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Outline

B We will investigate polynomials g(¢4, ..., t,) over algebraically closed fields
whose values g(a) are fully determined by the values fi(a), ..., fi(a) of
some given polynomials.

B Often g is then a polynomial or rational function in f1,..., fin.
B We are going to specify “often”.
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Determined Polynomials
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Determined Polynomials

kfield, m,neN, g, fi,..., fm € k[t1,...,tn].
Definition. g is determined by f = (f1,..., fn) ifforall a, b € k™

fila) = fi(b) A== A fm(a) = fn(b) = g(a) = g(b).

Hence g is determined by f if and only if 3k : k™ — k such that

g(a) =h(fi(a),..., fm(a)) forall a € £".

3/20



Examples of determined polynomials

B t(t1t2)? — 3t3(t1t2) is determined by (¢1, t1t2).
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Examples of determined polynomials

B t(t1t2)? — 3t3(t1t2) is determined by (¢1, t1t2).
B Every g€ k[fi,..., fm]is (f1,..., fm)-determined.
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Examples of determined polynomials

B t(t1t2)? — 3t3(t1t2) is determined by (¢1, t1t2).
B Every g€ k[fi,..., fm]is (f1,..., fm)-determined.

m(k=C): (tlttf)Q = t1t3 is determined by (¢1, t12).

In[1] := GroebnerBasis [ {al - bl, al*a2 - bl*b2, -1 + (al*a2~2 - b1*b2"2)*z} ]
Out[1]= {1}
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Examples of determined polynomials

t1(t1te)? — 3t3(t1t2) is determined by (t1, t1t2).
Every g € k[f1,..., fm]is (f1,..., fm)-determined.

m(k=C): (tm) = t1t3 is determined by (¢1, t12).

In[1]:= GroebnerBasis [ {al1 - b1, al*a2 - bl*b2, -1 + (al*a2~2 - blxb2~2)*z} ]
Out[1]= {1}

B (k=C): 4% =1, is not determined by (t1, t1t2)

In[2]:= GroebnerBasm [ {a1 - b1, al a2 - bl b2, -1 + (a2 - b2) z} ]
Out[2]= {-1 + a2 z - b2 z, b1, al}

= (0,0), b = (0,1) are witnesses.
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Examples of determined polynomials

B t(t1t2)? — 3t3(t1t2) is determined by (¢1, t1t2).
B Every g€ k[fi,..., fm]is (f1,..., fm)-determined.

B (k=C): (tm) = t1t3 is determined by (¢1, t12).
In[1]:= GroebnerBasis [ {al1 - b1, al*a2 - bl*b2, -1 + (al*a2~2 - blxb2~2)*z} ]
Out[1]= {1}

B (k=C): 4% =1, is not determined by (t1, t1t2)

In[2]:= GroebnerBasm [ {a1 - b1, al a2 - bl b2, -1 + (a2 - b2) z} ]
Out[2]= {-1 + a2 z - b2 z, b1, al}

= (0,0), b = (0,1) are witnesses.
B gck(fi,...,fm)NEk[t1,...,t,] provides no verdict on determinateness.
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Examples of determined polynomials

B (k=R):tis determined by #3.

5/20



Examples of determined polynomials

B (k=R):tis determined by #3.
B (k algebraically closed, characteristic p > 0) : t? + 1 is determined by (¢ + 1)?.
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Determined = rational function
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Determined = rational function

Theorem (EA 2015)
kacfieldofchar0, m,n €N, f1,..., fm € k[t1,...,t,] algebraically independent
over k. Then every (fi,..., fm)-determined polynomial g lies in

k;(flaafm)mk[tb?tn]

Proof
B P={(fi(a),...,fm(a))| ack™}is Zariski-dense in k™,
B D=/{(fi(a),...,fm(a),g(a))]| a € k} satisfies dim(D) = m.
We use that ¢ is f-determined and that D = D U W, where W is algebraic
and dim(W) < m — 1 (Closure Theorem).
B The minimal polynomial of g over k[f1,..., fm] has degree 1.
Geometric intuition: degree of D should be 1. 7120



Determined = rational function

Theorem (EA 2015)

k ac field of charp > 0, m,n € N,

fi,--, fm € k[t1, ..., t,] algebraically independent over k.

Then for every (fi, ..., fm)-determined polynomial g there is v € N with

g% € k(fiy. ., fm) NE[ts, ... tn).

Proof
B Additional case: The minimal polynomial n of g over k[fi, ..., fn] may have
degree > 1.
B Then u € k[tP].
B Repeat for ¢g? (induction).
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Determined = polynomial
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Determined = polynomial

B Limitation: g = (“ttf)z = t1t3 is determined by (t1, t1t2), but g & C[t1, tita).

