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A problem from linear algebra

0-110 1482 —957 —210 —49
.— (1001 — 3396 —2193 —481 —112
Let M := <0 00 —1) ’ A= <—6102 3940 863 200 > :
0010 4657 —3005 —657 —152
Question: Are M and A similar? 3P € GL(4,Q) : A= P~ 1M P?

Answer: JordanDecomposition[A] [[2]] and JordanDecomposition[M] [[2]]

both yield the result:
—2 1 00
— 0 —00
J = < 0 0z % 1> ’
0 00¢

hence there is P € GL(4,C) with A = P~'MP.
Question: Is there such a P € GL(4,Q)?



Smith Normal Form



Smith Normal Form

Theorem (H. Smith 1861). Let A € Z™*". Then there exist U, S,V € Z"*" such
that

> S=UAV,
» det(U) and det(V) are in {—1,1} (U, V are unimodular)
di 0 0 .. 0
0d2 0 .. 0
» S=1]o00 . o | withd;|da]|---|d, and all d; > 0.
60 . . d,
Example

)R (a0



Computation of the Smith Normal Form
Use the following operations
1. swap rows
add multiple of one row to another row
swap columns

add multiple of one column to another column

AN

multiply a row with —1

1
to get to the desired form. Instead of applying this procedure to < 1 280 13902 ) )

apply it to the first 2 rows and colums of

18 30 1 0
120 192 0 1
1 0 00
0 1 00



Computing the Smith Normal Form

All of these transformations are multiplications from left or right with unimodular
matrices.
U,V can be revovered because:

b)) (ee)-(5)



Computing the Smith Normal Form

We compute the SNF of (

18 30
120 192
1 0
0 1

Hence

18 30
120 192

o O O
S O = O

1 0
g8 -1

).

) |

18 1
120 0
1 0
0 1 0

18 30
120 192

S O = O

)

-1

O O = O



Computing the Smith Normal Form

1
We compute the SNF of ( 8 30 ).

120 192
18 12 1 0 18 12 1 0
120 72 0 1 1
~
1 -1 0 0 1 -1 0 0
0 1 00 0 1 0 0

Hence

(524

18 30
120 192

)

-1

oS O = O



Computing the Smith Normal Form

1
We compute the SNF of ( 8 30 ).

120 192
18 12 1 0
12 0 -6 1
A
1 -1 0 0
1 0 0

Hence

()0

)
S O = O

18 30
120 192

)

-1

S O = O



Computing the Smith Normal Form

We compute the SNF of ( 1830 )

120 192

12 18 1 O 12

0 12 -6 1 0 12
~

-1 1 0 0 -1

1 0 0 O 1

Hence

o O = O

30
192

)

-1

o O = O



Computing the Smith Normal Form

We compute the SNF of ( 1830 ).

120 192
12 6 1 0
0 12 -6 1
~
-1 2 0 0
1 -1 0 O

Hence

()0

1 0 6
—6 1 12
~
0 0 2
0 0 —1
18 30
120 192

2
-1

S O = O



Computing the Smith Normal Form

We compute the SNF of ( 1830 )

120 192
6 12 1 0 6 1 0
12 0 -6 1 12 -6 1
S e rd
2 -1 0 0 2 0 0
-1 1 0 0 -1 0 0
Hence
6 0\ (1 0 18 30
0 24/ \ 8 -1 120 192

)

2
-1

o O = O



Computing the Smith Normal Form

We compute the SNF of ( 1830 )

120 192
6 0 1 0 6 0 1 0 6 0
12 -24 -6 1 —24 1
d S
2 -5 0 0 2 -5 0 0 2 =5
-1 3 0 0 -1 3 0 O -1 3
Hence

6 0\ _(1 0 ) (18 30 2
0 24/ \ 8 -1 120 192 -1

1 0
0 O
0 O



The loop invariant of computing the SNF

The transformation A ~ (U, S, V) makes sense if A and S have some properties in
common.

