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Some questions of the form:
“Is every A a B?”



Over the reals

Is every solution of 22 4+ y? = 2 also a solution of
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> Geometric Interpretation:
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» Geometric Interpretation:




Over the reals

Is every solution of 22 + y? = 2 also a solution of
2%y — a3 —a? — ) + 20+ 2y° — P —dy +2=07

» Geometric Interpretation:

22+ 9% =2. 202y — 23— 2% —xy? +22+2y° — 9% —4y+2 = 0



Over the reals

Is every solution of 22 + y? = 2 also a solution of
2%y —ad —a? — ) + 204+ 23 — P —dy +2=07

» Arithmetic verification with Mathematica.
P=-2+2%+y%
Q=2+2x—x% — 23 — 4y + 22%y — y? — 2y? + 213,
GroebnerBasis[{P, Q *x z — 1}, {z, vy, 2}

{1}



Over the reals

Is every solution of 22 + y? = 2 also a solution of
2%y — a3 —a? — P + 204+ 25 — P —dy +2=07
» An arithmetic reason:

20y —ad — 2t — w2+ 28— —dy+2=(—x+2y— D) (z*+142 -2



Over the reals

Is every solution of 22 4+ y? = 2 also a solution of
2%y —ad —a? —w+ 204+ 28 — P —dy+2=07

» Ask GPT-5: The answer I got was:
Yes.

202y —a® — 2t — w204+ 28 — ot —dy+2=(—x+2y—1) (2> +9* - 2).

Therefore, for any (z,y) with 22 4+ y? = 2, the expression equals 0.



Over a commutative ring

Is every solution of z2 —y = y? = 0 also a solution of



Over a commutative ring

Is every solution of 2 — y = y? = 0 also a solution of 2 =0 ?



Over a commutative ring

Is every solution of 22 — y = y? = 0 also a solution of =0 ?

» Over the complex numbers:
Yes. We obtain 2% = (22)? = 42 = 0.



Over a commutative ring

Is every solution of 2 —y = y? = 0 also a solution of 2z =0 ?

0100
» In the commutative subring R[(g 5 (1))] of Mata(R):
0000

1
0
0
0
No. Set
010 0 01
00 10 0 00
T = and y :=
00 0 1 0 00
00 0O 0 00

O O = O



Over some integral domains:

7 a solution of zyz = 0?

Is every solution of z'7 4+ y!7 = 2!
> No on R: :U:yzl,z:QTlh

» Yes on Q: By the confirmation for n = 17 of Fermat’s Last Theorem.



Implications between identities



A question on implications:

Let R be a commutative ring with 1, and let p1,...,pm,q € R[z1,...,24).
Questions:

> IsVa e R":pi(a)=---=pp(a) =0= q(a) =0 true?

» IsVa e S":pi(a) = =pm(a) =0 = ¢g(a) =0 true in all rings S

containing R?

We may ask for

» Characterization Theorems » Effective methods / algorithms

A Strong Nullstellensatz describes when such implications (also called
“quasi-identities” or “Horn clauses”) are valid.



Existence of solutions

The question
Va € R" :pi(a) = =pn(a)=0=q(a) =0

becomes simpler if we set ¢ := 1.

Then
Vae R" :pi(a)=-=pn(a)=0=1=0

holds iff py = - -+ = p,,, = 0 is unsolvable over R.

A theorem that guarantees the existence of solutions is called a Weak
Nullstellensatz.



Weak Nullstellensatze



Universal algebraic methods.

Universal Weak Nullstellensatz (Karl Dorge 1967).

Let R be a commutative ring with 1, and let p1,...,pm € Rlz1,..., 24

Then p; = --- = py, = 0 has a solution in some commutative ring with 1 extending
S <= there is no r € R with r # 0 that can be written as r = ;" | h; p; with

h; € R[l‘l, a00 ,xn].



Universal algebraic methods.

Universal Weak Nullstellensatz (Karl Doérge 1967).

Let R be a commutative ring with 1, and let p1,...,pm € Rlz1,..., 24

Then p; = --- = pp, = 0 has a solution in some commutative ring with 1 extending
S <= there is no r € R with r # 0 that can be written as r = 221 h; p; with

h; € R[acl, 500 ,xn].

