2. 16.1
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From (11.7) and (11.8) we have a2=~g, and so

2g = 2a2 = 2(16.1) = 32.2 feet/second .

If desired, we may also evaluate the initial displacement and ini-
tial velocity of the weight:

BO=ao= -0.40 feet,

vO=al = 0.35 feet/second.

In Fig. 11.'6 we have p Iot t ed the five data points and the approxi-mating polynomial.
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Fil:!ure 11.6

EXERCISES
11.1 Find the least squares straight line fit to the three points

(0,0), (1,2), and (2,7).

11.2 Find the least squares straight line fit to the four points
(0,1), (2,0), (3,1), and (3,2).

~!!:. 11.3 Find the quadratic polynomial which best fits the four points
(2,0), (3,-10), (5,-48), and (6,-76).
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11.4 Find the cubic po Iynomial.which best fits the five po i.rrt.s
(-1,-14), (0,-5), (1,-4), (2,1), and (3,22).

/
11.5 Show that if M is an mx n matrix with linear1y independent

co Iumns , then MtM is an n x n invertib1e matrix.

11.6 Show that the matrix M in (11.2) has 1inear1y independent co1-
umns if and, on1y if at -least two of the numbers Xl, x2,"" xn
are distinct. Conc1ude from this and from Exercise 11.5 that
the matrix MtM in (11.3) is invertib1e if and on1y if the n
data points donot 1ie on a vertica1 1ine in the xy-p1ane.

11.7 Show that the co1umns of the n x (m + 1) matrix M in (11.5) are
linear1y independent if n > m and at least m + 1 of the numbers
Xl' x2'···, xn are di~tinct.

11.8 Using Exercise 11.7, show that a sufficient condition that the
matrix ~M in (11.6) is invertib1e is that n > m and at least
m + 1 of the numbers xl' x2' ... , xn are distinct.

0>

11.9 The owner of a rapid1y expanding business finds that for the
first five months of the year his sa1es are $ 4.0,4.4,5.2,6.4,
and 8.0 thousand. He plots these figures ona graph and con-
jectures that for the rest of the year his sa1es curve can be
approximated by a quadratic polynomial. Findthe least squares
quadratic po1ynomia1 fit to the sa1es curve and use it to pro-
ject the sa1es for the 12th month of the year.
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A Least Squares Model
for Human Hearing:
Fourier Series

,;.

The ~ethod of least squares approximation is

motivated by energy eonsiderations in a model

for human hearing. Linear Algebra teehniques

are used to approximate a funetion over an

interval by a linear combination of sine and

eosine terms.

PREREB.UISITES: Inner product spaces
Orthogonal projection
C[a, b](the vector space of continuous

functions on [a, b])

INTRODUCTI ON

We begin with abrief discussion of the nature of sound and
human hearing. Figure 12.1 is a schematic diagram of the ear show-
ing its three main components: the outer ear, middle ear, and inner
ear. Sound waves enter the outer ear where they are channeled to
the eardrum, causing it to vibrate. Three tiny bones in the middle
ear luechanically link the eardrum with the snail-shaped cochlea
within the inner ear. These bones pass on the vibrations of the
eardrum to a fluid within the cochlea. The cochlea contains thou-
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Auditory
Nerve

Sound
Wave

FiI~ure 12.1

sands of minute hair~ whichosci11ate withthe fluid. Those near
the entrance of the cochlea are stimu1ated by high frequencies and
those near the tip are stimulated by 10w frequencies. The movements
of these hairs activate nerve ce1ls which send signals a10ng various
neural pathways to the brain, where the signals are interpreted as
sound.

The sound waves themselves are variations in time of the air
pressure. For the auditory system, the most e1ementary type of
sound wave is a sinusoidal variation in the air pressure. This type
of sound'wave stimulates the hairs within the cochlea in such a way
that a nerve impulse along a single neural pathway is produced (Fig.
12.2). A sinusoida1 sound wave may be described by a function of
time

q(t) =AO+Asinw(t - 0) (12.1)

where q(t) is the atmospheric pressure at the eardrum, AO is the
normal atmospheric pressure, A is the maximum deviation of the pres-
sure fromthe normal atmospheric pressure, w/2~ is the frequency of
the wave in cyc1es per second, and 0 is the phase angle of the wave.
To be perceived as sound, such sinusoida1 waves must have frequen-
cies within a certain range. For humans this range is roughly 20
cps to 20,000 cps. Frequencies outside of this range will not stim-
ulate the hairs within the cochlea enough to produce nerve signals.

To a reasonab1e degree of accuracy, the ear is a linear system.
This means that if a comp1ex sound wave is a finite sum of sinusoid-
a1 components of different amp1itudes, frequencies, and phase ang1es,
say

q(t) =AO +A1sinwl (t - 01)

+A2sinw2(t- 152) + ••• +Ansinwn(t- ön), (12.2)
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qt t)

A

Ear

~~" , ,m,

1 I • t Neural Pathways
to Brain

FiE!ure 12.2

then the response of the ear consists of nerve impulses along the
same neural pathways that would be stimulated by the individual
components (Fig. 12.3).

Let us now consider some periodic sound wave pet) with period
T (i.e., pet) =p(t+T)) which is not a finite sum of sinusoidal
waves. If we examine the response of the ear to such a periodic
wave, we find that it is the same as the responte to some wave which
is the sum of sinusoidal waves. That is, there is some sound wave
q(t) as given by Eq. (12.2) which produces the same response as pet),
even though pet) and q(t) are different functions of time.

We now want to determine the frequencies, amplitudes, and phase
angles of the sinusoidal components of q(t). Since q(t) produces
the same response as the periodic'wave pet), it is reasonable to
expect that q(t) has the same period T as pet). This requires that
each sinusoidal term in q(t) have period T. Consequently, the fre-
quencies of the sinusoidal components must be integer multiples of

~ qt t)

r"" ,,~
~"""~

\,»)')oVV\N

FiE!ure 12.3
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the basic fr~quency l/T of the pet). That is, the wk in Eq. (12.2)
must be of the form

Wk = 2krr/T, k=1,2, ..:

But since the ear cannot perceive sinusoida1 waves with frequencies
greater than 20,000 cps, we may omit those va1ues of k for which
wk/2rr= k/T is greater than 20,000. Thus, q(t) is of the form

q(t) =A +A sin~(t- ° ) + ··-+A sin 2nrr(t- ° )01 TIn T n (12.3)

where n is the largest integer such that n/T is not greater than
20,000.

We now turn our attention to the values of the amplitudes AO'

Al,···,Anand the phase angles °1,°2"", on which appear in Eq.
(12.3). There is some criterion by which the auditory system
"picks" these values so that q(t) produces the same response as
pet). To examine this criterion, let us set

e(t) = pet) - q(t).

If we consider ~(t) as an approximation to'pet), then e(t) is the
error in this approximation; an error which the ear cannot perceive.
In terms of e(t), the criterion for the determination of the ampli-
tudes and the phase angles is that the quantity

T

l[e(t))2dt

°
be as small as possible. We cannot go into the physiological rea-
sons for this, but we can remark that this expression is proportion-
al to the acoustic energy of the error wave e(t) over one period.
In other words, it is the energy of the difference between the two
sound waves pet) and q(t) which determine whether the ear perceives
any difference between them. If this energy is aS small as possible,
then the two waves produce the same sensation of sound.

In general, suppose we want to approximate a function pet) by
another function q(t) from a certain class. If the criterion of
approximation is the smallness of the integral

f[~(t) - q(t)] 2dt,

°
(12.4)
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then we call q(t) the least squares approximation to pet) over the
interval [0, T]. The integral in (12.4) is called the least squares
error, or the mean squares error, of the approximation. This cri-
terion arises quite naturally in a wide variety of engineering and
scientific approximation problems. Besides the acoustics problem
just discussed, some other examples are
1. Let T(x) be the temperature

distribution ln a uniform rod
1ying a10ng the x-axis from
x=O to x=R, (Fig. 12.4).
The thermal energy in the rod
is proportional to the inte-
gral

I
R,
. 2
[T(x)] dx . J

°

T(x)
temperature

x

x = R,The c10seness of an approxi- Ix = 0
mation q(x) to T(x) can be
judged according to the ther-
mal energy of the difference Fi~ure 12.4
of the two temperature dis-
tributions. That energy is proportional to

itT(X) - q(x)]2dx,

°
which is a least squares
criterion.

2. Let E(t) be a periodic voltage
across a resistor in an elec-
trica1 circuit. The electri-
ca1 energy transferred to the
resistor during one period T'
is proportional to

ffE(t) ]2dt.

°
If q(t) has the same period as
E(t) and is to be an approxima-
tion to E(t), then the criterion

E(t)
voltage

t

Fi~ure 12.5
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of closeness might be taken as the energy of the difference
voltage. This is proportional to

T
flEet) _q(t)]2dt,

o

3.
which is again a least squares
Let y(x) be the vertical dis-
placement of a uniform flexi-
ble string whose equilibrium
position is along the x-axis
from x = 0 to x = z , The elas-
tic potential energy of the
string is proportional to

R,

criterion.
y(x)

displacement

fty (x) ] 2ax.
o

x

x

f ()' b . FiE!ure 12.6I q x lS to e an approx1-
mation to the displacement, then as before, the energy integral

i

f[y(X) _q(x)]2d.1:;

o

determines a least squares criterion for the closeness of the
approximation.

Least squares approximation is also used in situationswhere
there is no apriori justification for its use, such as for approx-
imating business cycles, population growth curves, sales curves, and
so forth. It is used in these cases because of its mathematical
simplicity. In general, if no other error criterion is immediately
apparent for an approximation problem, the least squares criterion
is the one most often chosen.

In the next section we develop the mathematical theory of the
least squares approximation of a function by a linear combination
of sinusoidal functions.

GENERAL THEORY
Let f(t) be a given continuous function defined over an inter-

val of the t-axis. We first consider the case when the interval is
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[0, 21T]and later consider the general case when the interval is [0, T]
for arbitrary T. Analogous to Eq. (12.3) with T=21T, we desire to
approximate f(t) by a function of the form

g(t) =AO+Alsin(t- 01) +A2sin2(t- 02) + ••• +Ansinn(t- on)

for some fixed integer n. Since sin k(t - 0k) is expressible as a
linear combination of sinktand coskt, we can write g(t) in the a l>
ternate form

g(t) =cO+clcost+c2cos 2t+ •• • .fcncosnt

+ d
l

sin t + d2sin 2t + ••• + dnsin nt . (12.5)

Such a function is called a trigonometric polynomial of ovder n.
Our problem is to find values of cO' cl"'" cn' dl,···, dn such that
g(t) is the least squares approximation to f(t) over the interval
[0, 21T]. That is, the coefficients are to be chosen so that the
least squares error)

21T
f[f(t) - g(t) ]2dt

o "
(12.6)

is as small as possible.Since the integral in Eq. (12.6) is a function of the 2n + 1 co-
efficients cO' cl"'" cn' d

l
, .. ·, dn' it i.spossible to use calculus

to find the minimum value of the least squar.es error and the corre-
sponding values of these 2n + 1 coefficients. However, an approach
using Linear Algebra will give us greater insight into the nature
of the approximation process. Moreover, the method we discuss can
be applied to many least square problems besides those in this text.
We will need the followingthree facts:

1. The function f(t) we are attempting to approximate
may be viewed as a vector in the vector space C[O, 211]
__ the space of all continuous functions on [0, 21T].

2. Since the approximating function g(t) is a linear
combination of 1, cos t, ... , cos nt, sin t, ... , sin nt,
we may view g(t) as a vector in the subspace W of
C[O, 21T]spanned by these 2n + 1 vectors.
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3. Sinee

IIf- gll (12.7)
(11
J[f(t) - g(t) ]2dt

o

is the di.st.ance between f(t) and g(t) in the norm
generated by the inner produet

1211
<u, v> = u(t)v(t) dt,

o
(12.8)

the least squar~s error

1211
[f(t) _g(t)]2dt

o
(12.9)

represents the square of the distance Ilf - g 11.

