
Gröbner Bases

Exercise Sheet 8 for December 9, 2020

(1) For an ideal I of k[x1, . . . , xn] and f ∈ k[x1, . . . , xn], we define the ideal quotient

(I : f) by

(I : f) = {g ∈ k[x ] | gf ∈ I}.

(a) Show that (I : f) = {h
f
| h ∈ I ∩ 〈f〉k[x ]}.

(b) Let f = x2 and I = 〈x7y2, x9y + 2x8y〉k[x ]. Compute (I : (fn)) for each n ∈ N.

(2) For an ideal I of k[x1, . . . , xn] and f ∈ k[x1, . . . , xn], the saturation (I : f∞) of I with

respect to f is defined by

(I : f∞) =
⋃
n∈N

(I : fn).

(a) Show that (I : f∞) = 〈I ∪ {fy − 1}〉k[x ,y] ∩ k[x ].

(b) Use this fact to compute (I : f∞) for f = x2 and I = 〈x7y2, x9y + 2x8y〉k[x ].

(3) Let R = Q[[x2 + 1, x4 + 2]] = {p(x2 + 1, x4 + 2) | p ∈ Q[t1, t2]}.

(a) Show that R is isomorphic to Q[t1, t2]/I, where I = {p ∈ Q[t1, t2] | p(x2 +1, x4 +

2) = 0}.

(b) Compute this ideal I, and find an isomorphism ϕ from Q[t1, t2]/I to R.

(4) We consider the ring Q[x, y, z]/I with I = 〈xz, yz〉.

(a) Find f ∈ Q[t1, t2, t3] such that f 6= 0 and f(x, y, z3 + x + 1) ∈ 〈x, y〉.

(b) Find g ∈ Q[t1, t2, t3] with g 6= 0 und g(x, y, z3 + x + 1) ∈ 〈z〉.

(c) Find h ∈ Q[t1, t2, t3] mit h 6= 0 und h(x, y, z3 + x + 1) ∈ I1 = 〈z〉 ∩ 〈x, y〉.

(5) Find f ∈ Q[t1, t2] with f 6= 0 such that

(a) f(x3, 1
x9−1) = 0.

(b) f(y
3z7+3y2z5+3yz3+z4+z

(yz2+1)4
, z2

(yz2+1)2
) = 0.
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