Grobner Bases
Exercise Sheet 10 for December 10", 2024

(1) Let I := (x3,22), and let R := Q|xy, zo]/I.

(a) Find an ideal J of Qlt, %2, 3] such that Q[t]/J is isomorphic to R, and an
isomorphism ¢ with p(t1+J) = (z14x2)+1, @(ta+J) = 141, (ts+J) = xo+1.
(b) Find a polynomial witnessing that x; + x5 + I is algebraic over Q.

(2) Let R := Qlay, zo)/I with I := (28 —2, 21 —x,). Show that z; +2?+1 is algebraic over
Q' :={¢+1 ] q € Q} by exhibiting a polynomial f € Q[t]\ {0} with f(z;+22+1) =
0+ 1.

(3) Let

f = 2*+3
g = 2°+62%+10
h = a°+ 925+ 2623 + 26
Determine whether f € Q[g, 2], f € Q(g,h), h € Q[f].
(4) Let

f= <(x2+y)2+2>3,

2
9=((*+9)"+1)
be polynomials over Q. For each h € {x, 2 + vy, (#* + y)?}, find an ideal I such that
Q[t1, ta,t3])/I is isomorphic to Q[h, f, g] and answer the following questions:
(a) Is h an element of Q[f, ¢g]? How can h be expressed as p(f, g)?
(b) Is h integral over Q[ f, g]? In this case, find a polynomial in Q[f, g][t] witnessing
this fact.
(¢) Is h algebraic over Q[f, g]? In this case, find a polynomial in Q[ f, ¢][t] witnessing
this fact.
(d) Do we have h € Q(f,9)? In this case, find polynomials p,q € Q[X,Y] with
h=p(f,9)/a(f,9)-
(5) * [1] Let a,b,q,r, f € Q[z] such that deg(f) >0, b # 0, a = ¢-b+r and deg(r) <
deg(b). Suppose that a,b € Q[f]. Show that ¢ and r are elements of Q[f]. Hint:
Write a = d/(f), b =V (f) and compare the divisions a : b and o’ : ¥'.
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'An element b is integral over A if there is p € A[t] with Lc(p) = 1 and p(b) = 0. Some authors prefer
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