(2) Let I := (22 — 3,22 — 2), and let R := Q[xy,z2]/1.
(a) Find an Ideal J of Q[ty,ts,t3] such that Q[t]/J is isomorphic to R, and an
isomorphism ¢ with p(t14+J) = (x1+x2)+1, @(ta+J) = w1+, p(ts+J) = x2+1.
(b) Find an ideal K of Q[s1] such that Q[s;]/K is isomorphic to the subring of
Q[t]/J generated by t; + J via an isomorphism v with ¥ (t; + J) = s1 + K.

(c¢) Find a polynomial witnessing that x; + xo + I is integral over Q.

(a) let : @[{7’{21{3] — (D[quxJ be the Q= homomorphism olef/ned by
= ({,) = Xa¥ X, x(t2) = x, Jox(ty) = X3 .

(learlyy, o Js  surjechive.

Llet B (D[X/), x] = Qlx,]/T be the camomcal epimorplm’m inlo the
C[cAoHEM{: rimﬂ and p= Do Sine g s surjective , by the first
isomocphisk  theorom of rings, there exisls the isomorphim @ sd.

jd/\!l ]Co(/towfhﬁj dxagrwm conmmntes
o~ 3
@Etv(ﬂ,fs] —> @[&,Kﬂ —>> @[x“)q]/_?.

can, v
cpiywor‘)\.

ALt b, 1]/ her

NO‘A’/ LCJC J:: lkex a”/ ther C(L(M’L«ﬁ CF(JC1+J): (x7+><1)+ I/ CF(JEHJ): ><,,+I
amd Cf[f:wj): e+ L. H‘ femarns teo COw\Pu\{e j

SATZ 9.11 (Algebraische Abhéngigkeit in k[xq, ..., x,|/I). Seik ein Korper, seien
r €Ny, n,s €N, sei I = (gy,... 797’>k[:13]7 und seien fi,..., fs € klx1,...,x,]. Sei
p € klty,... ts], und sei J = (g1, Gr,t1 — f1,...,1s —fs>k,[t,$]. Dann sind

aquivalent:

(1) p(fr,..., fs) € 1.
(2) pe JNEk[t, ...t

Groebner:-Basis([x122 - 3, x2"2 - 2, t1 - (x1 + x2), t2 - x1, t3 - x2], plex(x1l, x2, ti, t2, t3));

2

2
[t3—2,t2—3,tl—t2—t3,MM]
C» mw\w'mihg Pobj’s 6W/(ajcc kex o« = J



H@V‘@/ J: <J[:1‘t7_‘t3, JC; - 3/ 't;- _Z>®[f4:f1,’f3] .
()  Consider the diagrom

QLt) zﬁ QL& 1] s @[t‘l/%l,élj/kj
k\‘\__‘_ﬁ_—__——d//,/ﬁ

= v
\N ¢ ﬁ' (omd @[‘t«]/ker(,{ S m (“ < @[fw,tz,{}]/\_,)
ep!.

GQ[{{l/WW(A
Cleorly, kec g = Ja @] and wis a @-hom, st @(ts) = 1+ ),

Use GBs to COMPU\J(ﬁ LKO((M‘,

Groebner:-Basis([x1722 - 3, x222 - 2, t1 - (x1 + x2), t2 - x1, t3 - x2], plex(xl, x2, t3, t2, tl1));
4 2 8 8 3 3
i [t1 - 10 t1 + 1, t1 - t2, -tl_+ 7 t3, -t1_+ 7 x2, Ei__;,;;-ef—¢'7’§ij

6B for | wrt. amobher poromial  orduring

Thus, ker @ = {47 = 1047 + Vgeey . Now simply subshitute t1 by 5, i.c.
K = <5,L' - 104y + /’>®[s,] . C[eau(%, Qls)/K & mY by V"‘O’Iof"’"ﬂ g+ K fo quj‘

(c) Rewl J'Trorv\ (a) and (b):
embed (af‘ /3, cf.(a)
O] o Qlutt] Do Qlthbl/] 25 Qlox)/I
A /

with w @) = (xa+x)+ I gnd ker w ={E7 ~ 104, + 1>@&ﬂ ,
Thus, & - 10ti+1 € BI) 75 o witness that (xex)t 1T
IS &LtﬁﬁloTO\]c over @ (in Qlx,1/T):

with(PolynomialIdeals):
p tingd - 10*xt17r2 + 1:
g := eval(p, t1 = x1 + x2);

I

4 2
g := (x1 + x2) - 10 (x1 + x2) + 1

g in PolynomialIdeal([x1722 - 3, x2"2 - 2]);
true