Why does = hold?

“Proof” by example: = zy + x — 1 = 0 is unsolvable because
(y+1)-z—1-(zy+z—1)=1.

In general: Let s be a solution. Then
Yot hi(s)pi(s) =i hi(s) -0 =0, and thus r = 0.



Universal algebraic methods.

Universal Weak Nullstellensatz (Karl Dorge 1967).

Let R be a commutative ring with 1, and let p1,...,pm € Rlz1,..., 24

Then p; = --- = py, = 0 has a solution in some commutative ring with 1 extending
S <= there is no r € R with r # 0 that can be written as r =) ;" | h; p; with

h; € R[acl, a0 ,a:n].

The «<=-direction is the deeper one.

Proof of <:
> Let I:={>"", hipi | hi € R[x1,...,z,]}. This I is called the ideal generated
by pi,...,Pm-
» Define the factor structure S := R[x1,...,z,]/1.
» Then (ai,...,an) = (x1+1,...,2,+ I) is a solution of p; =--- =p,, =0 in
S.

» Since I N R = {0}, {r+1|r € R} is a subring of S isomorphic to R.



Compare with Hilbert’s Theorem:
Universal Weak Nullstellensatz (Karl Dorge 1967).

Let R be a commutative ring with 1. Then p; = --- = p,, = 0 has a solution in
some commutative ring with 1 extending S <= there is no » € R with r # 0 that
can be written as r = >, hy p; with h; € R[z1,. .., zy)].

Hilbert’s Weak Nullstellensatz (1893).

For fi,...,fs € Clz1,..., 2], fi(x) =--- = fs(x) = 0 has a solution in C" iff
there are no hy,...,hs € Clz] such that 1 = hyf1 + - hsfs.

» Hilbert’s Theorem asserts that the solutions are inside C.

» The Universal Weak Nullstellensatz provides a solution in some extension ring
Clz]/I of C.

» The “universal algebraic ideas” can be pushed to provide a solution in some
extension field of C.



Compare with Hilbert’s Theorem:

Universal Weak Nullstellensatz (Karl Dorge 1967).

Let R be a commutative ring with 1. Then p; = --- = p,;, = 0 has a solution in
some commutative ring with 1 extending S <= there is no r € R with r # 0 that
can be written as r = >, hy p; with h; € R[z1,...,zy)].

Hilbert’s Weak Nullstellensatz (1893).

For fi,...,fs € Clx1,...,xy], fi(x) =--- = fs(x) = 0 has a solution in C™ iff
there are no hy, ..., hs € Clz] such that 1 = hy f1 + - hsfs.

> By “universal algebraic” ideas, we obtain a maximal ideal M such that we
have a solution in K := C[z]/M, which is a field.

» The fact that C[xz]/M is algebraic over C and hence equal to C needs some
extra argument:



Compare with Hilbert’s Theorem:
Universal Weak Nullstellensatz (Karl Doérge 1967).

Let R be a commutative ring with 1. Then p; = --- = p,, = 0 has a solution in
some commutative ring with 1 extending S <= there is no r € R with r # 0 that
can be written as r = Y 7", hyp; with h; € Rz1,..., 2]

Hilbert’s Weak Nullstellensatz (1893).

For fi,...,fs € Clx1,...,xy], fi(x) =--- = fs(x) = 0 has a solution in C" iff
there are no hy,...,hs € C[z] such that 1 = hy f1 + - hsfs.

> By “universal algebraic” ideas, we obtain a maximal ideal M such that we
have a solution in K := C[z]/M, which is a field.

» The fact that C[z]/M is algebraic over C needs some extra argument:

» For C, there is an “ad hoc”-argument: If x; is not algebraic, then (mlfa)aéc is
linear independent in K of cardinality 2%0.



Compare with Hilbert’s Theorem:
Universal Weak Nullstellensatz (Karl Doérge 1967).

Let R be a commutative ring with 1. Then p; = --- = p,, = 0 has a solution in
some commutative ring with 1 extending S <= there is no r € R with r # 0 that
can be written as r = Y 7", hyp; with h; € Rz1,..., 2]

Hilbert’s Weak Nullstellensatz (1893).