In light of these remarks, the problem of finding a trigonometrie
po1ynomial g(t) whieh minimizes the least squares error given by
(12.9) 'is equivalent to the problem of finding a vector g in the
subspaee W which minimizes the distance Ilf - g 11. The latter problem
can be solved by use of the following theorem from the theory of
inner produet spaees (Fig. 12.7)

THEOREM 12.1 Let f be a vector in an inner product space
and Let: Wbe a finite dimensional subspace . Then the vec-

tio» g in Wwhich minimizes the distqnce Ilf - g 11is projw f,
the orthogonal projection of f onto W. If the vectors

go' gl"'" gm

form an oirthonormal. basis for W, then projWf is given
by

projwf <i', gO>go+ <f, gl>gl +... +<f,gm>gm (12.10)
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Fi~ure 12.7

To app1y this theorem, we must first find an orthonorma1 basis for
the subspace W spanned by the 2n + 1 vectors 1, cos t, cos 2t, ... " ,
cos nt, sin t, sin 2t, ... , sin nt. A direet ea1cu1ation (see Exereise
12.6) verifies that these 2n + 1 veetors ar e orthogonal relative to
the inner produet (12.8). Consequent1y, we need on1y divide eaeh
one of these veetors'by its 1ength to generate an orthonorma1 basis
for W. The result is (see Exercise 12.7):

1 1 1go = --, gl = - cos t, ... , g = - eos nt,
l2iT /iT n 5

1 . t 1 . tg 1 = - Sln , .•• , g2 = - Sln n .'
n+ ,!il n fIT

The orthogonal projection of f onto W is then given by (12.10):

projwf = <f,gO>_l_+<f,g >1..-eost+ "'+<f,g >1- eosntl2TI 11il n/iT

+<f,g l>l-sint+"'+<f, g2 >1..-sinnt.
n+ Iil n liT

(12. ll)

To simplify our notation, let us define
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ao f
211

2<f, gO>_1_ = ~ f(t) dt: ,
l2TI 0

ak
1<r, gk> IIT f211=~ f(t)cosktdt,

o
k= 1,2, ..., n

1
211

bk = <r, gn+k>~ = ~ f(t)sinktdt,
IIT o.

k= 1,2, ..., n.

Equation (12.11) can then be written as

projwf = lzaO+a1 cos t+ ••• +ancosnt+b1sint+ ••. +bnsinnt.

In summary, we have thefo11owing resu1t:

THEOREM 12.2 If f(t) is eontinuous on [0, 211],the tri-
gonometrie funetion g(t) of the form

g(t) =lza +a1cos t+ ••• +a cosnt+b sint+ ••• +b sinnto n 1 n

whieh~nimizes the least squares error

(11
l[f(t) _g(t)]2dt
o

has eoeffieients

(11
ak = ~ J f(t) cos kt: dt.,

o
k = 0, 1, 2, ... ,n

( 211
bk = ~J f(t)sinktdt,

o
k = 1, 2, ... ,n.

/
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If the,original function f(t) is defined over the interval
[0, T] instead of [0, 211],a change of sca1e will yie1d the following
resu1t esee Exercise 12.8):

T

=. = ~ 1fet)COS 2k;t d t ,

o
k=0,1,2, ... ,n

THEOREM 12.3 If f(t) is eontinuous on [0, Tl, the tri- /

.qonomeiiric funetion g(t) of the form

211 2n1l
g(t) = lzaO+a1cosTt+ ••• + ancos'i't

+b sin~ t+··· +b sin 2n1lt
1 T n T

whieh minimizes the least squares error

.•TJ [fet) - g(t) j
2dt

o

has eoeffieients

T
b
k

= l f fet) sin 2krrt dt
T 1 T'

o

EXAMPLE 12 11 Let asound wave
pet) have a saw-tooth pattern with
a basic frequency of 5000 cps
(Fig. 12.8). Units have been
chosen so that the normal atmos-
pheric pressure is at the zero
level, and the maximum amplitude
of the wave is A. The basic per-
iod of the wave is T = 1/5000 =
.0002seconds. From t= 0 to t= T,

pet) has the equation

pet) = 2A(T )T 2- i: •

k= 1,2, ..., n.

t

Fieure 12.8
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Theorem 12.3 then yields the following (verify):

T T

aO =~ip(t)dt=~ i~(~-t)dt= 0,

° °
T

ak = j f p(t)cos 2~t dt

°

T

j f ~ (f- t )COS 2~t dt= 0, k= 1,

°
2, .•.

bk

T T
2 i . 2krrt 2 i 2A (T ). 2krrt 2A= - p(t)Slll --. dt = - - -- t Sln-·- dt=-k 'T T T T2 T rr

° ° . k = 1, 2, ...

Let us investigate how the sound wave pet) is perceived by the human
ear , We notice that 4/T= 20,000 cps, so that we need only go up to
k. = 4 in the above formulas. The least squares approximation to pet)
is then

2A [ . 2rr 1. 4rr 1. 6rr i. 8rr Jq(t) = -:;r slnTt+zSlnTt+3s1nTt+4s1nT t.

The four sinusoidal terms have frequencies of 5,000, 10,000, 15,000,
and 20,000 cps, respectively. In Fig. 12.9 we have plotted pet) and
q(t) over one period. Although q(t) is not a very good point-by-
point approximation to pet), tothe ear, both pet) and q(t) produce
the same sensation of sound.

A

.!Afi
2

°
_2. A
'2

-A
Fü!ure 12.9

/
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As might be expected, the least squares approximation becomes
better as the number of terms in the approximating trigonometric
polynomial beeomes larger. In more advanced courses, it is shown
that theleast squares error tends to zero as n approaehes infinity.
For a functicn f(t) defined over the interval [0, 2rr], this limiting
approximation is denoted by

f(t) ~ ao + L: (akcos kt + bksin kt)
k=l

(12.12)

and iscalled the Fourier series of f(t) on the interval [0, 2rr].
The equality in this equation denotes an equality between the two
sides of the equation consideredas vectors in C[ 0, 2rr]. To be pr e-
cise, Eq. (12.12) denotes the fact that the quantity

f2rr

[I(t) - ~ao- f:(akCoskt+bksinkt)Ydt
k=l

°tends to zero as n approaches infinity. Whether the Fourier series
of fet) eonverges to f(t) for each t is another question, and a more
difficult one. For most eontinuous 'functions eneountered in appli-
cations, the Fourier series does indeed converge to its eorrespond-
ing funetion foreach value of t.

EXERCISES
12.1 Find the trigonometrie polynomial of order three which is the

least squares approximation to the funetion fet) = et - rr) 2 over
the interval [0,2rr].

12.2 Find the trigonometrie polynomial of .order four whieh is the
least squares approximation to the funetion fet) = t2 over the
interval [0, T].

12.3 Find the trigonometric polynomial of order four whieh is the
least squares approximation to the function fet) over the in-
terval[O, 2rr] where

{
sin t

f(t) = ° 0< t< rr

rr< t< 2rr .
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12.4 Find the trigonometrie polynomial of arbitrary order n whieh i~
the least squares approximation to the funetion f(t) = sin ~ t
over the interval [0, 211].

12.5 Find the trigonometrie polynomial of arbitrary order n whieh
is the least squares approximation to the funetion f(t) over
the interval [0, T] where

f(t) ={T~ t
o~.t2~T

~T<t<T

12.6 Show that the 2n + 1 funetions

1, eos t, eos 2t,..," eos nt, .sint, sin 2t,..., sin nt

are orthogonal over the interval [0, 211]relative to the inner
produet <u, v> defined by Eq. (12.8).

12.7 For the distanee formula defined in (12.7), show that
(a) 11111=1/&

lIeosktll=l/liTfor k=l, 2, .
IIsinktll=l/liTfor k=l, 2, .

12.8 If f(t) is defined and eontinuous on the Lnt e., vaI [0, T], show
that f(211T/T) is defined and eontinuous for T in the interval
[0, 211]. Use this faet to show how Theorem 12.3 follows from
Theorem 12 ;,2.

tg
Linear Programming 1:
A Geometrie Approach

A geometric technique for maximizing or mini-

mizing a linear expression in two variabZes

subject to a set of linear constraints is de-

scribed.

PRERE8.UIS ITES: Linear systems
Linear inequalities

INTRODUCTI ON

The study of linear programming theory has expanded greatly
sinee the pioneer work of George Dantzig in the late nineteen-for-
ties. Today, linear programming is applied to a wide variety of
problems in industry and science. In this chapter we present a geo-
metrie approach to the solution of simple linear programming prob-
lems. In Chapters 14 and 15 we deve lop the algebraic theory re-
quired to solve more general problems in this field.

Let us begin with some examples:

EXAMPLE 13.1 A eandy manufacturer has 130 pounds of choco late-
eovered cherries and 170 pounds of chocolate-covered mints in stock.
He deeides to seIl them in the form of two different mixtures. One

163
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mixture will contain half cherries and half mints and will seIl for
$2.00 per pound. The other mixture will contain one-third cherries
and ,two-thirds mints and will selI for $1.25 per pound. How many
pounds 6f each,mixture 'should the cändy manufacturer prepare in or-
der to maxi.mize his saIes revenue?

Let us first formulate this problem mathematically. Let the
mixture of half cherries and half mints be called mix A, and let xl
be the number of pounds of this mixture to be prepared. Let the
mixture of one-third cherries and.two-thirds mints be called mix B;
and let X2 be the number of pounds of this mixture to be prepared.
Since mixA seIls for. $2.00 per pound and mix B seIls for $1.25 per
pound, the total sales z (in dollars) will be

z = 2. OOx1 + 1. 25x 2"

Since each pound of mix A contains 1/2 pound of cherries and each
pound of mix B contains 1/3 pound of cherries, the total number of
pounds of cherries used in both mixtures is

1 1
2"xl +3"x2·

Slmilarly, since each pound of mix A contains 1/2 pound of mints and
each pound of mix B contains 2/3 pound of mints, the total number of
pounds of mints used in both mixtures is

1 2
2"xl +3"x2·

Because"the manufacturer can use at most 130 pounds of cherries and
170 pounds of mints, we must have

1 1
2"xl + 3"x2 < 130

i 2'2xl +3"x2 < 170.

Also, since xl and x2 cannot be negative numbers, we must have

Xl ~ 0 and X2 ~ O.

The problem can therefore be formulated mathematically as folIows:

Fi~ va lues of xl und x2 which maximize

z = 2. OOxl + 1. 25x2
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subject to
1 12"xl + 3"x2 < 130

1 22"xl +3"x2 .2. 170

Xl > 0

x2 ~ O.

In the next section we shall show how to solve this type of mathema-
tical problem geometrically.

EXAMPLE 13.2 A woman has up to $10,000 to invest. Her broker
suggests investing in two bonds, A and B. Bond A is a rather risky
bond with an annual yield of 10%, and bond B is a rather safe bond
with an annual yield of 7%. After some consideration, she decides
to invest at most $6,000 in bond A, at least $2,000 in bond B, and
to invest at least as much in bond A as in bond B. How should she
invest her $10,000 in order to maximize her annual yield?

In order to formulate this Problem mathematically, let xl be
the number of dollars to be invested in bond A and let x2 be the
number of dollars to be invested in,bond B. Since each dollar in-
vested in bond A earns $.10 per i;ar and each dollar invested in
bond B earns $.07 per year, the total dollar amount z earned each
year by both bonds is

z = .10xl + .07x2.

The constraints imposed can be formulated mathematically as folIows:

Invest no more than $10,000: xl + x2 .2. 10,000
Invest at most $6,000 in bond A: X < 6,0001 -
Invest at least $2,000 in bond B: x2 ~ 2,000
Invest at least as much in bond
A as in bond B: xl ~ x2·

We also have the implicit assumption that xl and x2 are nonnegative:

"i ~ 0 and X2 > O.
Thus, the complete mathematical formulation of the problem is as
folIows:

Find values of xl and x2 which maximize

z = .10xl + .07x2
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eub.ject: to

Xl +x2 < 10,000

Xl < 6,000
X
2

.:. 2,000

Xl-X2':' 0

xl .:.0
x2 .:. O.

EXAMPLE 13,3 A student desires to design a breakfast of corn
flakes and milk which is as economical as possible. On the basis of
what he eats during his other meals, he decides that his breakfast
should supply hirnwith at least nine grams of protein, at least one-
third the recommended daily allowance (RDA) of vitamin D, and at
least one-fourth the RDA of calcium. He finds the following nutri-
tion information on the milk and corn flakes containers:

Milk Corn Flakes
y, cup 1 ounce

Cost 7.5,/: 5.0,/:
Protein 4 grams 2 grams
Vitamin D 1/8 of RDA 1/10 of RDA
Calcium 1/6 of RDA none

In order not to have his mixture too soggy or too dry, the student
decides to limit himself to mixtures which contain one to three
ounces of corn flakes per cup of milk, inclusive. What quantities
of milk and corn flakes should he use to minimize the cost of his
breakfast?

For the mathematical formulation of this problem, let xl be the
quantity of milk used measured in Y,-cup units and let x2 be the
quantity of corn flakes used measured in I-ounce units. Then if z
is the cost of the breakfast in cents,we may write the following:

Cost of breakfast:
At least nine grams of protein:

z = 7.5xl + 5.OX2
4xI + 2x2 .:. 9

1 1 1
gXl + lOx2 .:. 3"At least 1/3 of RDA of vitamin D:

linear Pro~rammin~ 1/167

At least 1/4 of RDA of calcium: 1 1- X >-6 1 - 4
At least one ounce of corn flakes 1per cup (2 Y,-cups) of milk: X/Xl':' "2 (or xl - 2x2 2. 0)
At most three ounces of corn

3flakes per cup (2 y,-cups) of milk: X/Xl 2. "2 (or 3xI - 2x2 .:. 0)

As before, we also have the implicit assumption that xl > 0 and
x2 .:. O. Thus the complete mathematical formulation of the problem
is as .f'o lLows

Find values of Xl and x2 which minimize

z = 7.5x
I

+ 5.OX
2

eubieot: to

4xl + 2x2 > 9

1 1 I
aXI + lOx2 .:. "3

I I6xI .:.4

Xl - 2x2 < 0

3xI - 2x2 > 0

Xl > 0

X2 > o.