Theorem. Let S be the Smith normal form of A € Z"*™. Then:

1. A and S are unimodularly equivalent: there are invertible U, V' with
UAV =S.



The loop invariant of computing the SNF

The transformation A ~» (U, S, V') makes sense if A and S have some properties in
common.

Theorem. Let S be the Smith normal form of A € Z™*". Then:

1. A and S are unimodularly equivalent: there are invertible U, V' with
UAV = 5.

2. The modules Z"/ col(A) and Z™/ col(S) are isomorphic.



The loop invariant of computing the SNF

The transformation A ~» (U, S, V) makes sense if A and S have some properties in
common.

Theorem. Let S be the Smith normal form of A € Z"*"™. Then:

1. A and S are unimodularly equivalent: there are invertible U,V with
UAV = 8.

2. The modules Z"/ col(A) and Z™/ col(S) are isomorphic.

Proof: [z]eo1(a) + [U]coi(s) is an isomorphism.



The loop invariant of computing the SNF

The transformation A ~» (U, S, V') makes sense if A and S have some properties in
common.

Theorem. Let S be the Smith normal form of A € Z"*". Then:

1. A and S are unimodularly equivalent: there are invertible U, V' with
UAV =§.

2. The modules Z"/ col(A) and Z™/ col(S) are isomorphic.

This characterizes finitely generated abelian groups:
> IfG=(g1,...,gn), then ¢ : Z™ = G, p(21,...,2n) ;=21 % g1 + -+ 2n * gn IS an
epimorphism.
> ker(y) is a submodule of Z", hence equal to col(A) for some A € Z™*™.
» Thus G = Z"/ col(S) with S = diag(dy,...,d,).
» Hence G 2 Zg, X -+ X Zgq, (H. Poincaré 1900).



The loop invariant of computing the SNF

The transformation A ~» (U, S, V) makes sense if A and S have some properties in
common.
Theorem. Let S be the Smith normal form of A € Z"*™. Then:

1. A and S are unimodularly equivalent: there are invertible U, V' with
UAV = 5.

2. The modules Z"/ col(A) and Z™/ col(S) are isomorphic.

3. For each k € N, the gcd of the determinants of all k£ x k-submatrices is the
same for A and S.



The loop invariant of computing the SNF
The transformation A ~» (U, S, V) makes sense if A and S have some properties in
common.
Theorem. Let S be the Smith normal form of A € Z"*". Then:

1. A and S are unimodularly equivalent: there are invertible U, V' with
UAV =S.
2. The modules Z"/ col(A) and Z™/ col(S) are isomorphic.
3. For each k € N, the gcd of the determinants of all k x k-submatrices is the

same for A and S.

Follows from the Cauchy-Binet formula for determinants: For
Ae anm’B c men’

det(AB) = Y det(Alpxs) det(Blrxp).

ICm,|I|=n



Smith Normal Form is normal

Theorem. Let A, B € Z™*", and let S4 and Sp be their Smith normal forms.
TFAE:

1. A is unimodularly equivalent to B.
2. The modules Z™/ col(A) and Z™/ col(B) are isomorphic.
3. S4=53.

Key observation: In the module M = Zg4, X --- X Zg, with dy | dy | --- | d, we have

(dg—s) ={x € Z | xM can be generated by < s elements}.



Similarity of Matrices



The module Vy

With A € K"*", we associate the K[t]-module V4 := K". The module operation is
defined by

tx,vi=A-v, ()%, v:=axv for a € Ko € K"

and hence

prv= (O pit)m o= pix (A -v) = H(4) -v.
=0

1=0

Theorem. A and B are similar over K <= V4 and Vg are isomorphic
K[t]-modules.



The module Vy

The K[t]-module Vy4 is generated by e, ... e,. Hence
o K[t]" = Vy, ®(e) := ¢
can be extended to the module epimorphism

(D(ph s 7pn) = Z]ﬁl(A) " €.
=1

The Fundamental Theorem.

ker(®) = col(t x I — A).