For fi,...,fs € Clx1,...,xy], fi(x) =--- = fs(x) = 0 has a solution in C" iff
there are no hy,...,hs € C[z] such that 1 = hy f1 + - hsfs.

> By “universal algebraic” ideas, we obtain a maximal ideal M such that we
have a solution in K := C[z]/M, which is a field.

» The fact that C[z]/M is algebraic over C needs some extra argument:

» Over arbitrary fields, we need to speak about Noether normalization and

integral extensions.



Strong Nullstellensatze



Universal algebraic methods

Universal Strong Nullstellensatz.

Let R be a commutative ring with 1. Then the following are equivalent:

1. For all commutative rings S with 1 that contain a homomorphic image of R as
a subring, we have

Va € S" :pi(a) =---=pm(a) =0= ¢q(a) =0.
2. There are hq, ..., hy, € R[x] such that ¢ = Y ;" hip;.

Proof of (1)=(2):
» Let S := Rlxy,...,z0]/(P1,-..,Pm) = R[x]/I.
» Then set a; := x; + 1.
» Then p;i(ai,...,an) =p(xi+1,....,2y+1)=p(z1,...,2,) + 1 =0+ 1.
» Hence 0 = g(aq,...,a,), and thus ¢(z1,...,z,) € 1.



Universal algebraic methods

Universal Strong Nullstellensatz.

Let R be a commutative ring with 1. Then the following are equivalent:

1. For all commutative rings S with 1 that contain a homomorphic image of R as
a subring, we have

Va € S" :pi(a) = =pmn(a) =0= q(a) =0.
2. There are hq, ..., hy, € R[x] such that ¢ = Y ;" hip;.

Proof of (1)=(2) for logicians:
» Let V be the variety of commutative rings with 1.

» Adjoin a constant symbol 7 for every r € R and «; for all ¢ € {1,...,n}, and let Vg
be the variety of these augmented algebras.

» Consider the subvariety Mod({p;(Z1,...,Zn) = 0] i € n}).



Universal algebraic methods

Universal Strong Nullstellensatz.

Let R be a commutative ring with 1. Then the following are equivalent:

1. For all commutative rings S with 1 that contain a homomorphic image of R as
a subring, we have

Va € S" :pi(a) = =pmn(a) =0= q(a) =0.
2. There are hq, ..., hy, € R[x] such that ¢ = Y /" hip;.

Proof of (1)=(2) for logicians:
» By the assumption, ¢(Z1,...,%,) = 0 € Th(Mod({p;(Z1,...,Tn) = 0] i € n})).

» By [Birkhoff 1935], (¢,0) lies in the fully invariant congruence generated by
(p1,0),...,(pn,0) in the free algebra in Vg over the empty set.



Universal algebraic methods

Universal Strong Nullstellensatz.

Let R be a commutative ring with 1. Then the following are equivalent:

1. For all commutative rings S with 1 that contain a homomorphic image of R as
a subring, we have

Va € S" :pi(a) = =pmn(a) =0= q(a) =0.
2. There are hq, ..., hy, € R[x] such that ¢ = Y /" hip;.

Proof of (1)=(2) for logicians:
» By the assumption, ¢(Z1,...,%,) = 0 € Th(Mod({p;(Z1,...,Tn) = 0] i € n})).

» By [Birkhoff 1935], (¢,0) lies in the fallyinvariant congruence generated by
(p1,0),...,(pn,0) in the free algebra in Vg over the empty set.



Classical Strong Nullstellensatze

Hilbert’s Strong Nullstellensatz (Hilbert 1893).

Let fi,...,fs,9 € Clx1,...,zy]. The following are equivalent:
1.VaeC" : fi(a)=---= fs(a) =0= g(a) = 0.
2. -3a€C"veC : fila)=--= fs(a)=g(a)-v—1=0.
3. there are hy,...,hs € C[z] and r € N such that g" = hif1 + - - hsfs.



Classical Nullstellensatze

Hilbert’s Strong Nullstellensatz for arbitrary fields.