GEOMETRIe SOLUTION OF LINEAR PROGRAMMING PROBLEMS
Each of the three examples in the introduction is a special

case of the following problem:
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PROBLEM l3.l Find va lues of xl and x2 w~ich either

maximize or minimize

z - = "ix 2 + C 2x 2 (13.1)

suhject to

allxl +a12x2 (~) (~)( =) b1

a2lxr+a22x2 (2)(~)( =) b2
\

(13.2)

amlxl + am2x2 (2) (~) ( = )bm

and

X2 > o. (13.3)Xl ~,O,

In Eqs. (13.2), only one of the symbols 2'~' = is to be used in eaeh
of the m equations.

Problem 13,1 is the general linear programming problem in two
variables. The linear funetion z in (13.1) is ealled the objective
function. Equations (13.2) and (13.3) are ealled the constraints;
in partieular, Eqs. (13.3) are ealled the nonnegativity constraints
on the variables Xl and x2'

We shall now show how to solve a linear programming problem in
two variables graphieally. A pair of values (Xl, x2) whieh satisfy
all of the eonstraints is ealled a feasible solution. The set of
all feasible solutions determines a subset of the xlx2-plane ealled
the feasible region. Our des ire is to find a feasible solution whieh
maximizes the objeetive funetion. Sueh a solution is ealled an op-
timal eol.ut ion,

To examine the feasible region of a linear programming problem,
let us note that eaeh eonstraint of the form

ailxl + ai2x2 = bi

defines a line in the xlx2-plane, while eaeh eonstraint of the form

ailxl + ai2x2 2 bi

or
ailxl + ai2x2 ~ bi

defines a half-plane whieh ineludes its boundary line
ailxl + ai2x2 = bi

Thus, the feasible region is al-
ways an interseetion of finitely
many lines and half-planes. For
example, the four eonstraints

I' 1
Z-xl + 3x2 < 130

I 2Z-xi + 3x2 2 170

Xl > 0
x2 > 0

ofExample 13.1 define the half-
planes illustrated in Fig. 13.1(a1
(b), (e), and (d). The feasible
region of this problem is thus the
interseetion of these four half-
planes, whieh is ,illustrated in
Fig. 13.1(e).

It ean be shown that the fea-
sible region of a linear program- Ce)
ming problem has a boundary eon-
sisting of a finite number of
straight-line segments. If the
feasible region ean be enelosed in
a suffieiently large eirele, it is
ealled bounded (Fig. 13.l(e));
otherwise it is ealled unbounded
(Fig. 13.5). If the feasible re-
gion is empty (eontains no points),
then the eonstraints are ineonsis- (d)
tent and the linear programming
problem has no solution (Fig.
13.6) .

Those boundary points of a
feasible region whieh are inter-
seetions of two of the straight-
line boundary segments are ealled
extreme points. (They are also
ealled corner points or vertex ( )
points.) For example, from Fig. e
13.1(e), the feasible region of
Exarnple 13.1 has four extreme
points:
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(a)

Xl

eb)

Xl

I 2iXI +3x2~ 170

Xl

Xl

Q ~ Xl

Fi.eur e 13.1
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(0, 0), (0, 255), (13.4')(180, 120), (260, 0) .

The importance of the extreme points of a feasible region is
shown by the following theorem:

THEOREM-~3.~ If the feasible region of a linear program-

ming problem is nonempty and bounded, then the objective

function attains both a maximum and minimum value and

these occur at extreme points of the feasible region. If

the feasible region is unbounded then the objective func-

tion may or may not attain a maximum or minimum value;

however, if it attains a maximum or minimum value, it

does so at an extreme point.

Figure 13.2 suggests the idea behind the proaf of this theorem.
Since the objective function

Z = clxl + "z":

of a linear programming problem is a linear function of xl and x2'
its level curves (the curves along which z has constant values) are
straight lines. As we move in a direction perpendicular to these
level curves, the objective function either increases or decreases
monotonically. Within a bounded feasible region, the maximum and
minimum va lues of z must therefore occur at extreme points, as
Figure 13.2 indicates.

-L---==-~=-=-------..~xlI

Fieure 13.2

\
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In the next few examples, we use Theorem 13.1 to salve several
linear progra~ing problems and illustrate the variations in the
nature of the solutions which may öccur.

EXAMPLE 13.1 (REVISITED) From Figure 13.1{e), we see that the
feasible region of Example 13.1 is bounded. Consequently, from
Theorem 13.1 the objective function

z = 2.00xl+1.2Sx2

attains both its minimum and maximum values at extreme points. The
four extreme points and the corresponding values of z are given in
the fo lIowi.ngt.abLe

Extreme point Value of
(xl' x2) z = 2.OOxl + 1. 25x2

(0, 0) °
(0, 255) 318.75
(180, 120) 510.00
(260, 0) 520.00

We see that the largest value of z is 520.00, and the corresponding
optimal solution is (260,0). Thus, the candy manufacturer attains
maximum sales of $520 when he produces 260 pounds of mixture A and
none of mixture B.

EXAMPLE 13.4 Find values ofxl and x2 which maximize

Z = -xl + 3x2

subject to
2x

l
+ 3x2 < 24

xl - x2 < 7

x2 < 6

xl > °
x2 ~ 0.
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X2

,.! I 1 ~< ~ Xl

Fi~ure 13.3

SOLUTION In Fig. 13.3 we have drawn the feasible region of this
problem. Since it is bounded, the maximum value of Z is attained
at one of the five extreme points. The va lues of the objective func-
tion at t.heTdve extreme points are given in the following table:

Extreme point Value of
(xl' x2) z=x

l
+3x

2

(0, 6) 18
(3, 6) 21
(9, 2) 15
(7, 0) 7

(0, 0) 0

From this table, the maximum value of z is 21, which is attained at
xl = 3 and x 2 = 6.

EXAMPLE 13.5 Find values of xl and x
2

which maximize

z = 4xl + 6x2
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subject to
2xl + 3x

2
< 24

xl - x2 < 7
x2 < 6

Xl > 0

x2 > o.

SOLUTION The constraints in this problem are identical to the cori-
straints in Example 13.4, and so the feasible region of this problem
is also given by Fig. 13.3. The values of the objective function at
the extreme points are as folIows:

Extreme point Value of
(xl' x2) z = 4xl + 6x2

(0, 6) 36
{3, 6) 48
(9, 2) 48
(7, 0) 28
(0, 0) 0

We see that the objective function attains a maximum value of 48 at
two adjacent extreme points, (3,6) and (9,2). This shows that an
optimal solution to a linear programming problem need not be unique.
As we ask the reader to show in Exercise 13.9, if the objective
function has the same value at two adjacent extreme points, it has
the same value at all points on the straight-line boundary segment
connecting the two extreme points. Thus, in this example the maxi-
mum value of z is attained at all points on the straight-line seg-
ment connecting the extreme points (3, 6) and (9, 2) .

EXAMPLE 13.6 Find values of xl and x2 which minimize

z=2x
l
-X

2

subject to
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2xl + 3x
2

= 12

2x1-3x2~0

Xl > 0
x2 > o.

SOLUTION In Fig. 13.4 we have drawn the feasible region of this
problem. Because one of the constraints is an equality constraint,
the feasible region is a straight line segment with two extreme
points. The values of z at the two extreme points are as foliows:

Extreme point Value of
(xl' x2) z = 2xl - x2

(3, 2) 4

(6, 0) 12

The num.mum va Iue of z is thus 4, and is attained at Xl = 3.and
x2 = 2.

X2

2x 1 + 3x 2= 12

2x1-3x2=0

...••.•. ~ Xl__ ~ __ ~ __ ll ~1 ~I I,,1/ I

FiE!ure 13.4
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EXAMPLE 13,7 Find values of Xl and x2 which maximize

z = 2xl + 5x2

subject to
2x1 + x2 ~ 8

-4xl + x2.2. 2

2x1 - 3x2 .2. 0

Xl ~ 0
x2 ~ o.

SOLUTION The feasible region of this linear programming problem is
illustrated in Fig. 13.5. Since it is unbounded, we are not assured
by Theorem 13.1 that the objective function attains a maximum value.
In fact, it is easily seen that since the feasible region contains
points for which both Xl and x2 are arbitrarily large and positive,
then the objective function

z = 2x1 + 5x
2

can be made arbitrarily large and positive. This problem has no op-
timal solution. Instead, we say the problem has an unbounded soZu-
tion.

Fil!ure 13.5
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EXAMPLE 13,8 Find values of Xl and Xz which maximize

z = -5xl +x2

subject to
2x

1
+ x2 > 8

-4x
1

+ x
2

< 2

2xl - 3.x
2

< 0

Xl > 0
:1)2> o.

SOLUTION Th e above constraints are the same as those in Example
13.7, so that the feasible region of this problem is also given by
Fig. 13.5. In Exercise 13.10, we ask the reader to show that the
objective function of this problem attains a maximum within the fea-
sible region. By Theorem 13.1, this maximum must be attained at an
extreme point. The values of z at the two extreme points of the
feasible region are given by

Extreme point Value of
(Xl' x2) z=-5x

l
+x

2

(1, 6) 1

(3, 2) -13

The maximum value of z is thus 1, and is attained at the extreme
point Xl = 1, x2 = 6.

EXAMPLE 13,9 Find the values X and x2 which minimize
I .

z = 3xI - 8x2

subject to
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2xI - X2 < 4
3.x

1
+ llx2 2. 33

3xI + 4x
2

~ 24

Xl > 0

x2 > o.

SOLUTION As can be seen from Fig. 13.6, the intersection
five half-planes defined by the five constraints is empty.
linear programming problem has no feasible sölutions since
straints are inconsistant.

x2

of the
This

the con-

There are no points
common to all five
shaded half-planes

Xl
i~'1

Fil:!ure 13.6

EXERCISES

13.1 Find values of Xl and x2 which maximize

subject to

z=3x
l
+2x

2
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2xl + 3x2 < 6

2xl - x
2

.:. 0

xl < 2
x2 < 1

xl > 0
x2 > o.

13.2 Find va lues of xl and x2 which minimize

z = 3xl - 5.1:2
subject to

2x -x <-21 2 -

4xl-x2>0

X2 < 3

xl > 0

x2 > O.

13.3 Find va lues of xl and x2 which minimize

z = -3x
l

+ 2x2
subject to

3xl - x2 > -5

-Xl + x2 > 1

2xl + 4x2 > 12

Xl > o

X2 > o.
13.4 Solve the linear prograrnming problem posed in Example 13.2.

13.5 Solve the linear programming problem posed in Example 13.3.
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13.6 A trucking firm ships the containers of two companies, A and
B. Each container of Company A weighs 40 pounds and is 2 cubic
feet in volume. Each container of Company B weighs 50 pounds
and is 3 cubic feet in volume. The trucking firm charges Com-
pany A $2.20 for each container shipped, and charges Company B
$3.00 for each container shlpp~d. If one of the firm's trucks
cannot carry more than 37,000 pounds and cannot hold more than
2000 cubic feet, how many containers from companies A and B
should a truck carry to maximize the shipping charges.

13.7 Repeat Exercise 13.7 if the trucking firm raises its price for
shipping a container of Company A to $2.50.

13.8 A manufacturer produces sacks of chicken feed from two ingre-
dients, A. and B. Each sack is to contain at least 10 ounces of
nutrient NI' at least 8 ounces of nutrient N2, and at least 12
ounces of nutrient N3. Each pound of ingredient A contains
2 ounces of nutrient NI, 2 ounces of nutrient N2, and 6 ounces
of nutrient N3• Each pound of ingredient B contains 5 ounces
of nutrient NI' 3 ounces of nutrient N2, and 4 ounces of nutri-
ent N3• If ingredrent A costs 8~ per pound and ingredient B
costs 9~ per pound, how much of each ingredient should the man-
ufacturer use in each sack of feed to minimize his costs?

13.9 If the objective function of·a linear prograrnming problem has
the same value at two adjacent extreme points, show that it has
the same value at all points on the straight-line segment con-
necting the two extreme points. Hint: If (xi, xz) and (xl' x';p

are any two points in the plane, a point (xl' x2) lies on the
straight-line segment connecting them if

Xl tx' + (1- t)x"
1 1

and
X 2 = tx 2 + (1 - t) Xz

where t is a number in t he interval [0, 1]

13.10 Show that the objective function in Example 13.8 attains a max-
imum value in the feasible set. Hint: Examine the level curves
of the objective function.
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Linear Programming 2:
Basic Concepts

The ba~ic concepts ~eeded to develop the

simplex method for solving linear program-

ming problems are presented.

PREREB.U15 ITE5: Linear Systems
Matrices
Linear independence
Euclidean space Rn
Chapter 13: Linear Programming I

INTRODUCTION
In the last chapter we presented a geometrie technique for

solving linear programming problems in two variables. However, this
technique is not practical for the solution of linearprogramming
problems in three or more variables. In this chapter we developthe
fundamental ideas behind an algebraic technique, called the simplex
method, for solving linear programming problems in any number of
variables. The simplex method itself is presented in Chapter 15.