The module Vy

Recall: ®(p1,...,pn) :=> 11 Pi(A4) - €.
We prove col(t « I — A) C ker(®): Let

8; = t * e — (al’j,GQ’j, .. .,an,j)

be the jth column of t *x I — A. Then
(I)(Sj) = A . ej — Zamei,
i=1

and the i-th entry of this vector is a; ; — a; j = 0.

col(t x I — A) D ker(®): Follows from dimg (K[t]"/ col(t* I — A)) < n because every
(p1,...,pn) can be reduced modulo col(t x I — A) to (aq,...,a,) € K"



The fundamental isomorphism

Theorem. For A € K"*" V4 = K[t]"/col(tx I — A).

Hence: A and B are similar over K < V4 and Vg are isomorphic K[t]-modules <
K[t]™/col(t x I — A) = K[t]"/ col(t « [ — B).

Obeservations:

» For matrices over Z, we can solve the problem whether
Z"] col(M) = Z"/ col(N) via the Smith Normal Form.

» K|t] is “similar” to Z: both are Euclidean Domains.



Euclidean Domains

Definition. A Euclidean Domain is an algebra (R, +, -, quot, rem, sgn) together
with § : R\ {0} — W (W well-ordered) such that:

» (R,+,-) is an integral domain,

» b= quot(b,a)-a+rem(b,a),

> a# 0= (rem(b,a) =0 V §(rem(b,a)) < é(a)),

» rem(b+ ta,a) = rem(b, a),

» rsgn(r) and r are associated (unit multiples) in R,
» r,s associated = rsgn(r) = ssgn(s).

r is normalized if rsgn(r) = r.

All Euclidean domains are PIDs. Z[HT‘/@] is a PID, but not Euclidean.



Checking Similarity

Theorem. Let A, B € K"*". The following are equivalent:
1. A and B are similar over K.
K[t]"/ col(t * I — A) =gy K[t]"/ col(t * I — B).
3. The Smith Normal Forms of t * I — A and ¢ x I — B over K[t] are the same.



Checking Similarity

Let A := (‘1% :g%) and B := (_49 _1‘51)9) . Then

1
SR t—41 81 0 1 (1 o
<tf§1—81>'(_16 t+31) (1%—é>_<0(t75)2)
D
Ua

and

1
L0 . (t+9 49 \ (0 1 (1 o0
<tf‘ig _49> (%7 5) (1—4%—% =\o@->52)-

—_——
Up

Let U :=Ugz'Uy and P[i, j] :== Sp_, uij(B)[i,k]. Then P := (‘1%8 %) satisfies
PAP™! =B.



Consequences

Suppose:
di(t) 0 0 0
0 da(t) 0 0
txI — A is unimodular equivalent to S = o o . 0
0 0 . . ")
Corollary I. V4 is isomorphic to [[;, K[t]/(d;) with d; | d2 | --- | d,, and

> det(t«x I —A)=dy---dp,
» hence cg = det(t * I — A) annihilates [[;-; K[t]/(d;) and thus ¢4(A) - v = 0 for
all v € K" (Cayley-Hamilton), and
» d, is the minimal polynomial of A, and ¢4 | d,".
Corollary II. If K < IL and A, B € K™*™ are similar over L, then they are similar
over K.



Jordan Normal Form



Jordan Normal Form

Theorem (C. Jordan 1870). Let A € K™*™ be such that c4 splits into linear
factors over K. Then A is similar over K to

Ji0 0 .. 0 N1 0 .. 0
0J, 0 .. 0 0N 1 0
00 o | with J; = ‘ )

00 0 1
00 .. .. Ji 00 0 by

Proof = Construction of a Jordan basis:
> Va = [TK[t]/(di) = [T 5yer K[/ (E = Xig)es = W.
> A acts on K” like ¢t on W. Formally: ®(t, [v]) = A- ®([v]) for the
isomorphism @ : K[t]"/col(t « I — A) — K.
> For K[t]/(t — )¢, take the basis (by)Zg = ([(t — \)*7*]){_f. Then
txb, = (t — )\)bk + Abp. = b1 + \bg.
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