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Compositions that are polynomial functions
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m f og is polynomial,
Compositions mg is polynomial.

Can we conclude that

f is a polynomial on the range of g?
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then

Compositions fis polynomial.

The real case
On the reals, let f(x) := ¥/X, g(x) := x3. Then

fog(x)=xforall x € R,

but f is not polynomial.



The complex numbers
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Sketch of the proof:
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m By complex analysis arguments, f is holomorphic
[Rudin, 1966, Chapter 10, p.221, Exercise 20].

m If, for large |x|, |g| ~ [x™|, [f o g| ~ |x"], then |f| ~ [x ™|, and
hence (Liouville) f is polynomial.
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An algebraic
approach

Hilbert’s Nullstellensatz

Let A be an algebraically closed field, and let
fi,.. . fm, 9 € A[Xq, ..., Xq]. TFAE:

m Forallac A" ff(a)=---=fA(a)=0=g*(a) =0.

| HTENoabl,...,bm EA[Xl,...,Xn]I

gr:bl'f1+"'+bm'fm.



Fried and MacRae’s Theorem
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functions over
algebraically Let K be a field, p, q,f,g € K[t], deg(p) > 0, deg(q) > 0. TFAE:
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Ethard m p(x) —q(y) [ f(x) —a(y) in K[x,y].
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Proofs:

An algebraic

el m Original proof: field of algebraic functions over some curve.

m Elementary algebraic proofs by E.A. and F. Binder
[Binder, 1996].

m [Schicho, 1995]: J. Schicho provides a proof from category
theory that suggests many generalizations.



From C to algebraically closed fields
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g is polynomial, f o g is polynomial, g’ # 0,

An algebraic then

approach

f is polynomial.



A multivariate generalization
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PEiC Let A be an algebraically closed field, n € N, py,...,pn € A[t],
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9: A" — A, (ag,...,an) — f(py(a), -, Py (an))

is a polynomial function, and that for each i € {1,...,n}, the
A multivariate derivative pll 7é O Then

generalization

f is a polynomial function.
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A multivariate
generalization

A proof by reduction to the unary case

Theorem [Prager and Schwaiger, 2009

Let K be a field with |K| > Xo, and let f : K" — K. If for all
ie{l,...,n}andallby,...,b, €K,

X = f(bl?" '7bi—17 X, bi+lv‘ "7bn)
is a polynomial function, then

f is a polynomial function.



A generalization of Fried and MacRae’s
Theorem
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f(Xl, Ce ,xn)—g(yl, ce ,yn) € (p, (xi)—qi(yi) | i e {1, 500 n}>K[X7y].

A multivariate

generalization Thereis h € K[tl, oo ,tn] such that

f(X1,...,xn) = h(p1(X1),...,Pn(Xn))
g(X1,...,%n) = h(gi(x1),...,0n(Xn)).



A generalization of “p(x) — p(y) is squarefree”.
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Steinerberger P1,...,Pn,0d1,-..,0n € Aft] with p/ # 0 and g/ # O for all i. Then

(Pi(x) = Gi(yi) [ € {1, -} apcy)

is a radical ideal.

A multivariate
generalization

Remark: “Algebraically closed” can be dropped.
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