The general linear programming problem in n variables, describ-
ed below, is analogous to Problem 13.1 in the last chapter.

181
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PROBLEM14.1 Find values ofxl,x2"",xn whiah ei ther
maximize or minimize

z=ax +cx +···+cx1 1 2 2 n n (14.1)

eub ject: to

a x +a :i: +"'+a x «)(»(=)b11 1 12 2 In n - - 1

a2lxl +a22x2+'" +afnxn (~)(.::.)(=) b2
(14.2)

a lXI + a 2:1:;2 + ••• + a x «)( > )( =) bm m mn.n - - m

and
for i = 1, 2, ..., n.xi'::' 0, (14.3)

As in Chapter 13, the linear function z in (14.1) is called the ob-
jective funation and conditions (14.2) and (14.3) are called the
aonstraints of the problem.

For our purposes, it is necessary that we first convert our
general linear programming problem to the following standard form:

PROBLEM14.2 Find values of xp x2' ... , xn which maximize

z=clXl + c2x2 + ••• +cnxn (14.4)

subjeat to

a11xl + a12x2 + '" + alnxn = bl

a21xl + a22x2 + ••• + a2nxn = b2
(14.5)

a x +a x + ••• +a x =bml 1 m2 2 mn n m
and

for i = 1, 2, ..., n.X. > 0
'1-- '

(14.6)

Any linear programming problem can alivays be put in this standard
form using the following three steps:

Linear Prcaranmina I I I 183
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5tep 1. Convert a minimization problem to a maximization pro-
blem by defining a new objective function

Z I = -z.

For example, nhe problem of minimizing the objective function

z = 2xl + 3x2 - 5x3

is equivalent to the problem of maximizing the objective function

Z I = - 2xl - 3x2 + 5x3 .

5tep 2. Convert a > constraint to a < constraint by multiply-
ing the inequality by -l~ Thus, the constraint

-x + 2x _.4x > 6
1 23-

is the same as the constraint

xl - 2x2 + 4x3 < -6.

5tep 3. Convert a < constraint to an equality constraint by
adding a nonnegative slack variable to the lefthand side of the in-
equality. For example, if the original problem contains three var-
iables, and one of the constraints is

xl - 2x2 + 4x3 2. -6,

we add a new variable x4 > 0 to the lefthand side to obtain

X
l
- 2x2+4x3+x4 = -6.

The variable x4 takes up the slack between the two sides of the in-
equality. In this way, a new variable is added to the problem for
each < constraint. We assign each slack variable introduced a co-
efficlent ci=O in the objective function, so that the objective
function is not affected by th~ va lues of the slack variables.

EXAMPLE 14,1 Convert the following linear programming problem to
one in standard form:

Minimize z = 3xl - 2x2 + x3 - x4
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subject to
2xl + SX2 - 6x3 - x4 < 2

xl - 7x 2 - Sx 3 + 2x 4 > 6

2x 1 - 8x 2 - 8x 3 + 6x 4 = 5

and
Xl' x2' x3' x4 > O.

SOLUTION The first step is to multiply the objective function by
-1 to convert the problem to a maximization problem. The second
step is to multiply the second constraint by -1 to convert it to a
2 inequality. The third step is to add slack variables Xs and x6
to the first and second constraints to convert them to equalities.
The final problem in standard form is

Maximize z' = -3Xl + 2X2 - x3 + x4 + OXS+ OX6

subject to
2xl + SX2 - 6x3 - x4 +XS 2

-Xl + 7x2 + SX3 - 2x4

2x - 8x . - 8x + 6x1 234

+ x
6

-6

5

and
Xl' x2' x3' x4' xs' x6 > O.---

It will be convenient to use matrix notation to express Problem 14.2
in a more compact form as follows (the expression x > 0 below denotes
that each entry of the vector x is nonnegative):

PROBLEM 14.2 (in matrix notation)

Maximize tz = c x

eub.ject: to

Ax = b

and

x2:.0'
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where

-l
c ~IHxl

1:
1 I a

ll a ••• a12 In
X/

b = ~2
a2l a ••• a

x = I : 2 ,
22 2n

A

bml I amI a ••• a

< I I cn
m2 mn

In this formulation, the problem is to find a nonnegative vector X
in the vector space Rn which satisfies the constraint condition
Ax = band which makes the objective function z = ctx as large as
possible. Analogous to the terminology in Chapter 13, any nonne ga-
tive vector X which satisfies the constraint Ax = b is called a
feasible solution to the linear programming problem. The set of all
feasible solutions in Rn is called the feasible set or the feasible
region of the problem. A feasible solution which maximizes the ob-
jective function is called an optimal solution. As in Chapter 13,
there are three possible outcomes to a linear programming problem:

Ci) The constraints are inconsistant 50 that there
are no feasible solutions.

(ii) The feasible set is unbounded and the objective
function can be made arbitrarily large.

(iii) There is at least one optimal solution.

In most realistic applications only case Ciii) arises.
We now examine the nature of the feasible set of a linear pro-

gramming problem. To begin, let us introduce the following defini-
tion:

DEFINITION 14.1 A set of vea tore in Rn is cal.l.ed convex
if whenever xl and x2 belong to the set, so does the vec-
tor

X = tx 1 + (1 - t) x 2

for any number t in the interva l. [0, 1].
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Geometrieally, the veetor x = tXl +
(1- t)X2 lies on the line segment
eonneeting the tips of the vee-
tors xl and x2 (Fig. 14.1). Thus,
a eonvex set ean be viewed as one
in whieh the line segment eonneet-
ing any two points in the set also
belongs to the set. Figures
l4.2(a), (b), and (c) illustrate
three eonvex sets in R 2. Figure
l4.l(d) is an example of a set in
R 2 wh i eh is not eonvex. In Exer-
eise l4~7, we ask the reader to
prove the following theorem:

THEOREM 14.1 The feasible

set of a standard linear

programming problem is con-

vex.

\
Convex Convex

Ca) Cb)

X=X2+ t(x1-x2)= tX1 + (l-t) x2

Fil:!ure 14.1

Convex Not Convex
Ce) (d)

Fil:!ure 14.2

i~,
'I;

,

EXAMPLE 14.2
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Maximize z = 3xl + x2 - 2x3

For the following linear programming problem:

subjeet to
3xl +x2 + x3

2xl - x
2

+ 2x
3

and
Xl' x2' x3 ~ 0,

the feasible set eonsists of the
portion of the interseetion of
the two planes

3x
l

+ x2 + x3 = 10

2xl - x
2

+ 2x
3

= 10

whieh lies in the first oetant of
xlx2x3-spaee. As we ask the (5/2 0 5/2)
reader to show in Exereise 14.8, "
this interseetion eonsists of the
line segment eonneeting the points

(5/2, 0, 5/2) and (0, 10/3, 20/3) xl

(Fig. 14.3), whieh is elearly
eonvex.

10

10

X

(0,10/3,20/3)

) -------,.~ x2

Fil:!ure 14.3

EXAMPLE 14.3 For the following linear programming problem:

Maximize z = xl - 3x2 + 2x3

subjeet to
2xl + 4x2 + 3x

3
= 12

and
Xl' x2' x3 ~ 0,

2x 1 + 4x 2 + 3x 3 = 12

the feasible set eonsists of the portion of the plane
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which lies in the first .octant of
xlx2x3-space. The reader can
easily verify that Fig. 14.4 is
a diagram of this feasible set
and that it is convex.---In Chapter 13, we introduced
the concept of an extreme point
of a feasible set in xlx2-space.
For an arbitrary convex set in
Rn, the corresponding definition
is the following:

x3

for any two vectors xl and x2
in the set

Fi~ure 14.4

$10 ~ x2DEFINITION 14.2 A vector x
in a conuex set is an extreme

point of the convex set if
(6,0,0)

Xl
x I !z(xl + xi)

In other words, the extreme points of a convex set are those points
which do not lie midway between any two points in the set. For ex-
ample, the extreme points of the convex set illustrated in Fig. 14.2
are the two endpoints

(5/2, 0, 5/2) and (0, 10/3, 20/3)

of the straight-line segment. For the convex set illustrated in
Fig. 14.4, the extreme points are the three corner points

(6, 0, 0), (0, 3, 0), and (0, 0, 4)

of the triangular-shaped region.
Recall that in the last chapter we called a set in R 2 bounded

if it can be enclosed in a sufficiently large circle; that is, if
there is some pos itive radius r such that e ach point x = (Xl' x2) in
the set satisfies

II x II = ~xi+ x~ 2 r .
Similarly, we can define a bounded set in Rn as follows:
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DEFINITICJ.J14.3 A set in Rn is said to be bounded if

there is some po§itive number r such that each point

x = (Xl'x2' ..', xn) in the set satisfies
.)

./ 2 2Ilxll =lxl +x2+
2••• + X < r
n-

'-1

The 'following theorem, which is just Theorem 13.1 of Chapter 13
extended to the space Rn, shows that if a linear programming problem
has an optimal solution, it can be found amongthe extreme points of
the feasible set.

THEOREM 14.2 If the feasible set of a linear programming

problem is nonempty and bounded, then the objective func-

tion attains its maximum at an extreme point of the set.

If the feasible set is unbounded, .then the objective

function may or may not attain a maximum value; however,

if it attains a maximum value, it does so at an extreme

point.

The proof of this theorem follows the same lines as that outlined
in Chapter 13 for two variables. Let us apply this theorem to the
two problems posed in Examples 14.2 and 14.3.

EXAMPLE 14.2 (REVISITED) As illustrated in Fig. 14.3, the fea-
sible set for this problem is nonempty and bounded. Consequently,
by Theorem 14.2 the objective function

z=3xl+x2-2x3

attains its maximum at one of the two extreme points of the set.
At the extreme point

(5/2, 0, 5/2)
we häve

z = 5/2,
and at the extreme point

(0, 10/3, 20/3)
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we have
z = -10.

Thus, the maximum value of the objective function is z = 5/2, andan
optimal solution to the problem is xl = 5/2, x2 = 0, and x

3
= 5/2.

EXAMPLE 14.3 (REVISITED) The feasible set of Example 14.3 is
illustrated in Fig. 14.4. Since it is nonempty and bounded, Theorem
14.2 guarantees that the objective function

z = xl - 3x2 + 2x3

attains its maximum value at one of the three extreme points. The
following table gives the values of the obj ective functions at these
extreme points:

Extreme point Value of
(xl' x2' x3) z = xl - 3x2 + 2x3

(6, 0, 0) 6

(0, 3, 0) -9
(0, 0, 4) 8

Thus the maximum value of z is 8 and an optimal so lut i on is xl = 0,
x2 = 0, x3 = 4. • ••

In the above two examples (and in all of the examples in Chap-
ter 13) the extreme points of the feasible sets were found geometri-
cally. But geometrie techniques are not possible if the problem has
more than three variables. In such cases, we need an algebraic
technique for generating the extreme points of the feasible set. In
the next section we describe such an algebraic technique.

BASIC FEASIBLE SOLUTIONS

Let. us reexamine the linear system

Ax = b (14.7)

of Problem 14.2, where A is an m > n matrix. Although it is not es-
sential, we will assurne for simplicity that m~n; i.e. that there
are no more constraints than variables. We shall also assume that
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the m rows of Aare linearly independent. This implies that A con-
tains m linearly independent columns since the row space and column
space of any matrix have the same dimension. In Exercise 14.10, we
ask the reader to show that the linear system (14.7) can also be
written as

xa+xa+"'+xa=b11 22 nn
(14.8)

where ai (i = 1, 2,..., n) is the i-th column vector of the matrix A.
Thus, solving Ax = b for x is equivalent to solving the vector equa-
tion (14.8) for xl~ x2?"" xn. For convenience, we say that the
variable xi "corresponds" to the column vector ai. As noted above,
there must exist at least one set of m linearly independent vectors
among t.he column vectors al' a2" .., an- For example, suppose the
first m of these vectors, al' a2'" ., am, form such a set. Since
these m vectors liein Rm, and since Rmis m-dimensional, al' a2"'"
am constitute a basis for Rm. Thus the vector b in (14.8) is
uniquely expressible as a linear combination of al' a2"'" am. That
is, there is a unique solution of (14.8) for whith

IH
i

X =x =···~x =0.m+l m+2 n
(14.9)

Similarly, any set of m linearly independent column vectors of A
would lead to a solution of (14.8) in which n-m of the variables
are zero and the remaining mare uniquely determined. This suggests
the following definition:

DEFINITION :L4.4 A vector
- -,

xl
x2x =

XnL _

is cal.l.ed a basic so Iu t i on of the linear system Ax = b' if

n - m of the variables xl' X 2' ... , xn are zero and the re-
maining m variables correspond to linearly independent

column »ectore of A. The n - m sero variables are cal.l ed

the,nonbasic variable~ and the m variables corresponding

to the linearly independent column vectors are called the

basic var iab l as of x ,
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A linear system of m equations in n variables has as many basic
solutions as there are sets of m linearly independent columns among
the n columns of the coefficient matrix A.