Let F be a field, and let fi,..., fs,g € F[z1,...,x,]. If there are no
hi,...,hs € F[x] and r € N such that g" = hyf1 + - - - hsfs, then there is an
algebraic extension field K of F and a € K" such that

fi(a)=---= fs(a) =0 and g(a) # 0.

Let F be a field, and let fi,..., fs,g € F[z1,...,x,]. If there are no
hi,...,hs € F[z] such that g = hy f1 + - - hsfs, then there is a commutative ring K
extending F such that dimp(K) is finite and there is a € K™ such that

fi(a) =---= fs(a) =0 and g(a) # 0.



Effectiveness

Are there algorithms to decide the validity of quasi-identities?
> 7:
> R C:

» Finite commutative ring R:



Effectiveness

Are there algorithms to decide the validity of quasi-identities?
> 7Z:
> VaeZ":pi(a)=-=pn(a) =0=q(a) =0:
Undecidable (Matiyasevich 1970).
» For all commutative rings R with 1 containing Z and
Vae R" :pi(a) ="+ =pm(a) =0=¢q(a) =0:
Decidable. Use Grobner bases in Z[z1,. .., z,] to determine whether
(1, sPm) NZ # {0} or ¢ € (p1,...,pm). (Kandri-Rody and Kapur 1988;
Aichinger 2024).
> VacQ":pi(a)=-=pn(a) =0= ¢g(a) =0 : Unknown.
> R,C:

> Finite commutative ring R:



Effectiveness

Are there algorithms to decide the validity of quasi-identities?

> Z:
> R, C:
> Va eR":pi(a) = - =pmn(a) =0= q(a) =0 : Decidable. The first order
theory of the reals is decidable (Tarski 1948, Collins 1975).
> VaecC":pi(a)="-+-=pm(a) =0= q(a) =0 : Decidable. Use Hilbert +

Grobner bases (Buchberger 1965) or Hilbert + (Herrmann 1926).

» Finite commutative ring R:



Effectiveness

Are there algorithms to decide the validity of quasi-identities?
> 7:
> R C:
» Finite commutative ring R:
Va€e R":pi(a)=--=pn(a)=0=¢q(a) =0:



Effectiveness

Are there algorithms to decide the validity of quasi-identities?
> 7:
> R C:
» Finite commutative ring R:
Va € R" :pi(a) = =pm(a) =0 = ¢q(a) =0 : clearly decidable.



Effectiveness

Are there algorithms to decide the validity of quasi-identities?

> 7Z:
> R, C:
> Finite eemmuatative ring R:
Va € R" :pi(a) = =pn(a) =0 = q(a) =0 : clearly decidable.

Complexity: P for rings with R - R = 0, NP-complete for all other rings
(Aichinger and Griinbacher 2023).



Automated Geometrical Theorem Proving



Geometrical Theorem Proving

-




Geometrical Theorem Proving

I




Geometrical Theorem Proving




Geometrical Theorem Proving
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Geometrical Theorem Proving

Theorem (Pappus of Alexandria, ~320)
Let A,B,C,D,E,F,H,1I,J points in the
plane such that each of the following
triples is collinear:

(A,B,C), (D,E,F), (A H,E),
(D,H,B), (D,1,C), (A, I,F), (E,J,C),
(B, J, F).

Then (H, I,J) are collinear.



Geometrical Theorem Proving

Theorem (Pappus of Alexandria, ~320)
Let A,B,C,D,E,F,H,1I,J points in the
plane such that each of the following
triples is collinear:

(A,B,C), (D,E,F), (A H,E),
(D,H,B), (D,1,C), (A, I,F), (E,J,C),
(B, J, F).

Assume that (A, B, D) and (A, B, E) are
not collinear.

Then (H, I,J) are collinear.



Geometrical Theorem Proving

Theorem. Suppose that (4, B,C), (D,E,F), (A,H,E), (D,H,B), (D,I,C),
(A I,F), (E,J,C), (B,J,F) are collinear, and that (A, B, D) and (A, B, E) are
not collinear.

Then (H,I,J) is collinear.

