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Introduction



We will assume that (G, ) is a finite group.
Definition (Horvath and Szabé 2006)

Given Pls---3Prqi,---,q- over G we want to decide if
there is an x = (x1,...,x,) € G" such that

pi(x) = gi(x), foralli=1,...,r
We write for short. If r=1 we write

What is a polynomial over G? Each polynomial p over G is of the form
p=wi-wy---wswhere w; € GU {x1,...,x.} U, .. %)
Hence we can assume that g;(x) = 1, i.e. our system is given as
pi(x)=1, foralli=1,...,r

We ask: For which groups G is POLSYSSAT(G) € P and for which
POLSAT(G) € P?



Some examples of polynomial equations include:

L] (Zg,—F)Z
243x1+5x +7x3 =0,

» (Dy,-) with a* = b? =1 (so |Dy| = 8):
1 1
a-a-xy -xi-b-x3"-b-a=x3 b,
- (5350):
xo(1 3 2)ox*1o(1 2 3):(1 2 3),
= (Ss,0):

xio (1 5)oxo (1 3 5)o(2 3)=(1).



Goal of today

Goldmann and Russell proved two important theorems:

Theorem 1 (Goldmann and Russell 1999, Thm. 1+2)

If Gis an group, then POLSYSSAT(G) € P and
POLSYSSAT(G) € NPC otherwise.

Theorem 2 (Goldmann and Russell 1999, Thm. 10 + Cor. 12)

If Gis a group, then POLSAT(G) € P and if G is not
then POLSAT(G) € NPC.



System of Equations



Solving systems over abelian groups

As a first step we will show:

Theorem 1 (part 1, (Goldmann and Russell 1999, Thm. 1))
If Gis an abelian group, then POLSYSSAT(G) € P.

Proof: Every finite abelian group G can be written as
Ganl @...@Zm_

Want to solve system pj(xi,...,x,) =0 for i=1,...,rwith polynomials
pi over G. Instead of solving the system over G we can rewrite it as /
individual systems over Z,,. Hence we only consider the case Z,,. Over
Zm we can solve a system using (essentially) Gaussian elimination.



Solving systems over Z,,

For a polynomial p; over Z,, we can write:

bi(xl7 S 7Xn) = pgl)Xl e ocoF psn)X,, — pf())

Hence the system pi(xi, ..., x,) = 0 is equivalent to
pt) e ([x Py

(ap)ipyxi= Axi= | = | == 00
p ) \x P

We do not change the satisfiablity of the system if we:

= Interchange rows of A: Reordering equations.
= [nterchange columns of A: Reordering variables.
= Adding multiple of row to different row.

= Adding multiple of column to different column.



Algorithm

For computing a diagonal form of the matrix using these operations do:

1. Find a nonzero minimal entry a;; of A.
2. Reduce all entries in row i and column j.

3. If all entries in row i and column j (except aj;) are zero, then swap
row i with row 1 and column j with column 1 and proceed with step
1 with the submatrix arising by removing the first row and first
column.

4. Otherwise we have created an element which is smaller than aj;.
Again proceed with step 1 with the whole matrix.

The elements in the matrix get strictly smaller, so the algorithm
terminates. It has polynomial complexity O(rnmin(r, n)).

Hence in total POLSYSSAT(Z,) € P, so POLSYSSAT(G) € P for abelian
groups G. OJ



NP-completeness

The more difficult part of Theorem 1 will be:

Theorem 1 (part 2)
If Gis an not abelian, then POLSYSSAT(G) is NP complete.

How can one show NP-completeness? (Polynomially) reduce a problem
which is known to be NP-complete to the problem for which we want to
show NP-completeness. Here: Graph-Colorability.



Graph-colorability

Theorem (Karp 1972)

Given a graph G and k > 3 different colors. The problem of deciding if
there is a color for each vertex of G such that two vertices which are
connected by an edge do not have the same color is NP-complete.

Figure 1: Source: Wikimedia Commons (David Eppstein),
https://commons.wikimedia.org/wiki/File: Triangulation_3-coloring.svg



Small groups
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Table 1: Hungerford 2003



PoLSYsSAT(S3)

To prove that POLSYSSAT(G) is NP-complete for non-abelian groups G
we use induction on order of the groups. Smallest non-abelian group is
Ss.

Lemma (Goldmann and Russell 1999, Thm. 3)

POLSYSSAT(S3) is NP-complete.

Proof: We will show that coloring a graph with 6 colors can be reduced
to POLSYSSAT(S3). Every element in S3 corresponds to a color (6 colors
total). With each vertex i in the graph we associate a variable x;. For
each edge (i,j) in the graph we introduce two variables yj;, z; and the
equation

vixixtzpo gty = (12 3).