EXAMPLE 14,4 Find all basic solutions of the linear system

2xl + x3 + 4x4 + 2xS = 20

xl +x2-x3+ x4 + 3xS = 10.

SOLUTION The coefficient matrix of the linear system is

A = G 0 1 4 :].1 -'1 1

As we can see, any two columns of this matrix are linearly indepen-
dent. Thus to find a basic solution we choose any two of these col-
umns , set the three ,appropriate nonbas i.cvariables equal to zero and
solve the resulting 2 x 2 linear system for the two basic variables.
For example, if we choose the two columns

al =[~J,and a3 =[-~J,

we set the nonbasic variables

X2' x4' and Xs

equal to zero and obtain the system

2xl + x3 20

Xl - x3 10

for the basic variables xl and x3'
have the solution =i = 10 and x3 = O.
the original problem is

This system is easily found to
The resulting basic solution to

10
o

x = I 0

o
o
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where we have und~rlined the basic variables. As the reader can
verify, the ten possible pairs of columns of A lead to the following
ten basic solutions:

o
-20

o
o

10

,0

o
-4

6

o

o
o
8

o
6

o
30

20
o
o

o
o
01 (14.10)
4

2

o
5

o
5

o

10
o
o
o
o

10 ) 10- -
o 0
o 0
o 0
o 0

10
o
o
o
o

,
where we have underlined the two basic variables in each case.

~ -From (14.10), we see that the first four basic solutions are
equal as vectors in the vector space R 5 Nevertheless, we shall
consider them to be distinct basic solutions because they result
from different pairs of linearly independent columns of A. This
particular circumstance arises because one of the basic variables in
each of these four basic solutions is equal to zero. In general, a
basic solution is said to be degenerate if any of its basic varia-
bles is equal to zero. Otherwise, it is said to be nondegenerate.

Recall that the feasible set of a standard linear programming
problem consists of those vectors w,hich satisfy a linear equation

Ax = b

and which satisfy the nonnegativity condition.

x » O.

Adjoining the nonnegativity condition to the concept of a basic
solution we are led to the following definition:

DEFINITION 14.5 In a standard linear programming prob-

lem a feasible solution which is also a basic solution

of the system Ax = b is cal.led a basic feasib Ie so I ution.

We are now ready to state the following fundamental theorem in
the theory of linear programming:

THEOREM 14.3 A vector x is an extreme point of the feasi-

ble set of a linear programming problem if and only if it

is a basic feasible solution of the problem.
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!his theorem will yield an algebraic techniq~e for finding extreme
points. The proof of this theorem is too long to present here. In-
stead, we refer the reader to any standard text in linear pro gram-
ming theory, such as S. I. Gass, Linear Programming, 4th ed., New
York: McGraw-Hill Book Company, 1975.

EXAMPLE 14.5 Find an optimal solution of the linear programming
problem:

Maximize z = 2x1 + 3x
2

- x
3

+ 4x5 + x6

subje~t to
2x

l
+X3 + 4x4 + 2x

5 20

Xl +x2-x3+'x
4

+3x
5

= 10
and

,Xl' x2' x3' x4' x5 > O.

SaLUT ION As we ask the reader to show in Exercise 14.9, the feasi-
ble set of this problem is bounded. Consequently, 'from Theorem 14.2
the objective function attains.its maximum value at an extreme point.

-The linear system Ax = b in the constraints is the same system con-
sidered in Example 14.4. Equations (14.10) give the ten basic solu-
tions of this linear system. Of these ten, the eight listed in
(14.11) are basic feasible solutions since they satisfy the nonnega-
tivity condition. Thus, f'r-omTheorem 14.3, the extreme points of '
the feasible set are alsbgiven by Eqs. (14.11). (Notice that these
eight basic feasible solutions determine only five distinct extreme
points.) Below each of the eight basic feasible solutions we have
given the corresponding value of the objective function. From this
we see that a= 70 is the maximum value of the objective function and
an optimal solution is xl = 0, x2 = 30, x3 = 20, x4 = 0, =s = O.

10 10 10 10 0 0 0 0
0 0 0 0 30 5 0 0

xl = I 0 x = 0 x = 0 x = 0 x = 20 x = 0 x = 8 x = 02 3 4 5 6 7 8
0 0 0 0 0 5 0 4
0 0 0 0 0 0 6 2-

z = 20 z = 20 z = 20 z = 20 z = 70 z = 35 z = -2 z = 18

(14.11)
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The techniqu:eused in Example 14.5 can, in principle, be used
to solve any linear programming problem. However, the number of
basic feasible solutions quickly increases as the number of varia-
bles increases. For example, a linear programming problem with for-
ty-variabies and twenty equality constraints could have over 130
billion basic f'eas i.bl.esolutions . It would be completely impracti-
cal to find all of them, even with the fastest computer. Chapter 15
describes a practical alternative to this technique called the sim-
pl.ex method. We finish this chapter with a brief qualitative de-
scription of the simplex method to prepare for that chapter.

INTRODUCTION Ta THE SIMPLEX METHOD

Let us introduce the following definition:

DEFINITION 1.4.6 In a linear programming probl.em, wo

basic feasible solutions having m basic variables are

said to be ad.Jac ent if they haue m - 1 basic variables

in common.

Geometrically,extreme points corresponding to adjacent basic feasi-
ble solutions are connected by some'''edge''of the feasible set.
Hawever, we shall not pursue this geometrie interpretation.

EXAMPLE 14.5 (REVISITED) Let us find the adjacent basic feasi-
ble solutions of the linear programming problem posed in Example
14.5. The eight basic feasible solutions of this problem are given
in Eqs.(14.ll). In Fig. 14.5 we have drawn a graph of the eight
basic feasible solutions. In this graph we have linked adjacent
basic feasible solutions with a single line. For example, x5 and x7
are adjacent because they have m - 1 = 2 - 1 = 1 basic variable in com-
mon, namely x3' On the other hand, x4 and x5 are not adjacent since
they da not have m - 1 = 1 basic variable in common.-----The simplex method is a way of proceeding from one basic feasi-
ble solution to an adjacent basic feasible solution in such a way
that the value of the objective function never decreases. This
usually leads to'a basic feasible solution for which the value of
the objective function is as large as possible. We say "usua lIy"
because there is a slight complication caused by degeneracy which
we shall describe below.

In Fig. 14.6(a) we have redrawn Fig. 14.5 and labeled each of
the eight basic feasible solutions with the corresponding value of
the objective function as given by (14.11). If somehow we generate
x8 as a basic feasible solution, one can show that the simplex
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method will generate for us the adjacent basic feasible solution x6"
The va Iue of the objective function is thereby increased from z = 18
to z = 3S. Prom x6' the simplex method will then generate the adja-
cent basic feasible solution xS' where z = 70. At all basic feasible
solutions adjacent to xs' the value of the objective function is
less than 70. Thus z = 70 is the maximum vaIue of the objective
function and x5 is an optimal solution to the problem.

If any ofthe basic feasible solutions is degenerate, however,
it is possible that the simplex method will not lead to an optimal
solution. Since the simplex method only guararltees that the value
of the objective .function will not decrease, it is possible that the
situation described in Figure l4.6(b) might ari.se, Here, we move
around the basic'feasible solutions x3' Xl, x2' and x4 indefinitely
without ever reaching the optimal basic feasible solution xS' This
phenomenon is known as cycling. Fortunately, it is not a serious
problem in realistic linear programming problems. The circumstances
which may produce cycling are rarely encountered in practice; and
round-off error in a computer tends to destroy degeneracy so that a
loop such as in Fig. l4.6(b) is eventually exited. At any rate,
there are algorithms available which can eliminate cycling if it is
suspected to be encountered in same specific problem.

EXERCJ ~ES

14.1 Convert the following linear programming problem to one in
standard .form:

Minimize z = 2xl + SX2

subject to
3X

1
- 6x2 .::.2

Xl + x2.::.:5
-. ~ 6

x2 < S
and

Xl' x2~0.

14.2 Convert the following linear programming problem to one in
standard form:

Maximize z = -3xl + x2 + x3
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subject to
3xl- 5x

2
+x

3
= 3

-2x - x < 2
1 2 -

xl ~ 5
x2 > 2

and
Xl' x2' x3 > 0.

14.3 For the following linear programming problem in standard form:

Maximize z = 2xl - x
2

+ x
3

+ 3X4

subject to
Xl+x

2
+2x

3
= 2

2x
l

+4x
3

+x4=1

and
Xl' x2' x3' x4 ~ 0,

(a) show that the feasible set is bounded,
(b) find all basic solutions of the linear system Ax= b,
(c) find all basic feasible solutions of the problem,
(d) find an optimal solution and the maximum value of the

objective function,
(e) draw a graph of the basic feasible solutions, as in

Fig. 14.5, in which adjacent basic feasible solutions
are linked with a single line.

14.4 For the following linear programming problem in standard form:

Maximize z = 2xl - 6x
2

+ 3x3
subject to

Xl + Sx2 + 3x3 = 2
-xl + 2x2+ 4x3 = 3

and
Xl' x2' x3 ~ 0,

(a) find all basic solutions of the linear system Ax = b,
(b) show that the problem has no basic feasible solutions.

(From this it follows that the feasible set of this
problem is empty.)
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14.5 For the following linear programming problem:

Maximize z = 3xl + 2x2 - x3

subj'ec t t o

2xl + 3x
2

+ x
3

:5.. 4

xl + 2x2 + 3x3 < 5

and
Xl' x2' x3 ~ 0,

(a) convert the problem to one in standard form,
(b). find all basic solutions of the linear system Ax = b in

the standard problem,
(c) find all basic feasible solutions of the standard problem,
(d) find an optimal solution of the standard problem and the

maximum value of the objective function,
(e) draw a graph of the basic feasible solutions of the standard

problem, as in Fig. 14.5, in which adjacent basic feasible
solutions are linked with a single line.

(f) find an optimal solution of the original problem.

14.6 Repeat the instructions in Exercise 14.5 for the linear pro-
gramming problem:

Minimize z = 2xl - 3x2 + x3

subject to
x-2x+3x <5

1 23-
2xl + x2 - 2x3 = 2

and
Xl' x2' x3 > 0.

14.7 Prove Theorem 14.1 as folIows:
(a) Show that ifAxl = band AX2 = b, then Ax = b if

x = =. + (1- t)x2 for any t in the interval [0, 1].
(b) Show that if xl~O and x2~0, then x~O if x=txl + (1- t)x2

for any t in the interval [0, 1].

14.8 Show that the feasible set of the linear programming problem
in Example 14.2 is the set illustrated in Fig. 14.3.
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14.9 Show that the feasible set of the linear programming problem
in Example 14.5 is bounded. Proceed as follows:
(a) From the constraint

2xl +x3 + 4x4 + 2x5 = 20

and the nonnegativity conditions xi~O (i = 1,2,3,4,5) con-
clude that x . < 20 for i = 1,3,4,5'l,.-

(b) Add the two constraints together and conclude that x2.::. 30.

Cc) From (a) and (b)., conclude that IIxll .::.r for some positive
number r.

14.10Shöw that the linear sys t em: (14.7) can be written in the vec-
tor form (14.8).

15
Linear Programming 3:
The Simplex Method

The simplex method is presented and applied to

the solution of a certain class of linear pro-

gramming problems.

PREREaUISITES: Gaussian elimination
Chapter 14: Linear Programming 11

INTRODUCTION
At the end of Chapter 14, we described the simplex method as a

procedure for moving from one basic feasible solution of a linear
programming problem to an adjacent basic feasible solution in such a
way that the value,of the objective function never decreases. In
this chapter we shall describe the algebraic details of this proce-
dure.

The general linear programming problem in n variables was
stated as Problem 14.1 on page 182. However, in order to simplify
the presentation of the simplex method, we shall restrict ourselves
to linear programming problems having the following special form:

201
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PROBLEM15~1 Find ualuee ofxl, x2' ..• , x
n

iohi.cn maximi.ze

z=CX +cx +oo,+CX1 1 2 2 n n

subject to

allxl + a12x2 + ••• + alnxn ~ bl

a2lxl + a22x2 + ••• + aZnx
n

::. b
2

a x+a x+"'+a x <bml 1 mZ Z mn n - m

and.

X. > °1.-- '
for i=l, Z,...,n,

where

b . > 0,
J-

for j=l, Z, ... ,m ..

In Problem 15.1, the condition that each of the m constraints be a
< inequality is not restrictive since it can easily be shown that
any linear programming problem can always be written with all< con-
straints. It is the condition »i:» for j=l, 2, ... ,m that is-the
real restriction. Nevertheless, a large class of practical problems
are of this form, and the procedures developed in this chapter for
Problem 15.1 are used in the application of the simplex method to
the general linear programming problem.