Proof:
> We try to construct a counterexample.
> We coordinatize points with pairs of real numbers:

A - (CLl,CLQ), . '7‘] = (j17j2)‘

up uz 1
> C(ulaUQavla’UZ,U)l,wg) = det( vy vg 1 ) =

w1 wo 1
—U9¥1 + U1V + Ugwi — Vowy — Ujwe + viwe has the property:

C(u1,u2,v1,v9, w1, we) = 0 iff ((u3),(2L), (ws)) is collinear.



Geometrical Theorem Proving

Theorem. Suppose that (A, B,C), (D,E,F), (A,H,FE), (D,H,B), (D,I,C),
(A, I,F), (E,J,C), (B, J,F) are collinear, and that (A, B, D) and (A, B, E) are
not collinear.

Then (H,1,J) is collinear.

Proof:

> A counterexample has to satisfy

C(a1,a2,b1,b2,c1,c2) = - = C(b1, b2, j1, 42, f1, f2) =
C(a1,a2,b1,b2,d1,d2) #0, C(ai,az,b,ba, e1,e2) # 0,
C(hi, he, 11,12, j1, j2) # 0.

0,



Geometrical Theorem Proving

Theorem. Suppose that (A, B,C), (D,E,F), (A,H,FE), (D,H,B), (D,I,C),
(A, I,F), (E,J,C), (B, J,F) are collinear, and that (A, B, D) and (A, B, E) are
not collinear.

Then (H,1,J) is collinear.

Proof:

> A counterexample has to satisfy

C(a1,a2,b1,b2,c1,02) = -+ = C(b1,b2, j1, a2, f1, f2) = 0,
C(ay,az,b1,b2,d1,dz2) - 21 = 1, C(a1,az2,b1,b2,e1,€2) # 0,
C(h1, ha, i1, 2,41, j2) # 0.



Geometrical Theorem Proving

Theorem. Suppose that (A, B,C), (D,E,F), (A,H,FE), (D,H,B), (D,I,C),
(A, I,F), (E,J,C), (B, J,F) are collinear, and that (A, B, D) and (A, B, E) are
not collinear.

Then (H,I,J) is collinear.

Proof:

> A counterexample has to satisfy

C(al,ag,bl,b2,01,02) == C(blaanj1>j27f17f2) = 07
C(a17a27b17b27d17d2> T2 = 17 C(a17a/27b17b27€17e2) TR = 17
C(h1, ha, i1, 12,71, j2) - 23 = 1.

» The theorem holds if and only if this system of equations has no solution in
the real numbers.



Geometrical Theorem Proving

We use the computer algebra system “Mathematica”.

pappus.nb * - Wolfram Mathematica 12.0

Fle EGf Inset Format Col Graphics Evaluation Palettes Window Hop.

in4o}- Collinear[P1_, P2_, P3_] :=Det[{P1, P2, P3}];

Outfad]=

AA = {al, a2, 1}; BB = {bl, b2, 1}; CC = {cl, c2, 1};
DD = {d1, d2, 1}; EE = {el, e2, 1}; FF = {f1, f2, 1};
HH = {h1, h2, 1}; I = (i1, i2, 1}; 33 = {j1, j2, 1};

TheSystem = {Collinear [AA, BB, CC], Collinear [DD, EE, FF], Collinear [AA, HH, EE], Collinear [DD, HH, BB],

Collinear[DD, II, CC], Collinear[AA, II, FF], Collinear[EE, JJ, CC], Collinear[BB, JJ, FF],
(*Non degeneratex)

Collinear[AA, BB, DD] xz1 -1, Collinear[AA, BB, EE] x22-1,
(*Conclusions)

Collinear[HH, II, JJ] *+z3 -1}

(-a2bl+alb2+a2cl-b2cl-alc2+blc2,

~d2el+dle2+d2fl-e2fl-dlf2+elf2, a2el-ale2-a2hl+e2hl+alh2-elh2,
-b2dl+bld2+b2hl-d2hl-blh2+dlh2, -c2dl+cld2+c29l-d29l-cli2+dli2,
a2fl-alf2-a2il+f2il+ali2-fli2, -c2el+cle2+c2jl-e2jl-clj2+elj2,

b2 f1-bl f2-b23jl+f2j1+blj2-f1j2, -1+ (-a2bl+alb2+a2dl-b2dl-ald2+bld2) zl,
~1+(-a2bl+alb2+a2el-b2el-ale2+ble2)z2, -1+ (-h2il+hli2+h2j1-42j1-h1j2+1i132) 23}

Inas}- GroebnerBasis [TheSystem] // Timing

Outfas]-

(2.02533, (1}}

200%,



Geometrical Theorem Proving

Conclusions

» There is no counterexample to Pappus’s Theorem, not even in the complex
plane C?.

