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Introduction Compatible near-rings
Problem

Near-ring modules

Let (N,+,-) be a 0-symmetric near-ring with 1.
(A,+,—,0) is a compatible N-group if Vm,n € N Va € A:

Q@ mxat+nxa=(m+n)xa

Q@ (mn)xa=msx(nxa)

©Q lxa=a

QO Joe NVbe A:nx(a+b)—nxa=oxb

Theorem (cf. Jacobson, Betsch, ..)

Assume A is finite simple compatible faithful N-group. Either
Q@ N (F™n 4+ ) A~ F" for some n € N, some field F, or
Q@ N = ({f € AA| f(0) = 0}, +,0).
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Introduction Compatible near-rings
Problem

N-groups of height 2

Question (E. Aichinger)

Assume A is a compatible, faithful N-group with exactly 1
non-trivial, proper N-subgroup B.

Determine N and A.

(Zp2,+,-) is compatible, faithful on Z > with N-subgroup pZ..

TFAE for a faithful N-group A:

Q@ N is compatible on A.

@ N is the 0-symmetric part of
Poly((A,+,{A— A, x = nxx | n€ N})).
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Theorem (cf. Bulatov, '02)

For p an odd prime there are exactly p + 6 subnear-rings of
<Zf§2,+, o) that contain

Poly((Zy2,+)) = {x+— ax+b| a,be Zs,}.

Corollary

For p an odd prime there are exactly p 4+ 5 non-isomorphic,
0-symmetric near-rings N with 1 that have Z. as faithful,
compatible N-group with N-subgroup pZ..
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p + 6 near-rings containing Pol;((Z,2, +))

(px?)
P011(<Zp2, —|—>) i
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Structure of expanded groups

(A,+,—,0) ... group
F. f|n|tary operations on A
A:= (A +,—,0,F)... expanded group

Definition

I < (A,+) is an ideal of A if
Vfe F,Va,be A" :a=, b = f(a) =, f(b).

Definition (Scott, cf. Freese, McKenzie, 1987)
The commutator [I, J] of ideals I, J of A is the ideal generated by
{p(i,j) | i €l,j€J pe Poly(A),

p(x,0) = p(0,x) =0 Vx € A}.

Peter Mayr Polynomial functions



P2
Proofs
Pa

Results

Reduction using commutators

Let A be a finite expanded group with ideals /, J such that
[1,J] =0, let f € Pol;(A). Then

fla—b+c)=1f(a)—f(b)+f(c) Va=,b,b=,c.
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Lemma (PM, unpublished '08)

Let A be a finite expanded group, let / be a minimal ideal of A

with centralizer C.
Then f € Poly(A) iff fj € Poly(A/I) and Va € A 3p € Pol;(A) :

f|a+C = P|a+C-

f(x)

[
ap+C a+C a3+ C
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Expansions of Z.

Let A be an expansion of (Z, +) with ideal B := pZ..
Commutators may take the following values:

[B,B] [A,B] [AA

B B A non-abelian—by—non-abelian

B B B non-abelian—by—abelian

0 B A abelian-by-non-abelian, trivial center
0 B B abelian-by-abelian, trivial center

0 0 A central-by-non-abelian

0 0 B nilpotent, non-abelian

0 0 0 abelian
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Nilpotent case

Lemma

z
Let p be an odd prime, B := pZ, let N < pr. TFAE:
Q (Zy2,+, N) is nilpotent with center B.

@ N C Poli((Z2,+,)), every f € N is affine modulo B and
satisfies

f(x + pz) = f(x) — f(0) + f(pz) Vx,z € Zp2.
© Every f € N is of the form
f(x) = axP + bx + ¢ + pg(x)

for some a, b,c € Z,2 and g € Pol1((Z2, +, -)) with
degg < p.
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Theorem (Aichinger, PM, '07)
For distinct, odd primes p, g there are exactly 17 subnear-rings of
<Z%S",+, o) that contain Poly((Zpq, +))-

Corollary

For distinct, odd primes p, g there are exactly 6 non-isomorphic,
0-symmetric near-rings N with 1 that have Z,q as faithful,
compatible N-group with pZ,, as unique non-trivial, proper
N-subgroup.

A\
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17 near-rings containing Poly((Z,q, +))

Results
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