10



PoLSYsSAT(S3)

If the coloring is legal, then for every edge (i, /) we have
o= x,-xf1 # (1) The equation

yijazio Uly,jl <1 2 3)

has a solution if and only if « is not the identity:

a z | w
1 2 123 12 3 23(23)
1 3)| (1 2 3 13 2)|(2 3 (1)
2 3)| (1 2 3

Hence we have reduced the problem of coloring a graph to the problem of
solving a system of equations over Ss. If we can solve the system of
equations over S3 we can color the graph. Therefore

POLSYSSAT(S3) € NPC. O

11



Inducible subgroups

Having the base-case S3 settled we will introduce some more concepts
before we will prove the general result.

Definition (Goldmann and Russell 1999, Def. 1)

A subset HC G is called if there is a polynomial p over G
such that

H=1Im(p) = {p(g1,---,8n) : &1,---,8n € G}.

Inducible subgroups have the nice property that NP completeness carries
over to the larger group. Namely:

Lemma (Goldmann and Russell 1999, Lemma 4)

Let H be an inducible subgroup of G.

1. If POLSYSSAT(H) € NPC, then POLSYSSAT(G) € NPC.

2. If His a normal subgroup of G and POLSYSSAT(G/H) € NPC, then
POLSYSSAT(G) € NPC. 12



Proof complexity of inducible subgroups

Proof of POLSYSSAT(H) € NPC = POLSYSSAT(G) € NPC:

Since H is inducible there exists a polynomial p(xi, ..., X,) over G such
that H= Im(p). Given an equation

w1 - wo -+ ws = 1 over H with W,-EHU{yl,...,ym}U{yfl,...,y;,l}

we can replace every occurrence of y; with p(xgi), . ,xff)) where ><J(.i) are

new variables over G and every occurrence of yi’l with P(X(1i)v . 7xs,"))‘l.
Then we have a new equation over G which can be satisfied if and only if

the original one can be satisfied. OJ

13



Proof complexity of inducible subgroups

Proof of POLSYSSAT(G/H) € NPC = POLSYSSAT(G) € NPC:

Now an equation over G/H looks like
(wi -wa--wo)H=wH-woH---wsH=H
with w; € GU {y1,...,ymy U{y; %, ..., ¥t} which we can rewrite as
Wy Wy We = p(Xi, ..y Xp)

and
W1'W2~'~Ws-p(X1,...,Xn)71:1

over G for new variables xi, ..., x,. O

14



Definition

For two elements a, b € G we write
[a, b] := aba 'h !

and call [a, b] a

For two subsets A, B C G we write
[A, Bl :={[a,b] = aba 'b"! : ac A, bc B}

and (A, B) = ([A, B]) for the group generated by the commutators [a, b]
and call (A, B)

In particular (G, G) is of G. In fact (G, G) is
the smallest subgroup of G such that G/(G, G) is abelian. Furthermore
(G, G) = {1} if and only if G is abelian.

15



Commutator subgroup

Lemma (Goldmann and Russell 1999, Lemma 5)
(G, G) C Gis inducible.

Reminder: [a, b] = aba=1b~! and (G, G) = ({[a, b] : a,b € G}).
Proof: Every element g € (G, G) can be written as
g = [a1, bi][az, bo] - - - [am, bm]-
Since G is finite and [a, a] = 1 we have a fixed m € N such that
(G, G) ={[a1, b1][az, b2] - - - [am, bm] : ai, bi € G}.
Hence we can choose the polynomial
P(x1, Y1, - -y Xm, Ym) = [x1, yilPe, yol -+« [Xm, Yim]-

This p induces (G, G), i.e. p(G*™) = (G, G). O

16



Commutator facts

Later we will need the commutator subgroups

(a,6) = ({a}, 6) = {[a, &1][a, 2] - - - [a, &m] - &i € G}

Lemma (Goldmann and Russell 1999, Lemma 6)
Let a€ G. Then

1. (a,G) C (G, G),

2. (a, G) is inducible and

3.

(a, G) is normal in G.

Proof of (a, G) C (G, G): For

[2,81][a, &2] - - - [a, &m] € (a, G)
we also have
[av gl][av g2] e [37 gm] € (Gv G)

17



Commutator facts

Proof of (a, G) inducible: We can choose the polynomial
p(Xla QK 7Xm) = [37 X].][a7 X2] T ['37 Xm]7

then p(G™) = (a, G).
Proof of (a, G) normal: Since (a, G) = ({[a,g] : g€ G}), it is sufficient
to show b[a, g]b™! € (a, G) for all g, b € G. This follows as

bla,g]b™! = b(aga g )b™' = (bab 'a')(abgalg b 1)
=1
= (aba b )" (abga g b 1) = [a, b [a, bgl.