» Hence (this version) of Pappus’s Theorem holds.
» Similar proofs for: Desargues, Ceva, Menelaus, . ...

> Algebraic way to decide which first order formulae hold in the relational

structure
L = (C?,1sCollinearTriple(x, y, 2))

by solving systems of polynomial equations.
What about other axiomatizations or calculi for this structure L?



Geometrical Theorem Proving : degenerated cases

Conjecture
Let A,B,C,D,E,F,H,I,J points in the
F plane such that each of the following
> triples is collinear:

(A,B,C), (D,E,F), (A H,E),

D (D,H,B), (D,I,0), (A, I,F), (E,J,C),

J (B, J, F).
A B C

Then (H, I,J) are collinear.



Geometrical Theorem Proving : degenerated cases

Conjecture
Let A,B,C,D,E,F,H,I,J points in the
F plane such that each of the following
> triples is collinear:
(A,B,C), (D,E,F), (A H,E),
D (D,H,B), (D,I,0), (A, I,F), (E,J,C),
J (B, J, F).
Assume that {A;BsP)and (A, B, E) are
A B C is not collinear.

Then (H, I,J) are collinear.



Geometrical Theorem Proving : degenerated cases

Conjecture

Let A,B,C,D,E,F,H,I,J points in the
plane such that each of the following
triples is collinear:

(A,B,C), (D,E,F), (A H,E),
(D,H,B), (D,1,C), (A, I,F), (E,J,C),
(B, J, F).

Assume that {A;BsP)and (A, B, E) are

is not collinear.

Then (H, I,J) are collinear.

This conjecture is wrong.



Finite structures



A Nullstellensatz for finite fields

Theorem (Terjanian 1966).
For fi,..., fr,9 € Fylz1,..., ], the quasi-identity

VeeF," : file)=---=fs(x) =0=g(x) =0
holds in F, iff there are hq,..., hy,b1,..., b, € Fyzx] such that

g:hlfl+hrfT+b1($cll_xl)++bn($ff17,_l'n)

Theorem (Finitesatz, P. Clark 2014).

Let F be a field, let fi,..., fr,g € Flxy,...,z,], and let X Cgqy, F™. Then g vanishes
on all common zeros of f1,..., f, in X iff there are hq, ..., hs, h € F[x] such that

g=hifi+---h.f, +h and h vanishes on X.



Combinatorial Nullstellensatze



Alon’s Combinatorial Nullstellensatz |

Theorem (Alon’s Nullstellensatz I).

Let K be a field, S = X?Zl S; with S; Cqp K. Then f € K[z] vanishes on S iff there
are hi, ..., hs € K[z] such that

f:hlgl+"'+hrgra

where g; = [[,cg, (¥i — a) and deg(h;g;) < deg(f) for all i.



Alon’s Combinatorial Nullstellensatz 11

Noga Alon’s Combinatorial Nullstellensatz IT 1999

Let K be a field, S = X?:l S; with S; Cgn K.
Let f € K[z] be such that f contains a monomial " - - - 23" with a; < |.S;| for all .
If for all monomials z]" --- 2" of f with a # v we have

Z%‘ < Z o, (Alon’s Condition)
i=1 i=1

then there is s € S with f(s) # 0.

Application: Let Hy,..., H,, be hyperplanes in R"” with
{0,1}"\{0} CH;U---UH,,, and 0 ¢ H; U---U H,,. Then m > n.