To convert Problem 15.1 to one in standard form (see Problem
14.2 on page l8Z) we introduce m slack variables xn+l, Xn+Z, ... , Xn+m,
one for each of the m constraints, to obtain

PROBLEM15.2 Find ual.uee of x1,x , ... ,X which maici-:
'2 n+m

mize

z·= C x + c x + ••• + c x + Ox + ••• + Ox1 1 Z Z n n n+ 1 n+m

subject to
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all';l+ alZxZ + ••• + alnxn + xn+l = b1

aZlxl + aZ2x2 + ••• + aZnxn + xn+Z
=b

2

amlxl
a X+"'+a xm2 2 mn n

+X =b
n+m m

and

X. > 0
1- - '

for i= 1, Z, ..., n+m.

If we can find an optimal solution to Problem l5.Z, then the values
of the variables xl' x

2
' ... , xn will provide an optimal solution to

problem 15.1.

THE SIMPLEX TABLEAU
In order to more clearly describe the steps in the simplex

method, let us examine the following specific problem ofthe type
we are considering in this chap t er ;

PROBLEM15.3 Find oal.uee of xl' xz' and x3 iohi ch maximize

z = 3x
l

- x2 + 4x
3

eubject: to

ZX
l

- x
2

+ 3x
3

< 5

xl + 4x2 - 2x3 < 1

3x
l

+ 6x
3

< 4

and

Xl' x2' x3 ~ O.

To convert Problem 15.3 to one in standard form, we add slack varia-
bles x4' x5' x6 to obtain
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PROBLEM 15.4 Find valuee of xl' x2' x3' x4' xs' and x6
whiah maximize

z = 3x1 - x2 + 4x3 + OX4 + Oxs + Ox
6

subjeat to

2xI - x2 + 3x3 +x4
x1+4x2-2x3 +xs

5

1

3x1 + 6x3 + x6 4

and

Xl' x2' x3' x4~ xs' x6 > O.

For our purposes, it will be convenient to rephrase Problem 15.4 in
the following equivalent form:

PROBLEM 15.5 Find val.uee of xl' x2' x3' x4' xs' x6' and z
ioh.ioh. satisfy

2xI - x2 + 3x3 +x4 = 5

xl + 4x2 - 2X3 + Xs = 1

=. +6x3 +x6 = 4
-,3xl + x2 - 4x3 + z = 0

(15.1)

and euch that xl' x2' xy x4' xs' x6 are nonnegative and
z is as large aB possible.

In this formulation of the problem, z is treated as a variable on a
par with Xl through x6' and the equation defining z in terms of the
Xi is treated as an additional constraint. Thus our problem is to
fi~d a solution of the linear system of four equations in seven un-
knowns given by (15.1) in which one of the variables, z, is as large
as possible and the other six variables are nonnegative.

The usual procedure for solving a linear system of equations is
to construct the augmented matrix of the system and apply Gaussian
elimination or Gauss-Jordan elimination to it to put it in
row-echelon form (or reduced row-echelon form). The row-echelon
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form then determines the augmented matrix of an equivalent linear
system which is easily solved. The simplex method proceeds .al.ong
similar lines. Namely, the augmented matrix of the linear system is
constructed and a variation of Gaussian elimination, called pivotal
elimination, is applied to obtain augmented matrices in which basic
feasible solutions to the linear programming problem can be deter-
mined by inspection. Let us return to Problem 15.5 to see how this
is done.

The augmented matrix of the linear system (15.1) .is

51

~
[]

-il 3 1 0 0
4 -2 0 1 0
0 6 0 0 1

1 -4 0 0 0

o
o
o
1

(15.2)

Fro~ the way the l's and O'S are distributed in the 4th, 5th, 6th,
and 7th columns of this matrix, one particular solution of (15.1)
can be seen by inspection; namely,

Xl ~ 0, x2 = 0, x3 = 0, x4 = 5, x5 = 1, x6 = 4. z = o. (15.3)

In terms of the corresponding linearprogramming problem, this is

x ' {]
and z = o. (15.4)

It is easily seen that x' is a basic feasible solution of linear
programming Problem 15.4, according to Definition 14.5 on page 193.
The three variables x4, x5, x6 are the basic variables, and their
corresponding values are found as the first three entries of the
last column of (15.2). The value of z is the last entry of this
column. That x' is a basic feasible solution is of crucial impor-
tance, since it is among the basic feasible solutions that we can
hope to find an optimal solution. To see how we may go about find-
ing another basic feasible solution, we rewrite (15.2) with some
additional labeling:
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Tableau 15.1

Xl x2 x3 x4 Xs x6
.:.;.:.:.:.

2 -1 3 :1 ::
1 1 4 -2 ::0:...... .'
3 0 6 ::"0':

.......~
-3 1 -4 (0': z

z

5

1

4

X4'
Xs
x
6

o

Each column has been labeled with its corresponding variable from
the linear system (15.1). On the right, we have labelyd the entries
of the last column with the corresponding variables whose values
they determine in the solution given by (15.3). We have also drawn
a vertical and horizontal line within the matrix in order to high-
light certain entries which will be useful to us later on.

In the field of linear programming, the augmented matrix is re-
ferred to as a tableau. In particular, Tableau 15.1 above is called
the initial tableau of the problem. We shall call the last row of
the tableau the objective row, since it arises from the objective
function of the original problem.

In Tableau 15.1 we have also shaded four particular columns.
It can be seen that these four columns are identical to the columns
of the 4 x 4 identity matrix. Indeed, it was exactly this fact that
permitted us to find the solution given in (15.3) so easily. We had
only to set those variables not corresponding to these four columns
equal to zero, and then the values of the variables corresponding to
the four columns were found in the last column of the augmented matrix.
This suggests a way of proceeding to a new solution of the linear
system. We apply appropriate elementary row operations to Tableau
15.1 to arrive at a new tableau which again contains the four col-
umns of the 4 x 4 identity matrix, but this time in different posi-
tion. To see how to do this, consider the following tableau, which
is just Tableau 15.1 with one of its entries shaded. (We postpone
for the moment a discussion of why this.par t i.cular entry was chosen.)

Tableau 15.2

xl x2 x3 x
4

Xs x
6

z

2 -1 3 1 0 0 0 5 = x
4

1 4 -2 0 1 0 0 1 = Xs
3 0 6 0 0 1 0 4 = x

6

-3 1 -4 0 0 0 1 0 = z
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Dur objective will be to use elementary row operations to replace
the shaded entry by a "1" and obtain zeros everywhere else in that
column. To do this we first divide the third row bysix to obtain:

Tableau 15.3

xl x2 x3
x4 Xs x6 z

2 -1 3 1 0 0 0 5

1 4 -2 0 1 0 0 1

1/2 0 1 0 0 1/6 0 2/3

-3 1 -4 0 0 0 1 0

Next we perform the following three elementary row operations:

l. Add -3 times the 3rd row to the 1st row.
2. Add 2 times the 3rd row to the 2nd row.
3. Add 4 times the 3rd row to the 4th row.

The result is the following tableau:
Tableau 15.4

Xl x x3
x4

Xs x6
z

2
-
1/2 -1 -1/2 3 = x4

2 4 1/3 7/3 = Xs
1/2 0 1/6 2/3 = x

3

-1 0 2/3 8/3 = z

It can be seen that Tableau 15.4 contains within it the four columns
of the 4 x 4 identi ty matrix, though not in their usual order. Con-
sequently, if we set the variables not associated with these columns
equal to zero, we obtain the following solution to linear system
(15.1):

Xl=O, x
2
=O, x

3
=2/3, x4=3, xs=7/3, x6=O, z=8/3. (lS.S)

As before, we have labeled the entries in the last column with the
variables whose values they determine in this solution.
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Solution (15.5) specifies the following vector solution of
Problem 15.4:

x" = [21J
7/3
o

and 2 = 8/3. (15.6)

We see that x" is a basic feasible solution with bas i,c variables x3,
x4' xs. We also see that x' as given in (15.4) and x" are adijaceni:
basic feasible solutions since they have m - 1 = 2 basic variables in
common; namely, x4 and xs. That is, the elementary row operations
we performed on Tableau 15.1 to obtain Tableau 15.4 took us from the
basic feasible solution x' to th~ adjacent basic feasible solution
x". In addition, the value of the objective function increased from
2=0 to 2=8/3.

The shaded entry in Tableau 15.2 is called the pivot entry of
that particular tableau. The column in which it lies is called the
pivot column, and the row in which it lies is called the pivot row.
After the elementary row operations were applied to obtain Tableau
15.4, the pivot column contained all zeros, except for a one in the
pivot entry position. Thus the pivot column was converted to one of
the co lumns of the 4 x 4 identi ty matrix, and the variable x3 corre-
sponding to the pivot column was converted from a nonbasic variable
to a basic variable. At the same time, the variable x6 which label-
ed the pivot row, was converted from a basic variable to a nonbasic
variable. That is, x3 replaced x6 as a basic variable in going from
Tableau 15.1 to Tableau 15.4. For this reason, x3 is called the
entering variable and x6 is called the departing variable of Tableau
15.1.

Let us see if we can increase the value of the objective func-
tion above the value 2 = 8/3 attained in Tableau 15.4. Below we have
rewritten Tableau 15.4 with a pivot entry shaded. Again, we post-
pone until the next section a discussion of how this pivot entry was
chosen.

Tableau 15.5

xl x2 x3 x4 Xs x6 2

De o ar t 11(2<
-1 0 1 0 -1/2 0 3 = X4

XS" :}) 4 0 0 1 1/3 0 7/3 = Xs
1/2 0 1 0 0 1/6 0 2/3 = x3

-1 0 0 0 0 2/3 1 8/3 = 2

••
Enter Xl
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We apply the elementary row operations to the first column to con-
vert it to a column with a "I" in the pivot position and zeros
everywhere else. Thus, xl will be the entering variable and xs will
be the departing variable, as the arrows in the tableau indicate.
The reader can easily verify that the elementary row operations ne-
cessary will produce the next tableau:

Tab I eau 15.6

xl x2 x3 x4
Xs X6

2

-2 'Ö), 1" -1/4 -7/12 29/12 = x4
1/2 1/6 7/6 = xl

-1/4 1/12 1/12 = x3

1/2 5/6 1 23/6 = z

Setting those variables not corresponding to the shaded columns
equal to zero yields the solution

Xl = 7/6, x
2

=0, x
3

= 1/12, x
4

= 29/12, Xs = 0, x6 = 0, 2 = 23/6.
(15.7)

For the linear programming problem, we then have the following basic'
feasible solution and objective function value:

t7/6~
x'" = 1~12

29/12
, 0

o

and 2 = 23/6. (15.8)

As we shall show in the next section, the value 2 = 23/6 is the l ar-
gest value the obj ective function can assume over the feasib l e set.
Thus we have reached an optimal solution. For the solution to Prob-
lem 15.3, we discard the slack variables x4' xs' x6 and write

Xl = 7/6, x2 = 0, x3 = 1/12 (15.9)

as the optimal solution, with
the objective function.

This example illustrates
implement the simplex method.
how to choose the pivot entry
solution has been reached.

the corresponding maximum 2 = 23/6 for

the kinds of calculations required to
In the next section we shall discuss

and how to determine if an optimal



210/ The Simp tex Method

STEPS IN THE SIMPLEX METHOD
In this section we shall outline the steps in the simplex

method and give an example. In the next section we shall discuss
their mathematical justification. 111e simplex method consists of
the following five steps:

STEP 1

STEP 2
Construct theinitial tableau.

Text for optimality. If the tableau yields an
optimal solution, then stop; otherwise, continue
to Step 3.

Determine the pivot column.

Determine the pivot row.
Apply the elementary row operations to obtain
all zeros in the pivot column, except for a
"one" in the pivot row. Return to Step 2.

STEP 3
STEP 4
STEP 5

The details for Steps 2, 3, and 4 are as folIows:

Test fo~ Optimality. If all of the entries in the ob-
jective row are nonnegative (ignoring the rightmost entry)
the tableau determines an optimal solution.
Determination of Pivot Column. Choose the pivot column
so that it contains the most negative entry of the ob-
jective row (ign9ring the rightmost entry).
Determination of Pivot Row. Ignoring the objective row,
divide each positive entry of the pivot column into the
last entry in its row. Choose the pivot row to be one
which yields the smallest such ratio.

The reader should return to the tableaus constructed in connection
with Problem 15.5 to verify that the pivot entries in each tableau
were selected according to the above rules, and also to verify that
Tableau 15.6 determines an optimal solution to the problem.

Let us apply the simplex method as described above to the fol-
lowing example:

EXAMPLE 15.1 Find values of xl' x2' x3 which maximize

z = 3x 1 + 4x 2 + 2x3

t.mear Pro'~ratnin:iinl:!; Itt"1'21~

subject to
3xl + 2x2 + 4x3 < 15

Xl + 2x2 + 3x3 < 7

2xI + x2 + x3 < 6

and
Xl' x2' x3 .::.O.

SOLUTION In standard form, this problem is

Maximize z = 3xI + 4x2 + 2x3 + OX4 + OX5 + OX6

subject to
3xI + 2x2 + 4x3 + X 4 15

Xl + 2x2 + 3x3

2x1 + x2+ x3

7+ x5

+X
6

6

and
Xl' x2' x3' x4' x5' x6 .::.O.

