Grobner Bases
Exercise Sheet 7 for November 21, 2024

(1) Let I be the ideal of Q[z,y] generated by {z + y? + 2,2y + 3}. Find generators of
the ideals I N Q[x] and I N Qy] of Q[z] and Qly], respectively.
(2) Let A ={zy +2w9+ 2x5+ 224 — 15, =221 — 4dao + 23 + 1124 — 20, =421 — 819 + 225+
221y — 40, x1 + 2x9 + Hx3 + 112y — 45},
(a) Compute a reduced Grobner basis for the ideal of Q[xy, 29, 3, x4 that is gener-
ated by A. (Lexicographic ordering, z1 > xo > x3 > x4.)
(b) Compute a basis for the linear subspace of Q* that is generated by the rows of

the matrix
1 2 2 2 —15
-2 —4 1 11 =20
B—
—4 -8 2 22 —40

12 5 11 —45
(3) Compute the reduced Grobnerbasis for the ideal of Q[z] that is generated by
{z* —x —2,2% + 2% — 6z},
(4) Let F C k[x] \ {0}, and let f,g € F be such that f # g, Lc(f) = Lc(g) = 1 and
LM(g) | LMm(f). Which of the following statements must be true?
(a) If r is a remainder in a standard expression of f by F'\{f}, then r is a remainder
in a standard expression of S(f,g) by F.
(b) If r is a remainder in a standard expression of S(f, g) by F, then r is a remainder
in a standard expression of f by F'\ {f}.
(5) Let F be a finite subset of Q[x1,...,z,], and let f € Q[z1,...,x,] be an element of
the ideal J that F' generates in C[zy,...,x,]. Show that f is also an element of the
ideal I that F' generates in Q[xy, ..., x,].