Alon’s Combinatorial Nullstellensatz 11

Noga Alon’s Combinatorial Nullstellensatz IT 1999

Let K be a field, S = X?:l S; with S; Cgn K.
Let f € K[z] be such that f contains a monomial z{" - - 2% with a; < |S;| for all i.
If for all monomials z]* - -- 23" of f with a # v we have

Z%‘ < Z o, (Alon’s Condition)
i=1 i=1

then there is s € S with f(s) # 0.

Improvements: Replace (Alon’s Condition) with weaker conditions.



Improved Combinatorial Nullstellensatz II

Noga Alon’s Combinatorial Nullstellensatz IT 1999

Suppose that f € K[z] contains a monomial z{* - - 24" with o; < |S;| for all 4.

If for all monomials z]" - - 2" of f with a # v we have
Z%’ < Z o, (Alon’s Condition)
i=1 i=1

then there is s € S with f(s) # 0.

Improvements: Replace (Alon’s Condition) with the following weaker conditions.

1. (Tao-Vu-Lason’s Condition 2006) 3i € n: y; € [0, a; — 1].
2. (Schauz’s Condition 2008) Ji € n: v; € [0,; — 1] U [ay + 1,]S;| — 1].



Structured Grids



Structured Grids

Definition (Nica 2023).
S Chn Kis A-null :& in [],cg(z — a), the coefficients of zlSI=1 L 2lS1=A are zero.
Examples

» Every finite S is 0-null.

» {r e C|a" =1} isn— l-null.
» {0}, @ are p-null for all p € N.
> Sis lnullif ) ga=0.



Nica’s Combinatorial Nullstellensatz I1 2023

Let K be a field, S = X?:1 S; such that S; Cq, K and S; is A;-null.

Let f € K[z] be such that f contains a monomial 7" - - - 2% with o; < |.S;] for all 4.
If for all monomials z]" - -z of f with a # v we have
Z vi <min(Ag, ..., A\p) + Z «;, (Nica’s Condition)

=1
then there is s € S with f(s) # 0.
Improvements:

» (Aichinger-Schmitt-Zhan’s Condition)
Fen:y €0, —1]U[a; + 1, max(]|S;| — 1, s + \i)].



Comparison of the Nullstellensatze

These theorems have in common:

» they guarantee a nonzero in a grid.
P the condition ensuring this is:
1. there is a monomial z® in f with a; < |S;| for all i.

2. all other monomials 7 of f are innocuous.

The more monomials one can declare innocuous, the better.



Comparison of the Nullstellensatze

Example. S = {(a,b) € C? | a® =b° = 1}, \; = Ay = 4. Suppose f contains the
monomial z2z3. Then the following monomials are declared innocuous:

................
...............

Alon Nica Schauz EA-Schmitt-Zhan

Figure: z3x3 + any linear combinations of the dotted monomials does not vanish on
S ={(z1,22) € C? | 2§ = 2§ = 1}.



Improved Nullstellensatze



Generalisations and Improvements:

» Multiplicity: c is a t-fold zero of f if all monomials of
fi=fler +2x1,...,¢cn + x,) have total degree at least t. Ball and Serra (2009)
provide theorems with bottom line:
“Then there is s € S such that s is not a t-fold zero of f.”

» Multisets (Ké6s and Rényai 2012).

» Beyond grids: Punctured Grids X \ Y, where X,Y are grids. (Ball and Serra
2009)

» Structured grids: Use the property that an edge of the grid is A-null. (Nica
2023)

Our recent manuscript provides combinations of these, for example a
Structured Nullstellensatz for punctured grids.

Manuscript: E.Aichinger, J.R.Schmitt, H.Zhan, Structured and punctured
Nullstellensdtze, arxiv 2025.



Proofs



Proof Ideas

» Given S Cg, F™, find generators G of the ideal
I(S)={f €K[z] | f(a) =0 for all @ € S}.

» We want to show that f & I(.5).

» Show that ¢ cannot disappear during multivariate polynomial division by G
because

> % cannot be reduced by G.
» All other monomials &7 cannot produce ® in the course of the division — not in
the first and not in any further step.

» f has nonzero remainder by G: Then f ¢ (G) if G is a Grobner basis.

» Use the S-Polynomial Theorem (Buchberger 1965) to show that G is indeed a
Grobner basis.
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