The initial tableau for the problem is then

Tableau 15.7

Xl x2 x3 x4 x5 x6 z

3 2 4 1 0 () 0

'~" '4I 2 3 0 1 7 = x5
2 1 I 0 0 1 0 6 = x6

-3 -4 -2 :: n ::: ' n:< <:() .: 1 >: I 0 = z

The objective row contains negative entries, so that the initial
tableau does not determine an optimal solution. The most negative
entry, -4, lies in the second column, so that the second column will
be the pivot column. To determine the pivot row, we evaluate the
following ratios:
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1st row: 15/2 = 7lz. 2ndrow: 7/2=3lz. 3rd row: 6/1 = 6.

The 2nd row yields the smallest ratio so that it will be the pivot
row. So far we have the following:

Tableau 15.8

Xl x2 x3 x4 x5 x6 z

Depart I 3 2 4 1 0 0 0 '~ -x,x5 •• 1 2 3 0 1 0 0 ·7 = x5
2 1 1 0 0 1 0 f = x6

-3 -4 -2 O· 0 0 1 I o = z

•••
Enter x2

We now apply the following elementary row operations to Tableau 15.8:
1. Divide the 2nd row by 2.
2. Add -2 times the 2nd row to the 1st row.
3. Add -1 times the 2nd row to the 3rd row.
4. Add 4 times the 2nd row to the 4th row.

The resulting tableau is the following:

Tableau 15.9

xl x2 x3 x4 x5 x6 z

2 0 1 -1 0 8 = x4
1/2 1 3/2 1/2 0 7/2 = x2
3/2 0 -1/2 -1/2 1 5/2 = x6

-1 ::0 ,:: 4 :,0:,: 2 :::0 ::: ,"1 14 = z

The objective row still contains a negative entry, so that we have
not yet reached an optimal solution. The new pivot co1umn is the
first since it 'contaäns the only negative entry of the objective
row. To determine the pivot row, we evaluate the fo110wing ratios:

1st row: 8/2=4. 2nd row: (7/2)/0/2) =7. 3rd row: (5/2)/(3/2) =li.
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The third row yields the smallest ratio, so that it is the new pivot
row. So far, we have

Tableau 15.10

xl x2 x3
x4

x5
x6

z

2 0 1 1 -1 0 0 8 = x4

Depart IY~' 1 3/2 0 1/2 0 0 7/2 = x2

x +3/2 0 -1/2 0 -1/2 1 0 5/2 = x66 :-............<
\

-1 0 4 0 2 0 1 14 = z

•••
Enter X

I
We now app1y the following e1ementary row operations to Tableau
15.10:

1. Divide the 3rd row by 3/2.
2. Add -2 times the 3rd row to the 1st row.
3. Add -lz times the 3rd row to the 2nd row.
4. Add 1 times the 3rd row to the 4th row.

The resulting tableau is

Xl x2

Tableau 15.11

x3 x4 x5 x6 z

5/3 -1/3 -4/3 14/3 = x4

5/3 2/3 -1/3 8/3 = x2

-1/3 -1/3 2/3 0 5/3 = xl

11/3 0 5/3 2/3 1 47/3 1= z,0:::- :::0

The objective row of this tableau does not contain any negative en-
tries and so this tableau determines an optimal solution. The ba$ic
variables in the optimal basic feasib1e solution are xl, x2' and x4
as the righthand labeling indicates. The optimal solution is

Xl = 5/3, x
2

= 8/3, x3 = 0, x4 = 14/3, x5 = 0, x6 = 0, Z = 47/3.
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For the original problem posed in this example, we discard the slack
variables x4' x5' x6 and simply write

Xl = 5/3, Xz = 8/3, x3 = 0, z=47/3.

We conclude this section with some remarks concerning complica-
tions which may arise in the use of the simplex method as we have
described it:

~' In Step 3 it is possible that there is a tie for the most
negative entry in the objective row. In that case, any
one of them may be chosen, and no complications arise.

2. In Step 4 it is possible that there is more than one row
with the same smallest ratio. In that case, any one of
them may be used to determine the pivot row and no compli-
cations arise in the calculations. However, if such a tie
arises, it can be shown that the basic feasible solution
determined by thenext tableau will be degenerate (i.e., will
have a basic variable whose value is zero). As discussed in
the last chapter, it is degeneracy which may bring about cy-
cling. But as we also mentioned, it is more a theoretical
problem than a practical problem.

3. In Step 4 it is possible that no entry in the pivot column
is positive, in which case our technique for evaluating the
pivot row is meaningless. It can be shown that if this
situation arises, the problem has an unbounded solution.

JUSTIFICATION OF THE STEPS IN THE SIMPLEX METHOD
Let us return to the linear programming problem in n + m varia-

bles posed in Problem 15.2. Suppose at some point in our calcula-
tions we have arrived at Tableau 15.12. (In Exercise 15.11, we
ask the reader to show that in any tableau the column labeled "z" al-
ways has the form indicated.) Thus the current basic variables are
xBl' x82'···' xBm with cor-respond.i.ng values dl, d2, ... , dm, and the
current value of the objective variable is w. Let us see if the
entry Yrs would make a suitable pivot entry. The entering variable
would be x and the departing variable wou1d be "s« If Y 'f 0, thes r rs
elementary row operations in Step 5 of the simplex method will pro-
duce a tableau having the form of Tableau 15.13.
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Tableau 15.12

Xl x2
... x ... x z

s n+m

Yll Y12 ••• Yls .., Yl,n+m 0
dl I : xBl

Y 21 Y22 •.. Y2s .•. YZ,n+m 0 dz - xB2
.

Depart .
xBr + Yrl Yr2 •.• '11;; ... Yr,n+m 0 d I = xr Br

) · .
· . .
· .

Ym1 YmZ ••. Yms •.. Ym,n+m 0 d I = xm Bm

Cl c2
•. , c .,. c 1 W = z

s n+m

•••
Enter xe

Tableau"15.13

Xl Xz .., x ... x z
e n+m

-
Yi1 y* •• , .. u: 0 d - Y d /Y I = xlZ 1,n+m 1 ls r rs 81

Y21
y* ••• ., y* 0 d - Y d /Y = x

2Z 2,n+m Z Zs r rs BZ
;- ·. · . ·

Y;l Y;z •• y* 0 dr/Yrs I = Xsr,n+m

. · . ··
Y;l Y;z .. u: 0 d - Y d /Y I = x

m,n+m m ms r rs 8m

c* c* ... .• c* 1 w - c d /Y I = z
1 2 n+m s r z-s

The pivot column now contains all zeros except for the "1" in the
previous pivot entry position. All of the other entries in the
tableau have new values, which we indicate with asterisks, except
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in the last column where we have explicitly written the new va lues
in terms of the entries in Tableau 15.12. First, let us examine
the value of the entering variable xs:

x - d /ys - r z-s' (15.10)

Since d > 0, we see that we must have y > 0 in order to satisfyr- ~ .
the constraint x > O. Let us list this fact ass-

OBSERVATION 15.1 The pivot entry must be positive in

order that the new tableau deiermine a feasible solution.

The remaining basic variables have va lues given by

x.=d.-y.d/y
B~ ~ ~s r rs for i = 1, 2, ..., m; i cf s . (15.11)

We must have "e:~0 for the new solution to be feasib1e. Now if
for some i we have' y. < 0, then (15.11) states that for that i,~s-
xB. > 0 since d :> 0, d > 0, and y > O. On the other hand , if for~~ ~- . r- rs .
some i we have y. > 0, then (15.11) requires that~s

d . - y. d /y > 0t. t-e r rs- (15.12)

in order that xB' > 0 for'that i. Equation (15.12) can also be writ-~-ten as

d d .r ~
-- <--
Yrs - Yis

(15.13)

In other words, Eq. (15.13) must be satisfied for a11 those i for
which Yis> 0 in order that the new tableau determine a feasible
solution. We state this as

OBSERVATION 15.2 In order that the new tableau determine

a feasible eo'iut-ion, the following must be true: The ratio

of theelement in the rightmost column of the pivot row to

the pivot entry must be the smallest of the corresponding

ratios in all of the other rows which contain positive en-

tries in the pivot column (ignoring the ob[eot.ive row).
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Next, let us examine the new value w* of the objective function.
From Tableau 15.13, we see that

w*=w-cd/y . (15.14)s r rs

Ideally, 'we would want the increase in the objective function

w*-w=-c d /ys r rs (15.15)

to be as 1arge .as possible.
the quant ities

But this would require that we compute
J

-c d /Ys r rs

for all possible va lues of rand s to
this is not done because of the large
would require. Instead, the entering
Cs is as negative as possible. Since
then guarantees that

find the largest one. Usually
number of calculations this
variable Xs is chosen so that
d > 0 and y > 0, Eq. (15.15)r- rs

w* - w > 0,

i.e., that the objective function does not decrease. As discussed
in the last chapter, this always eventua1ly leads to an optimal
solution, except for the very remote possibility of cycling. Let
us summarize this as foliows:

OBSERVATION 15.3 Choose the pivot column so that it con-

tains the most negative entry of the objective row (ig-

no ring the entry in the rightmost column).

Equation (15.15) also teIls us the following: If all of the c's are
nonnegative then the va1ue of the objective function cannotincrease,
regardless of the choice of pivot entry. In this case, we must
have already attainedthe maximum value of the objective function.
Thus, we have

OBSERVATION 15.4 If all of the entries in the objective

row, except for the rightmost entry, are nonnegative,

the tiabl.eaüdetermines an optimal eotuuion.
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The above four observations justify the steps in the simplex
method.

Readers interested in pursuing linear programming in more de-
tail are referred to the following texts:

S. I. Gass, Linear Proqvammi.nq , 4th ed , New York: McGraw-Hill
Book Company, 1975.

L. Cooper and D. Steinberg, Methods and Applieations of Linear
Programming, Philadelphia: W. B. Saunders Company, 1974.

EXERC I SES

In Exereises 15.1 to 15.6 solve the given linear programming pro-
blem by the simplex method.

15.1 Maximize 2 = 3xl + 4x2

subject to
2xl + 3x2 .2. 7

5xl + 2x2 < 3
and

x
l
,x

2
>o.

15.2 Maximize 2 = 2xl + x2

subject to
3xl + 2x2 < 4
3xl + x2 < 3
2xl < 3

and
xl' x2 > O.

15.3 Maximize 2 = 3xl - 2x2 + 6x3
sub j ect to

2xl - 5x2 + x3 < 2
xl + x2+x3< 5

and
xl' x2' x3 > O.

Linear Proltrarrrninit 111 / 219

15.4 Maximize 2 = 2xl + x2 - x3

subject to
2xl - 3x

2
+ X

3
.2. 2

xl + SX
2

- 2x
3

.:. 4
2x
l
- 4x2 - x3.:. 3

?,

and
Xl' x2' x3 ~ O.

15.5 Maximize 2= 3xl- 2x2-X3+X4

subject to
2xl- 3x2+x3- x4 ~ 6

xl + 2X2 - x3 + 2x4 ~ 4

and
Xl' ~2' x3' x4 ~ 0

15.6 Maximize 2 = Xl - 2x2 + 3x3 + x;f

subject to
X
l
- 2x

2
+ x

3
+ 3x4.:. 8=. + 3x

2
- x3+ 2x4 .:. 5

xl + x
2

- 3x3 + 4x
4

.:. 6

and
Xl' x2' x3' x4 ~ 0

15.7 Solve Examp1e 13.1 on page 163 by the simplex method.

15.8 Solve Exercise 13.1 on page 177 by the simplex method.

15.9 Solve Exercise 13.6 on page 179 by the simplex method.

15.10 Solve Exercise 13.7 on page 179 by the simplex method.

15.11 Show that in any tableau the column 1abeled "2" always has the
form indicated in Tableau 15.12.



Answers to Exercises

Chapter 1, pa~e 8

1.1 (a) y = 3x - 4

(b) Y = -2x + 1

2 21.2 (a) x + y - 4x - 6y + 4 = 0 or
2 2

(b) x + Y + 2x - 4y - 20 = 0 or

2 21. 3 4x + 8xy + 4y - 8x + 4y = 0

1.4 (a) a: + 2y + z = 0

(b) -s: + Y - 2z + 1 = 0

2221.5 (a) x +y +z -2x-4y-2z=-2
222

(b) x + Y + z - 6x - 2y - 4z = - 5

1.9 Iy 2 1x x
2

1YI xl xl
2 1= 0

Y2 Xz x2 1

3
1Y3 x3 x3

~

2 2(x - 2) + (y - 3) = 9

(x + 1) 2 + (y _ 2) 2 = 25

(a parabola)

2 2 2or (x-I) + (y-2) + (z-l) = 4
2 2 2or (x-3) + (y-I) + (z-2) = 9
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Chapter 2. pa~e 22 2.4 (a) {PI' P2' P3} (b) {P3' P4' PS} (e) {P2' P4' P6' P8} and

~ ~ ~

1 1 0

~

. ~

1 0 1 0 ~l {P4, PS' P6}0 0 0 0 0

(0) ! 0 0 0 0

2.1 Ca) 0 1
Cb) 0 0 1

1 0 1 1 1
1 0 0 1 0

0 0 0 0 iI I 2.5 (a) None (b) {P3' P4' P6}
0 0 0 1 0 0 0 0 0

0 1 0 1

2
0'Ü Ü

0 1 Power of PI = 5
0 0 Power of P2 = 3

~2

P4
p. 1 0

1 1 0 Power of P3 = 4

t~ Power of P4 = 2 <-.