As (a, G) is a subgroup [a,b] ™! € (a, G), so b[a,g]b™! € (a, G) and (a, G)
is normal in G. O
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Commutator simple

Definition
We call

Z(G) :={ge G : gh= hgfor all he G}
the of G.
Definition (Goldmann and Russell 1999, Def. 3)
We call G if for all a ¢ Z(G) we have
(G, G) = (a,0G).

The last Lemma we need before we can finish the proof that
POLSYSSAT(G) € NPC for non-abelian G:

Lemma (Goldmann and Russell 1999, Lemma 7)

Let G be a non-abelian commutator simple group. Then
POLSYSSAT(G) € NPC.

19



Commutator simple

Proof: If G is non-abelian, then G/Z(G) is not cyclic. Therefore G/Z(G)
contains at least four elements, we will write k = |G/Z(G)|. Again we
reduce the colorability of a graph with k colors to solving systems over
G/Z(G). For every vertex v in the graph we introduce a variable x,. Then
x,Z(G) € G/Z(G) will determine the color of v. So two vertices v, w will
have the same color if and only if x,x,! € Z(G).

If x,x;,} ¢ Z(G), then (x,x;,}, G) = (G, G) as G is commutator simple.

Otherwise if x,x,,} € Z(G), then for all g € G we have
[t 8] = xox, e Te T = g e te T = 1

so (x,x;1, G) = {1}.

20



Commutator simple

There is a constant m € N such that

(37 G) = {[a,g1][a,g2] T [37 gm] S &€ G}

Let 1 # b € (G, G). This b exists as G is not abelian. Than for every
edge e = (v, w) in the graph we introduce the equation

=il 2 -1 1 _
[XVXW a51] U [XVXW 75m] =b
over G where the s} are new variables.

If this system has a solution, then x,x;,! ¢ Z(G), because if
xx,1 € Z(G), then b ¢ (x,x,', G) = {1}. So in this case we have legal
coloring with k > 4 colors.

On the other hand, if it has a legal coloring, i.e. x,x,! ¢ Z(G), then we
can find a solution of the system since in this case (x,x;;}, G) = (G, G).

So we have reduced the colorability problem of a graph to the problem of
solving a system of equations over G, so POLSYSSAT(G) € NPC. O

21



Solving systems over non-abelian groups

Theorem 1 (part 2, Goldmann and Russell 1999, Thm. 2)
If Gis an not abelian, then POLSYSSAT(G) is NP complete.

Proof: By Induction over the group order. For the smallest non-abelian
group S3 we have already shown it.

So assume that the theorem holds for all non-abelian groups of order
n—1 or less and let G be a non-abelian group of order n. If G is
commutator simple, the previous lemma has shown that

POLSYSSAT(G) € NPC.

So we assume that G is not commutator simple. Hence there exists

ae G— Z(G) with (a,G) € (G, G). Then (a, G) is nontrivial, because if
[a,g] =1 for every g € G, then a € Z(G), a contradiction.

Then G/(a, G) is non-abelian as (a, G) C (G, G). As |G/(a, G)| < n we
have POLSYSSAT(G/(a, G)) € NPC by induction. Since (a, G) is a normal

inducible subgroup of G by a previous Lemma we have
POLSYSSAT(G) € NPC. O o



Single Equation




Single equation

Theorem 2

If Gis a group, then POLSAT(G) € P and if G is not
then POLSAT(G) € NPC.

Before we can look at the proof we need to understand what nilpotent
and solvable groups are.

23



Nilpotent groups

Definition
Let Gy .= G and
Giv1=(G,G)=({[g;)] =ghg 'h™ : g€ G he G})

for i > 0. Then G is called if G, = {1} for some n € N.

The groups G; form the
Abelian groups are nilpotent as G; = (G, G) = {1}.

Let p € P be a prime. A group of order p” is nilpotent (and called a
p-group). Since |Dys| = 8 = 23, the group Dy is nilpotent. However, it is
not abelian!

24



Solvable groups

We have already seen

(G,G)=({[g.h]=ghg 'h™" : g he G}).

Definition

Let G := (G, G). By Induction we define
G = (G0, 60 = ({[g, ] : g€ G, he GV})

and call GV the of G.
If G = {1} for some n € N, then we call G

Abelian groups are solvable as G(!) = {1}. Nilpotent groups are solvable.

Groups of order p"g™ for primes p, g € P are solvable (Burnside). Groups
of odd order are solvable (Feit-Thompson).

S3 and S, are solvable but not nilpotent. S, for n > 5 are not solvable.
25



Solvable groups

The derived subgroups G) form the derived series of G:
G>GV >...>¢6"N>... .

If G is solvable, there is an n € N such that G(") = {1}.

