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Near-ring modules

Definition

Let 〈N, +, ·〉 be a 0-symmetric near-ring with 1.
〈A, +,−, 0〉 is a compatible N-group if ∀m, n ∈ N ∀a ∈ A:

1 m ∗ a + n ∗ a = (m + n) ∗ a

2 (mn) ∗ a = m ∗ (n ∗ a)

3 1 ∗ a = a

4 ∃o ∈ N ∀b ∈ A : n ∗ (a + b)− n ∗ a = o ∗ b

Theorem (cf. Jacobson, Betsch, ..)

Assume A is finite simple compatible faithful N-group. Either

1 N ∼= 〈F n×n, +, ·〉, A ∼= F n for some n ∈ N, some field F , or

2 N ∼= 〈{f ∈ AA ||| f (0) = 0}, +, ◦〉.
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N-groups of height 2

Question (E. Aichinger)

Assume A is a compatible, faithful N-group with exactly 1
non-trivial, proper N-subgroup B.
Determine N and A.

Example

〈Zp2 , +, ·〉 is compatible, faithful on Zp2 with N-subgroup pZp2 .

TFAE for a faithful N-group A:

1 N is compatible on A.

2 N is the 0-symmetric part of
Pol1(〈A, +, {A→ A, x 7→ n ∗ x ||| n ∈ N}〉).
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Zp2

Theorem (cf. Bulatov, ’02)

For p an odd prime there are exactly p + 6 subnear-rings of

〈Z
Zp2

p2 , +, ◦〉 that contain

Pol1(〈Zp2 , +〉) = {x 7→ ax + b ||| a, b ∈ Zp2}.

Corollary

For p an odd prime there are exactly p + 5 non-isomorphic,
0-symmetric near-rings N with 1 that have Zp2 as faithful,
compatible N-group with N-subgroup pZp2 .
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p + 6 near-rings containing Pol1(〈Zp2, +〉)

��������Pol1(〈Zp2 , +〉)

��������〈px2〉

��������〈pxp−1〉

��������〈xp〉

��������〈x2p〉 �������� 〈xp(x − xp)〉

��������〈x2〉 �������� 〈ph〉

��������
�������� 〈h : x 7→

{
1 if x = 0
0 else

〉
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Structure of expanded groups

〈A, +,−, 0〉 . . . group
F . . . finitary operations on A
A := 〈A, +,−, 0, F 〉 . . . expanded group

Definition

I C 〈A, +〉 is an ideal of A if
∀f ∈ Fn ∀a, b ∈ An : a ≡I b ⇒ f (a) ≡I f (b).

Definition (Scott, cf. Freese, McKenzie, 1987)

The commutator [I , J] of ideals I , J of A is the ideal generated by
{p(i , j) ||| i ∈ I , j ∈ J, p ∈ Pol2(A),

p(x , 0) = p(0, x) = 0 ∀x ∈ A}.
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Reduction using commutators

Lemma

Let A be a finite expanded group with ideals I , J such that
[I , J] = 0, let f ∈ Pol1(A). Then

f (a− b + c) = f (a)− f (b) + f (c) ∀a ≡I b, b ≡J c .
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Lemma (PM, unpublished ’08)

Let A be a finite expanded group, let I be a minimal ideal of A
with centralizer C .
Then f ∈ Pol1(A) iff fI ∈ Pol1(A/I ) and ∀a ∈ A ∃p ∈ Pol1(A) :
f |a+C = p|a+C .

f (x)

a1 + C a2 + C a3 + C
x

HH
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Expansions of Zp2

Let A be an expansion of 〈Zp2 , +〉 with ideal B := pZp2 .
Commutators may take the following values:

[B, B] [A, B] [A, A]

B B A non-abelian–by–non-abelian
B B B non-abelian–by–abelian
0 B A abelian-by-non-abelian, trivial center
0 B B abelian-by-abelian, trivial center
0 0 A central-by-non-abelian
0 0 B nilpotent, non-abelian
0 0 0 abelian
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Nilpotent case

Lemma

Let p be an odd prime, B := pZp2 , let N ≤ Z
Zp2

p2 . TFAE:

1 〈Zp2 , +, N〉 is nilpotent with center B.

2 N ⊆ Pol1(〈Zp2 , +, ·〉), every f ∈ N is affine modulo B and
satisfies

f (x + pz) = f (x)− f (0) + f (pz) ∀x , z ∈ Zp2 .

3 Every f ∈ N is of the form

f (x) = axp + bx + c + pg(x)

for some a, b, c ∈ Zp2 and g ∈ Pol1(〈Zp2 , +, ·〉) with
deg g < p.
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Zpq

Theorem (Aichinger, PM, ’07)

For distinct, odd primes p, q there are exactly 17 subnear-rings of
〈ZZpq

pq , +, ◦〉 that contain Pol1(〈Zpq, +〉).

Corollary

For distinct, odd primes p, q there are exactly 6 non-isomorphic,
0-symmetric near-rings N with 1 that have Zpq as faithful,
compatible N-group with pZpq as unique non-trivial, proper
N-subgroup.
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17 near-rings containing Pol1(〈Zpq, +〉)
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