2.2 (a) Cb)
"2.7 First, A; seeond, Band E (tie); fourth, C; fifth, D.

P4 P3 P3
P2 I Chapter 3. pa~e 37

3.1 (a) - 5/8

(b) [0 1 0]

(e) [1 0 o OJt

Ce) •• ..,/ ~ ~ I 3.2 Let A = D ~Jfor example.

3.3 (a) p* = [0 IJ, q* = [~lv=3
P6 Ps P4 I

(b) p-* = [0 1 0], q* = [~], v=2

2.3 (a) PI (b) l-step: PI -+P2

q = m,2-step: PI -+P
4

-+P
2 Ce) p* = [0 0 1], v=2

PI -+P
3
-+P

2

q = [l].3-step: P
1
-+P

2
-+P

1
-+P

2 (d) p* = [0 1 0 oJ, v = -2
P2 P3 P

1
+P

3
+P

4
+P

2
PI +P

4
+P

3
-+P2 3.4 (a) p* = ~/8 3/8J, * - [l/U v = 7/4q - 7/8'

(e) I-step: PI +P4
Cb) p* = [2/3 1/~, * - U/~q - 5/6' V = 70/3

2-step: PI +P3-+P4

3-step: PI +P2+P1 +P4 Ce) p* = [1 0], q* = [~lv=3

PI +P4 +P3 +P4



[4J (2) = [461 (3).6' x .5~' x

= [454D (5).= [4545D.5454' x .54546.

224/ Answers to Exercises

(d) p* = ~/5 2/5], q*

(e) p* = G/13 10/1~,

3.5 p* = (2120 13/2~ , q*

Chapter 4, pa~e 51

4.1 (a) x(l)

x (4)

_ [3/51
- 2/5J' v = 19/5

q* _ r1/131
L:2/13J' v =-29/13

_ [9/201
11/20J' v = -3/20

[
4541
.54~'

Cb) P is regular sinee all entries of P are positive;
rs/1il

q = ~/l~

4.2 (a) xCI) = [:~l,x(2) = [.~D,x(3) = [.~~~l
.~ .2~ .33iJ

(b) P is ü::~~~lar
q = 29112

21/72

r;/17l
4.3 Ca) ~/17J

since all entries of P are positive;

4.4 Ca) e"»

(b) f26/4.5lL:9/4:J

I(ir ~
~-(ir ~'

~

3/1UCe) 4/19
12/19

n= 1,2, ... byinduetion.,

Thus no integer power of P has all positive entries.

(b) p
n
+ ßi ~Jas n Lncreases, and so e" xCO) + [~Jfor

any x(0) as n inereases.,

Answe rs to Exercises / 225

Ce) The.e~tries of the limiting veetor [~Jare not all
posltlve.

!,r ~J
~ ~
~ ~ [

1/3

J
q = 113

1/3lk2 2
4.6 P = !,r

!,r

4.7 10/13

4.8 54i% in region 1, 163-% in region 2, and 29i% in region 3.

has all positive entries;

Chapter 5, pa~e 63

[i]. ~~]
,~,

5.1 Ca) DJ ' Cb) Ce)

5.2 Ca) Use Corollary 5.1; all row sums are less than one.
Cb) Use Corollary 5.2; all eolumn sums are less than one.

(c) Use Theorem 5.3 with x " [;] > C, " n]·
5.3 E 2 has all positive entries.

5.4 Priee of tomatoes: $120.00. Priee of eorn: $100.00. Priee
of lettuee: $106.67.

5.5 $1256 for the CE, $1448 for the EE, $1556 for the ME.

Chapter 6, pa~e 78
6.1 The seeond elass; $15,000.

6.2 $223

6.31: 1.90: 3.02: 4.24: 5.00
-1 -1 -1

6.5 si (gI + g2 + ••• + gk-l)

6.6 1 : 2 : 3 : n-1
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Chapter 7. pa~e 91
-
t
1

0 J.o J.o 0 t
1 0

t2 J.o 0 0 J.o t2 ~2
7.1(a)lt =

~. 0 J.o +
3 0 t3 0

t4 0 J.o J.o 0 t4 ~

[
1/4]3/41/4
3/4

m,
[

7/32Jt(4) = 23/32
7/32 '

23/32

(b) t

(e) t(l) t (2) . [1/8J5/8. t (3)
1/8 '
5/8

[

15/64Jt(5) = 47/64
15/64 '
47/64

r
'3/16J_ 11/16

- 3/16 '
11/16

[

_1/64]
t(5) _ t = -1/64

-1/64
-1/64

(d) for t1: 5.4%; for t2: -1. 7%.

7.2 ~

7 3 t(l) = [~ ~ z ~ i ~~! lT
• 444444444

t(2) = [~l.~ .z. E t3 -,7 21 .!i 10J t
16 16 16 16 16 16 16 16 16

Chapter 8. pa~e 106
"'" i 1 n+-1 'o.2la = '4 + ('"2) (a - ° )n 0 0

b = ~ n = 1, 2, ...n
'j n+l

on = ~ ~ ('"2), (aO - (0)

a -+ kn 4

b = ~n as n -+ 00

Cn -+~

2 18.31a2 1 = -3 + -- (2aO - bO - 4(0)
n+ 6(4)n

1 1b = - - -- (2a - b - 40 )
,2n+l 3 6(4)n 0 0 0

°2n+l

a2n

b2n

°2n
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n=0,1,2, ...

o

= 2- + 112 --"n (2aO - bO - 40 )
6(4) 0

_ 1
-2 n = 1, 2, ...

_ 1 1- 12 - __n (2aO - b - 40 )
6(4) 0 0

8.4 Eigenvalues: "I = 1, "2 = ~

Eigenveetors: e1 = [~le2 = l-~J
8.5 12 generations; from 25% to ,006%

8.6 x(n)

l+ 22~+3 [c-3 - 15)(1 + 15)n+l + (-3 + 15)(1 - 15)n+1J

1 [ r: n+ 1 J22n+l (1 + .5) + (1- /S)n+l

22~+1 [ (1 + lS)n + (1- lS)nJ

22~+1 [(1 + 15)n + (1 - lS)nJ

22~+1 [ (1 + lS)n+1 + (1- /5)n+1J

l + i~+3[ (-.3 - 15) (1 + lS)n+1 + (-3 + /5) (1- /S)n+1J
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1:2

o
x(n)-+Io

o
o
1:2

8.8 [j o 0 0]o 0 0
o 0 0
o 0 1

Chapter 9. pa~e 122

as n-+'"

9.1 (a) Al = 3/2, Xl = L)3 J

eb) (1) = [100J (2) = [175J (3) = [250J (4) = [382J
X 50 ' X 50 ' X 88 ' X 125

(5) = [570J
X 191

(e) x(6) = Lx(5)

9.7 2.375

9.8 1. 49611

Chapter 10. pa~e 136

10.1 (a) Yield

[
857J
285 '

X (6) " I.. X (5)
1 [855J

287

= [1)3]1/18

[
I~2] ; harvest 57.9%
1/8

33-1/3% of population; xl

(b) Yield = 45.8% of population; xl

of youngest age class.
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l
I

10.2 xl LXI

2.090
.845
.824
.795
.755
.699
.626 I,
.532
.418

o
o
o

1. 000
.845
.824
.795
.755
.699
.626 I ,
.532

o
o
o
o

.1991.090+ .418
7.584

10.4h = (R-I)/(anb···b +·"+abb···b ).I r-I 2 I-I n 1 2 n-I

a +a b + ••• +a b b ···b - 1
10.5h = 1 21 J-I12 J-2

I a b b ···b + ; •• + a b b ···b
Tl 2 I-I J-I 1 2 J-2

Chapter 11. pa~e 146

1 7
11.1 Y = - 2+2x

2 1
11.2 Y = 3+6x

211.3 Y = 2+5x- 3x

I
1I
I

11
I
I,
,I
i
i
I
I

l,I
ill
ili
jli
I1
,d

[li

II1

2 311.4 Y = -5+ 3x- 4x + 2:x:

11.9 y = 4- .2x+ .2:x:2; if x= 12 t~en y = 30.4 ($30.4 thousand)

Chapter 12. pa~e 161

n2 4
12.1 3 + 4eos t + cos 2t +9"eos 3t

,i T2 ( 2n 1 4n 1 6n 1 8n )12.2 -+ - eos-t + -cos -t + -eos -t +-eos-t
3 n2 T 22 T 32 T 42 T

T2 (. 2n 1. 4n 1. 6n 1. 8n )+- sln-t+ - sln-t+-sln-t+-sln-t
rr T 2 T 3 T 4 T

12.3l:.+l:.sint-2eos 2t-.-?-cos 4t
n 2 3rr 15rr
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2x1 + 3x2 + x3 +x
4 = 4

Xl +2x2 + 3x3 + Xs = 5
and

Xl' x2' ,x3' x4' Xs ~ 0

-,--'~

Answ,ersto Exercises I 231

4(1 1 1 1 )12.4 - -- -- cos t - --cos 2t - --cos 3t - •••rr 2 1·3 3·5 5·7

, T 8T ( 1 2rrt 1 6rrt 1 10rrt )
12.5 '4- rr2 7cos-y+-;;zcos-y+ 102cos~+ •••

3

2

3Xl - Sx2 +x
3

-2xl- x
2

+x4
Xl +XS '= -5

-x
2

+x
6
=-2

and
Chapter 13. paee 177

13.1 Xl = 2, x2 = 2/3; maximum value of z = 22/3

13.2 no feasible solutions

Xl' x2' x3' x4' xs' x6 ~ 0

14.3 (b) r~J'm ~~J.m [i]
- [0 J [0]3/2 3/2 2

(c) Xl = ~ , , x2 = , 1~4' x3 = ~

13.3 unbounded solution

13.4 invest $6,000 in bond A and $4,000 in bond B;
the annua1 yie1d is $820. '

13.5 25/36 cup of milk, 14/9 ounces of corn flakes;
minimum cost = 655/36 = 18.2~

13.6 550 containers from company A and 300 containers
from company B; maximum shipping charges = $2,110 Cd) xl=O, x2=2, x3=0, x4=1; z=l

13.7 925 containers from company A and no containers
from company B; maximum shipping charges = $2,312.50

13.8 .4 pound of ingredient A and 2.4 pounds of ingredient B;
minimum cost = 24.8~

Chapter 14. 'paee 197

14.1 Maximize z' = -2x1 - SX2
subject to

r-l1/7]
14.4 (a) L st7, [

-1~7],
5/7 [-1~14]11/14

3x
1
-6x

2
+X

3
Xl + x2 + x4

-xl + Xs
x2 + x6

2

3

-6
5

14.5 Ca) Maximize z = 3x
1

+ 2x2 - x
3

+ OX
4
+ OX5

subject to

and
Xl' x2' x3' x4' xs' x6 ~ °

14.2 Maximize z = -3x
1

+ x2 + x
3

subject to

~



232 I Answers to Exercises

(b) m, ,tn Dl m m
[S~2' [~3J '[~J-[~] [~]0, 0, 5/3, 4, 0
-7/2 .0 7/3 0 4.

o 7/3 0 -7 5

(c) X, {:~~' X, {H X, {n
X4{;:} '5lH X,· m

(d) xl =2, x2=0, x3=0, x4=0, X5=3; z=6

(e)

(f) xl = 2, X 2 = 0, x 3 = 0; z = 6

14.6 (a) Maximi ze a ' = - 2x 1 - 3x 2 - X 3 + Ox4

subject to

--

Xl- 2x
2
+ 3x

3
+x

4
= 5

2x
1

+ x
2

- 2x
3

= 2

"

and
Xl' x2' x3' x4.::. °

(b) [:f~'[!J [!J [H m, m
(c) '1 •m, x,· m ',.m
(d) xl = 1, x2 = 0, x3 = 0, x4 = 4; a ' =-2

( e)

(f) xl=l, x2=0, x3=0; z=2

Chapter 15. pa~e 218

15.1 xl =0, x2=3/2; z=6

15.2 xl = 2/3, x2 = 1; z = 7/3

15.3 xl =0, x2=1/2, x3=9/2; z=26

15.4 xl = 22/3, x2 = 6/13, x3 = 0; z = 50/13

15.5 "i = 16/5, x2 = 0, x3 = 0, x4 = 2/5; z = 10

15.6 xl=O, x2=13, X3=34, x4=0; z=76

15.7 xl = 260, x2 = 0; z = 520

15.8 xl = 2, x2 = 2/3; z = 22/3

15.9xl=550, x2=300; z=2110

15.10xl = 925,x2 = 0; z = 2312.50