B Reason: Each monomial 1 in a p € Clty, t1t5] satisfies deg, (1) > deg,, (1).
B The mapping f : (z1,x2) — (x1, T129) satisfies

range(/) = €\ ({(0,9) |y € C}\ {(0,0)}).

C*\range(f) = {(0,y)[yeC}\{(0,0)}),
dim(C? \ range(f)) = 1£0.

B Key property: dim(C™ \ range(f)) < m — 2.
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Almost surjective maps

Definition. k ac field, f = (f1,..., fm) € (k[t1,...,ta])™.
f is almost surjective on k : <= dim(k™ \ range(f)) < m — 2.

Almost surjective maps exist:

B (13, t3 —ty + 1) is surjective (dim(2) := —1), hence almost surjective.
ty
B(k=C):f= to satisfies C3 \ {(0,0,z2) | z € C} C range(f),
tits + toty

dim(C™ \ range(f)) = 1 < 3 — 2. Hence f is almost surjective.

B (k= C): (t1, tite) is not almost surjective.

B (f1,..., fm) almost surjective = (fi, ..., fm) are algebraically independent
over k, and range(f) is Zariski-dense in k™.
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Determined = polynomial

Theorem (EA 2015)
k ac field of char 0, m,n € N, f = (f1,..., fm) € k[t1,...,t,]™ algebraically
independent over k. TFAE:

1. Every f-determined polynomial g lies in k[f1, ..., fm]-
2. f is almost surjective.

Proof of (2)= (1):

B From above: g € k(f1,..., fm)-
B Main Lemma: f almost surjective —

k‘(fl, .. ,fm) N k‘[tl,. .. ,tn] = k‘[fl, .. ,fm]
Adaption of [van den Essen (2000), Theorem 4.2.1].

There is a version for characteristic p. 19/20



Compositions that are polynomials
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Compositions that are polynomials

Corollary (Folklore) Let h : C — C be an arbitrary function, and let f € C[¢]
nonconstant.
If h o fis a polynomial function, then A is a polynomial function.

B Hence /z o x'2 = z* works in R, but not in C.

Theorem (EA 2015)

k ac field of char 0, m,n € N, f = (f1,..., fm) € k[t1,...,t,])™ such that f is
almost surjective,

h : k™ — k arbitrary mapping.

If h o f is a polynomial function (from k™ to k), then h is a polynomial (on the
range of f).
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Theorem (EA 2015)

k ac field of charp > 0, m,n € N, f = (f1,..., fm) € k[t1,...,t,])™ such that f
is almost surjective,

h : k™ — k arbitrary mapping.

If h o f is a polynomial function (from k™ to k), then there is a polynomial
H(zy,...,zm) € k[x1,...,2,] and v € N such that

h(b) = */H(b) forall b € k™.
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Didactical application

Corollary. If f € (C[tl, to, t3] satisfies f(tl, ta, t3) = f(tﬂ.(l), tﬂ.(z),tﬂ.(g)) for all m € S3,
then there is p € Clz1, o, x3) such that f = p(t1 + ta + t3, t1te + t1ts + tats, t1tats).

Proof.
t1 +1t2 + 13
H s= t1to + t1ts + tots is surjective:
titats

for finding the pre-image of (71, y2,73), factor 3 + 122 + yoz + 73 into
(x4 711)(x + 12)(z + 73).
B Since f is symmetric, f is determined by (t1 + t2 + t3, tito + t1ts + tats, titats).

B Hence dp € Czy,z2,23] : f =pos.

16/20



Further development: when the range of f
IS not dense
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Open questions

Can “algebraic independence” be dropped? (Jaime Gutierrez)

Lemma (EA 2021)

k ac field, let m,n € N, and let f1,..., fm,g € k[t1,...,t,]). We assume that for
all (y1,...,ym) € k™, the set

{9(a) | a €k fila) =y1,..., fm(a) = ym}

is finite. Then g is algebraic over k[f1,. .., fm].

Question: Is the following true (in char 0)?
If all the sets have at most 1 element, then g € k(f1,..., fm).
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Question with probably known answer

The example of an almost surjective and not surjective mapping was C* — C3,

t1
(t1,t2,t3,t4) — o
t1ts + toty

Question: Is there an almost surjective and not surjective polynomial mapping
from C™ to C™? (This means dim(C™ \ range(f)) < m — 2.)
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Question with probably known answer

The example of an almost surjective and not surjective mapping was C* — C3,

t1
(t1,t2,t3,t4) — o
t1ts + toty

Question: Is there an almost surjective and not surjective polynomial mapping
from C™ to C™? (This means dim(C™ \ range(f)) < m — 2.)
Partial answers:

B No for m = 1.
B For m = 2, we would need a mapping f : C> — C? with cofinite range.
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Written Material

Most results in this talk can be found in

E. Aichinger. On function compositions that are polynomials. Journal of Commutative
Algebra, 7(3) : 303-315, 2015.
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