If G is not solvable there is (since G is finite) an n € N such that

G(*) = G(n) = G(n+1) = G{n+2) Sooo g

ie. (G*),G*)) = G*). By a previous Lemma applied inductively G*) is
an inducible subgroup of G.

Lemma

Let H be a normal subgroup of G. Then G is solvable if and only if H
and G/H are solvable.

26



Nilpotent groups solvable

Lemma

A nilpotent group G is solvable.

Proof: We will show first by induction that GY) C G for all i, i.e.
derived series is under the lower central series.

Clearly GY) = (G, G) = G; by their definitions.
Now let G) C G;. Then

G = (61, 69) € (6,69) C (G, G)) = Gia.

Now if G is nilpotent, then G, = {1} for some n € N. Then
G C G, = {1}, so G is solvable. O

27



Single equation

Theorem 2

If Gis a group, then POLSAT(G) € P and if G is not
then POLSAT(G) € NPC.

abelian nilpotent solvable

S5
Ly Dy S3 °

28



Single equation NPC for non-solvable groups

Theorem 2, part 1
If Gis not then POLSAT(G) € NPC.

Again need some preparation.

Lemma (Goldmann and Russell 1999, Lemma 8)

Let H be an inducible subgroup of G.

1. If POLSAT(H) € NPC, then POLSAT(G) € NPC.
2. If His normal in G and POLSAT(G/H) € NPC, then
POLSAT(G) € NPC.

Proof : In the same way as for POLSYSSAT. OJ
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Commutator simple non-solvable groups

Reminder: G is commutator simple if Va ¢ Z(G): (G, G) = (a, G).

Lemma (Goldmann and Russell 1999, Lemma 9)

Let G be a non-solvable group with G = (G, G) and G is commutator
simple. Then POLSAT(G) € NPC.

Proof : Similar to previous Lemma. O
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Single equation

Theorem 2 (part 1, Goldmann and Russell 1999, Thm. 10)
If Gis not solvable then POLSAT(G) € NPC.

Proof: Again by induction on group order.

Basis: Let G be the smallest non-solvable group (which is As with order
60). Then G must be simple, because otherwise there is a nontrivial
normal subgroup H and then G/H as well as H would be solvable as G is
chosen with minimal order. Since (G, G) is a normal subgroup and by
assumption (G, G) # {1} we must have (G, G) = G. As (a, G) are normal
subgroups in G again we have (a, G) = G for a ¢ Z(G):

1

Suppose (a, G) = {1}, then [a,g] = aga g ' =1forall g€ G, so

a € Z(G), a contradiction.

Therefore by the previous Lemma POLSAT(G) € NPC for G = As.

31



Single equation

Induction step: Consider arbitrary non-solvable group G. We look at G™*):

If G*) C G, then by induction POLSAT(G(*)) € NPC. Furthermore G(*) is
an inducible subgroup of G, so POLSAT(G) € NPC.

If G*) = G = (G, G) and G is commutator simple, the previous lemma
showed POLSAT(G) € NPC. So we assume that G is not commutator
simple, i.e. there is an a € G — Z(G) such that (a, G) € (G, G). As

a ¢ Z(G) we have (a, G) # {1}, so |G/(a, G)| < |G|. As G is non-solvable
either (a, G) or G/(a, G) have to be non-solvable. By the induction
hypothesis POLSAT((a, G)) € NPC or POLSAT(G/(a, G)) € NPC. Again
by a previous lemma POLSAT(G) € NPC. O

32



Theorem 2 (part 2, Goldmann and Russell 1999, Cor. 12)
If Gis nilpotent then POLSAT(G) € P.

Proof: See Goldman and Russell.

33]



What happened in the last 20
years?




Nilpotent solvable groups

What about the nilpotent non-solvable groups? Goldmann and Russell
did not know.

Still, we do not know. Ongoing research.

However, we already have examples of nilpotent non-solvable groups G
for which POLSAT(G) € P, e.g. groups of order pg for primes p, q
(Horvath and Szabé 2006). This shows that POLSAT(S;3) € P.

abelian nilpotent solvable

T D, Ss 3
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Generalising the results

Goldmann and Russell "only” considered groups. What about other or
more general algebras?

Example Rings

Let R be a finite ring.

= If Ris nilpotent (i.e. R” = {0} for some n € N), then
POLSAT(R) € P, otherwise POLSAT(R) € NPC (Horvath 2011).

= If Ris essentially an abelian group (i.e. xy =0 for all x,y € R), then
POLSYSSAT(R) € P and POLSYSSAT(R) € NPC otherwise (Larose
and Zadori 2006).

More general results can be found e.g. in Larose and Zadori 2006, Gorazd
and Krzaczkowski 2011, Idziak and Krzaczkowski 2018, Aichinger 2019.
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